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Plato (429-348 b.c.) was an Athenian philosopher, who laid 
great stress on the remarkable relations between mathematics and 
philosophy. He made the study of geometry indispensable to that 
of philosophy (see page 2), and taught that the secret of the uni- 
verse is to be found in number and/o^TW. 

His greatest contribution to geometry was in emphasizing the 
need of formal definitions and axioms, and in developing the an- 
alytic method of discovering proofs. See page 107. 

Above the entrance to his school of philosophy was the in- 
scription : 

•' He who knows not geometry may not enter here." 
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PREFACE 

The movement for reform in the teaching of geometry now 
seems to have crystallized into certain rather definite conclu- 
sions. In rewriting this book the authors have sought to 
include the improvements resulting from this movement and 
at the same time to keep what was best in the older texts. 

First among the improvements may be mentioned practical 
applications of geometry to everyday life. These are a feature 
of the new book. For example, see exercise 7 on page 161, a 
practical problem which should be brought to the notice of all 
interested in the game of football. 

Among other improvements may be mentioned informal 
proofs of certain propositions which, though obvious even to 
the beginner, usage forbids stating as axioms ; also, the relegat- 
ing of difficult theoretical topics like limits to the end of the 
book, where the incommensurable cases are all treated together. 
In many respects the older treatment of limits is obscure and 
sometimes misleading. It is believed that the method here 
adopted is more defensible from every point of view. 

The extreme inductive method of twenty years ago is intro- 
duced here only in a modified form. Theorems are proved 
completely, especially in the early part of the course. Propo- 
sitions quoted in the proofs are at first given in full, later in 
part, and still later only by reference. After theorems have 
thus been quoted several times the pupil is left to his own 
devices in supplying the reasons. 

Among the features of the older books which have been 
retained are the orderly and clear arrangement of the page 
and the simplicity of language in the definitions and proofs. 
The new book avoids technical and unusual language; the 
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term equality^ for instance, is used consistently throughout the 
book instead of congrti^nce. The word congruent has never 
made its way beyond the classroom ; pupils and teachers alike 
speak of equal figures instead of congruent figures except dur- 
ing recitation hours. Moreover, much confusion has resulted 
from using the word " congruence " for triangles and polygons, 
and at the same time using " equality " for angles, arcs, and 
line-segments. 

Perhaps the most important thing about the study of 
geometry for the beginner is the way in which he gets started. 
The authors, therefore, have given no small attention to the 
Introduction^ — even extending it beyond the customary 
bounds. Particular attention is called to the illustrations of 
direct and indirect measurement (pages 24-28), which lead to 
the test of equality of two triangles by a course of reason- 
ing, and which show the pupil both the need of theorems 
and demonstrations and also how to make a start in handling 
them. 

An important feature of the new geometry is its flexibility. 
Many special topics may be omitted without disturbing the 
continuity of the course. Such topics are not involved in 
the exercises at the ends of the chapters. Of such nature is the 
work in Experimental Geometry, the numerous exercises in 
Sight Work, and the many Supplementary Topics. The main 
body of the book, when these various extras are excluded, 
consists of those theorems which have come to be regarded 
as constituting the minimum essentials of a standard course 
in geometry. The sight work and experimental geometry 
should provide welcome innovations to many progressive 
teachers. The supplementary topics and exercises will fur- 
nish plenty of work for the strongest secondary schools and 
will afford more than ample material for preparation for 
college examinations. 

H. E. SLAUGHT 
N. J. LENNES 



CONTENTS 



PAOK 

INTRODUCTION 1 

BOOK I. Bbctilinbar Fiourbb SS 

Triangles S4 

Parallel Lines 69 

Polygons 91 

Supplementary Topics . 97 

Exercises and Problems 104 

BOOK n. Stbaight Lines and Circles 117 

Angles, Chords, and Arcs 120 

Measurement of Angles 134 

Supplementary Topics 160 

Loci Problems. Exercises 162 

BOOK m. Measurement. Proportion. Similar Figures . 16S 

Ideal and Practical Measurement . . . . . . IQS 

Theorems on Proportion 168 

Similar Figures 179 

Supplementary Topics 200 

Exercises and Problems 218 

BOOK IV. Areas op Polygons 226 

Similar and Equivalent Figures 282 

Supplementary Topics 242 

Exercises and Problems 260 

BOOK V. Regular Polygons and Circles , . . . 266 

Measurement of the Circle 266 

Exercises and Problems 273 

Miscellaneous Practical Applications 279 

V 



VI CONTENTS 



PAOB 

APPENDIX TO PLANE GEOMETRY 284 

Maxima and Minima 284 

Variables and Limits 292 

Theory of Limits 295 

INDEX 807 

HISTORICAL NOTES 

Geometry in Egypt, Babylonia, and Greece .... 2 

Trisection of an Angle 19 

Geometry the Basis of Indirect Measurement . ... 27 

The Axiom of Parallels 67 

The Theory of Proportion 167 

The Pythagorean Theorem 287 

PORTRAITS AND BIOGRAPHICAL SKETCHES 

Plato Frontispiece 

FACING PAaX 

Euclid 66 

Pascal 116 

Descartes 162 

Pythagoras 236 

Archimedes 272 



SUGGESTIONS TO STUDENTS 

In entering upon the study of Geometry, the student may 
be assured that this subject has vital connection with many 
important phases of life in general, and that, in particular, it 
is capable of producing a profound impression upon his own 
mental development. 

General Importance of Geometry. The material part of our 
civilization depends to a surprising extent upon that accurate 
information about space which is contained in geometry. 
Without geometry our machinery, our buildings, and our ships 
would be impossible. Our general mental outlook — our con- 
ception of the universe in which we live — depends upon 
geometry in no small degree. Without geometry we should 
know nothing of the magnitude of our earth as compared with 
the other planets, or of the distances separating the bodies of 
our solar system. See pages 26, 32, 175, 195, 204, 212, 214, etc. 

Geometry in Engineering. The engineer uses geometric prin- 
ciples in making his structures secure as well as in making 
them pleasing to the eye. The principle of the rigidity of the 
triangle (page 42) is employed in securing the stability of 
bridges, buildings, and structures of all kinds. See any cyclo- 
pedia under " bridges." Look especially for " truss bridges " 
and "cantilever bridges.'' The computation made possible 
by formulas developed in geometry is of the utmost practical 
importance to the technical arts and industries. For the ap- 
plications of some of these principles see pages 55, 113, 137, 
217, 279, 281, 283, etc. 

Geometry in Decorative Design. In designing a building an 
architect uses geometric figures to achieve beauty of form as 
well as to make the structure secure. The combinations of 
circles, and other geometric figures used in decorative designs 
are endless. In church windows, galleries, vaultings, mosaics. 
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tile patterns, they are found without number. For illustra- 
tions see pages 112, 116, 159, 162, 225, 278, etc. 

Geometry and Mental Discipline. In the palmiest days of 
Greece, Plato inscribed above the entrance to his school of 
philosophy: "He who knows not geometry may not enter 
here." From that time to the present many of the great 
minds of the world have borne testimony to the value of the 
study of geometry as a mental discipline. It is said that 
Lincoln studied geometry at regular intervals, in order that 
his mind might become thoroughly accustomed to its rigorous 
logic. The student should be reminded that geometry is the 
only subject in the secondary schools in which he comes in 
contact with pure deductive logic. Some of the more difficult 
original problems contained in a text such as this one require 
a degree of ingenuity and perseverance that will form the 
student's best mental asset in after life. The worth-while 
problems of practical life are not such as may be solved at a 
glance or in a half hour. They require patience, originality, 
and clear-headedness. A thoroughgoing course in geometry 
should tend to develop these qualities better, perhaps, than 
any other course in the high school. 

Geometry and Clearness of Expression. In the study of ge- 
ometry the student learns to make clear and precise state- 
ments. In no other subject is he so certainly compelled to 
think correctly and to say precisely what he thinks. Clear 
thinking requires clear expression. Clearness of expression 
in turn reacts upon and clarifies the thinking. Clear thinking 
and clearness of expression may become fixed habits of the 
mind, and geometry is one of the most effective subjects for 
developing these mental habits. 

The foregoing are some of the reasons why geometry should 
be studied by those who wish to obtain a generous culture, 
a broad outlook, and a mental development characterized by 
logical thinking and clear expression. 
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INTRODUCTION 

Geometry is the science which deals with the properties of 
the space in which we live. That is, it treats of points, lines, 
surfaces, solids, and their position, form, and size. 

The word " geometry," first used by the Greeks, is a com- 
bination of two words meaning "earth measurement" or 
" surveying." This name shows the early practical character 
of geometry. 

1. Geometry in Arithmetic. In arithmetic many rules taken 
from geometry are used in the solution of problems. The areas 
of rectangles, triangles, and circles ; the surfaces and volumes 
of rectangular solids, cylinders, pyramids, cones, and spheres, 
are all found by using geometric rules or formtUaa, 

In arithmetic, however, the rules from geometry are only in- 
cidental, the main object of arithmetic being the study of 
numbers and tJieir application to the affairs of life. 

2. Geometry in Algebra. In algebra the main object is the 
study of the eqimtion and its uses in the solution of problems, 
but the facts of geometry are sometimes used incidentally for 
illustration. 

3. The Main Object in Geometry. In geometry the main 
object is the study of geometric figures, such as angles, triangles, 
parallelograms, circles, etc., and the development of a logical 
system of propositions about them. Definite proofs are made 
of the rules of geometry which have already been encountered 
in arithmetic and algebra ; and many others are added which 
round out and complete the subject. 

Note. — The student is advised to read now " Suggestions to Students " 
on the two preceding pages. 

1 



PLANE GEOMETRY 



HISTORICAL NOTES 

Geometry in Eg^jrpt and Babylonia. — The Egyptians appear to have 
been the first people to accumulate any considerable amount of information 
about geometry.. A manuscript written by Ahmes, an Egyptian priest, 
sometime between the years 1700- and 1100 e.g., contains all the infor- 
mation about geometry which has come down to us directly from the 
Egyptians. This manuscript is believed to be an enlargement of an older 
treatise of about 3400 b.c. 

The building of the great pyramids and of other marvelous structures 
(before 3000 b.c.) required considerable knowledge of geometry. The 
Egyptians also used geometry in surveying land. Thus, it is known that 
RamesesII (about 1400 b.c) appointed surveyors to measure the amount 
of land washed away by the Nile, in order that the taxes might be adjusted. 

Inscriptions on tablets discovered in recent years have revealed some 
knowledge of practical geometry among the Babylonians. 

Geometry in Greece. — While the Egyptians, and probably also the 
Babylonians, studied geometry for the purpose of using it in their practical 
work, the Greeks studied it for its own sake. The Egyptians knew only 
a few of the simplest facts of geometry, and there is no evidence that 
they ever made a definite proof of a single proposition. The Greeks, on 
the other hand, constructed a complete logical system, of which the facts 
derived from the Egyptians were the merest beginnings, and, moreover, 
they made complete proofs of all the propositions which they stated. 

Thales. Pythagoras. Plato. —In about the year 600 n.t:;., Thales, a 
Greek from Asia Minor, learned geometry from the Egyptians, and began 
teaching it to the Greeks. Pythagoras (about 660 b.c.) discovered many 
new propositions and greatly increased the popularity of the study of 
geometry. From the time of Pythagoras to that of Plato, a succession of 
Greek mathematicians continued to make additions to geometry. Plato, 
himself, was one of the greatest of the ancient geometricians, and above 
the entrance to his school of philosophy was the inscription ** He who 
knows not geometry may not enter here."" 

Euclid's Elements. — About 300 b.c Euclid, a Greek living in Alexan- 
dria, Egypt, wrote his *' Elements of Geometry," in which he arranged in 
an orderly system all that was then known about geometry. This book 
contained the essential facts used in every text on elementary geometry 
which has been written since that time. It is safe to say that no book, 
save the Bible, has been printed so often, or studied so much, as Euclid^s 
** Elements." For twenty centuries all civilized peoples have used it as a 
text in more or less modified form. 



INTRODUCTION 



8 



4. Elements of Space. The study of geometry begins with 
the consideration of certain elements of space, which are called 
points, lines, planes, angles, triangles, etc. 
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6. Physical and Geometric Solids. Certain portions of space 
are occupied by objects which we call physical solids, as for 
instance a block of marble. The space occupied by a physical 
solid is called a geometric solid. 

In geometry we are not concerned with the matter which occupies the 
space, but only with the properties of the space occupied, as for instance 
its shape and size. 

Any limited portion of space is called a geometric solid. 
Such a solid is represented by the figure to the right above. 

6. A Surface. That which separates a geometric solid from 
the surrounding space is called its surface. 

The essential thing about a surface is that it has no thickness, though 
it has both length and width. 

7. A Plane. If a surface is smooth and flat, we call it a 
plane surface, or simply a plane. A plane has length and 
width, but no thickness. 

A sheet of paper is not a geometric plane, because it has some thick- 
ness. A gold leaf is more nearly a geometric plane because its thickness 
is much less than that of paper (^^^^ of an inch). If a gold leaf could 
be made thinner and thinner, and kept perfectly flat, it would approach 
more and more nearly to a geometric plane. 

If a straight-edge is applied to a plane in any direction, 
every part of the edge will touch the plane. This is the gen- 
eral test as to whether or not a surface is a plane. 
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8. Straight Line. Point. Two adjoining surfaces of a solid 
like the one on page 3 meet in an edge which is a straight 
line. Two adjoining edges meet in a comer which is a point 

9. Properties of a Straight Line. A geometric line has lengthy 
but no breadth or thickness. If a line has the same direction 
throughout its entire extent it is a straight line. 

The word line alone usually means straight line. A straight 
line is understood to be unlimited in length in both directions. 

It is of course possible to think of a straight line without connecting it 
with the intersecting faces of a rectangular solid (§ 8). Thus, we speak 
of the line of sights and we say that light travels in a straight line. 

The term straight line is undoubtedly connected with the idea of a 
stretched string. Of all the lines which 
may be conceived as passing through 
two fixed points, that one is said to be 
straight which corresponds most nearly to a stretched string, such as a 
bowstring. 

Likewise a plane may be thought of as straight or stretched in every 
direction, so that a straight line passing through any two of its points lies 
wholly in the plane. 

That is, if two points of a straight line lie in a planey the whole 
line lies in the plane. 

It is assumed as evident that : Through two points one and 
only one straight line can be drawn. 

This may also be stated : Two points determine a straight line. 

SIGHT WORK 

1. Use a straight-edged ruler to see whether the top of your 
desk is a plane surface. 

2. In making a concrete sidewalk, how is the surface made 
smooth ? Does this make it a plane ? 

3. How do the material lines made with crayon or pencil 
differ in magnitude from the ideal lines of geometry ? 

4. A machine has been made which rules 20,000 distinct 
lines side by side within the space of one inch. Do such lines 
have width ? Are they geometrical lines ? 
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10. Two Intersecting Straight Lines. If one of two intersect- 
ing straight lines turns about their com- 
mon point as a pivot, the lines will con- 
tinue to have only one point in common 
until, all at once, they will coincide 
throughout their whole length. 

It is assumed as evident that ; Two straight lines cannot have 
more than one point in common. 

For if they have two points in common they coincide. See § 0. 

This may also be stated : If two straight lines have more than 
one point in common they coincide and are the samje line. 

11. Properties of a Point. A geometric point has position 
but neither length, breadth, nor thickness. That is, a point 
has no extension and cannot be divided. 

A small dot on the paper, used to represent a point, is not a geometric 
point since the dot has length, breadth, and some thickness. If the dot is 
made smaller and smaller, it corresponds more and more nearly to a 
geometric point. Such points are of course not material points but purely 
ideal, as are also geometric lines and planes. 

SIGHT WORK 

1. If a line had width as well as length, 
would the statements in italics in § 10 be 
true? 

2. If two straight lines coincide in more than one point, 
what can you say of them throughout their whole length ? 

3. What is meant by saying : " Two straight lines determine 
a point " ? 

4. Why has a gun two sights on it ? 

5. A boy, in steering a boat across a lake, keeps the bow 
so directed that two objects on the other side of the lake 
appear to be in line with it. Is the boat going in a straight 
line ? Explain. 
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12. Notation for Points and Lines. A point 
is denoted by a capital letter. — 

A straight line is denoted by one small ^"^ — 

letter or by two capital letters marking two ' 

of its points. 

13. A Line-Segment. That part of a line which lies between 
two of its points is called a line-segment. 

A line-segment is designated by its end ^ — ' 

points or by a single letter, as the segment AB or the segment a. 

14. It is assumed as evident that : 

(a) A line-segment joining two points is the shortest distance 
bettveen them. 

(b) Two line-segments coincide and are equal if their end- 
points coincide. 

15. A Ray or Half Line. That part of an unlimited straight 
line which lies on one side of one of . « 

its points is called a ray or half line, •————•—— ^ 
as the ray AB. 

16. Addition and Subtraction of Line-Segments. Two line- 
segments are said to be added if they ^ 

are placed end to end so as to form ^ B G 

a single segment. 

Thus, segment AC = segment AB 4- segment BC, or AC = AB + BC. 

If AC = AB-\- BG, then AG is greater than either AB or 
BG, and this is written AG > AB and AG > BG. See § 72. 

A segment may be subtracted from a greater segment or 
from an equal segment. 

Thus, itAC=AB-\- BC, then AB = AC- BC a.nd BC = AC - AB. 

17. Multiplication and Division of a Line-Segment. A segment 
is multiplied by an integer, n, by taking the sum of n such 
segments. 

If AC is n times AB, then AB is an nth part of AC. 
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18. A Broken Line is composed of connected line-segments not 
all lying in the same straight line. 
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19. A Curved. Line, or simply a curve, is a line no part of 
which is straight. 

20. Geometric Fig^ures. A point, line, surface, or solid, or 
any combination of these, forms a geometric figure. If all parts 
of a geometric figure lie in a plane it is a plane geometric figure. 

21. Plane Geometry. Plane Geometry treats of plane geo- 
metric figures. 

22. Closed Figures. A figure which entirely incloses a portion 
of the plane is called a dosed plane figure or simply a dosed 
figure. 

23. Circle. Center. A circle is a closed plane curve all of 
whose points are equally distant from a 
fixed point in the plane called the center. 

24. Radius. Any line-segment joining 
the center to a point on the circle is a 
radius of the circle. 

25. Arc of a Circle. Any portion of a 
circle lying between two of its points is called an arc, as the 
arc AB. 

26. It is assumed as evident that 

(a) A cirde may be drawn with any center and any radius. 

(b) AU radii of the same cirde or of equal cirdes are equal. 

Notice that in constractlng a circle the distance betweeu the legs of 
the compasses is not changed. Hence (b) is evident. 
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SIGHT WORK 

1. Name some of the figures whose areas you found in 
arithmetic. 

2. Name some of the solids whose volumes you found in 
arithmetic. 

3. For what reason did the Egyptians study geometry? 
For what reason did the Greeks study it ? 

4. Name several surfaces which are plane or nearly so. 

5. Name some smooth surfaces which are not plane. 

6. If two points of a line lie in a plane, what can be said 
of the whole line ? 

7. Through two points how many straight lines can be 
drawn? 

8. In how many points can two different straight lines meet ? 

9. What can be said of the magnitude of a point ? 

^ 10. What can be said of the width and thickness of a. 
straight line ? 

U. What can be said of the thickness of a plane ? 

12. How many end-points has an unlimited straight line? 
a line-segment ? a ray ? a circle ? 

13. Can you inclose a portion of a plane with two line- 
segments ? With three ? With four ? , 

14. What can you say as to the equality of two radii of a 
circle ? 

15. Into how many parts will a point of a line divide it ? 

16. Into how many parts will a point of a circle divide it ? 

17. Into how many parts will two points of a circle divide it ? 

18. Into how many parts will two points of a line divide it ? 

19. Why is a taut string called straight ? (§ 9.) 

20. Why do people " cut across " a vacant lot ? 
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27. An Angle. An angle is a figure formed by two rays, or 
segments, having a common end-point. The 
point is the vertex of the angle, and the ^^ 
rays, or segments, are its sides, vertex^ 

The size of an angle is determined by ^*^* 

the relative directions of its sides, and not by their lengths. 

An angle is sometimes defined as tlie difference in direction of two in- 
tersecting lines. The size of the angle is then thought of as the amount 
of divergence of the lines. 

The hands of a clock form an angle which is constantly changing ; the 
size of the angle increases as the difference in direction of the hands 
increases. 



28. Notation for Angles. An angle is de- 
noted by three letters, one at its vertex, and 
one marking a point on each of its sides. 

The letter at the vertex is read between the other two, as the angle CAB, 
or the angle BAC, not ABC, The letter at the vertex is also used alone 
to denote an angle in case no other angle has the same vertex, as, for in- 
stance, the angle A, 

In written work the sign Z is used for the word angle. 
Thus, we write ZAotZ BAC, which is read angle A or angle ABC, 

A small figure or letter placed within an 
angle is also a convenient notation for the 
angle. A small arc may be used in case of 
ambiguity. 

Thus, in the diagram Z 3 includes Z 1 and Z 2, 
as shown by the arc near which the figure 3 is written. 

29. Adjacent Angles. Two angles which have a common ver- 
tex and a common side between them are said to be adjacent. 

Thus, Z 1 and Z 2 are adjacent angles. Z 1 and Z 3 have a common 
vertex and a common side, but they are not adjacent since the com- 
mon side does not lie between them. 
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30. Adding and Subtracting Angles. Th^ sum of two angles is 
the angle formed by their^exterior sides when the two angles 
are placed adjacent. 

Thus,Z3 = 2:i + Z2. 

IfZ3=Zl4-^2, then we say that Z 3 
is greater than either Z 1 or Z 2. This is 
written Z3 > Z 1 and Z 3 > Z2. 

An angle may also be subtracted from a greater angle or from 
an equal angle. 

Thus itZS = Zl+Z2,thenZS-Zl=Z2a,nd/:S-Z2 = Z'[. 

An angle maybe multiplied or divided by a positive integer as 
in the case of a line-segment. See § 17. 

However, an angle cannot always be divided into equal parts 
by geometric construction. See note, page 19. 

31. Right Angle. Perpendicular. When one line meets an- 
other line so as to make two adjacent angles 
equal, each of these angles is a right angle and 
the lines are perpendicular to each other. j_ 

Thus, if Z 1 = Z 2, each angle is a right angle, and 
AB and CD are perpendicular to each other. ^ 

32. A Straight Angle. An angle is a straight angle if its 
sides lie in the same straight line and in opposite directions 
from the vertex. 

Thus, in the figure of § 31, Z AOB is a straight angle. jf 

33. Acute, Obtuse, and Reflex Angles. An acute 
an>gle is an angle less than a right angle. 

An obtuse angle is an angle greater than a 
right angle and less than two right angles. 

A reflex angle is an angle greater than two 
right angles, and less than four right angles. 

Acute and obtuse angles are called oblique 
angles. 

One line is oblique to another if the angles 
between them are oblique. 
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34. Generation of an Angle. A Perigon. An angle may be 
thought of as generated by a ray turning about its end-point as 
a pivot. 

Thus Z. BAG may be regarded as generated by a ray rotating from the 
position AB to the position AC. 





If the ray continues to rotate until it lies in a direction ex- 
actly opposite to its original position, the angle generated is 
a straight angle. 

If the ray rotates until it reaches its origi- 
nal position, the angle generated is called 
a perigon. 

In elementary geometry angles greater "^ 
than a straight angle are not considered. - 

35. Equality of Straight Angles and of 
Right Angles. It is assumed as evident that : 

All straight angles are equaL 

Since the straight angle AOB in the figure of § 31 is the 
sum of the two right angles, Zl and Z2, it appears that 
a straight angle equals two rigJU angles, and that a right angle is 
half of a straight angle. 

It follows that : 

AU right angles are eqvxd. 

36. Units of Measure for Angles. The units of measure for 
angles are degrees, minutes, and seconds. One three-hundred- 
sixtieth of a perigon is called a degree, one sixtieth of a degree 
is called a minute, and one sixtieth of a minute is called a 
second. These are denoted respectively by the symbols °, ', ". 

Thus, we may speak of an angle of 20^ 45' 30". A straight angle is 
an angle of 180°, and a perigon is an angle of 360°. 
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37. The Protractor. Angles may be measured by means of an 
instrument called a pro- 
tractor, which consists 
of a semicircular scale 
with degrees from 0° to 
180° marked upon it. 

In the figure, the angle 
^OP is 57°. 

An inexpensive protrac- 
tor, made of cardboard or brass, may be had at any stationery store. 

38. Vertical Angles. Two angles are called vertical angles if 
the sides of one are prolongations of the sides of the other. 

Thus, in Fig. 1,^1 and Z 3 are vertical angles, as are also /. 2 and Z 4. 





ri^ 




DAB 
TiQ. 1. Fia. 2. Fia. 3. 

39. Complementary Angles. Two angles are said to be com- 
plementary if their sum is one right angle. Each is then called 
the complement of the other. 

Thus, in Fig. 2, Z a and Z 6 are complementary angles. 

40. Supplementary Angles. Two angles are said to be supple- 
mentary if their sum is two right angles. Each is then said to 
be the stipplement of the other. 

Thus, in Fig. S, Zl and Z 2 are supplementary angles, since their 
sum is a straight angle and hence equal to two right angles. 

Two adjacent angles formed by one straight line meeting 
another are together equal to two right angles. 

Such angles are called supplementary adjacent angles. 

Thus, in Fig. 1, or Fig. 3, ^ 1 and ^ 2 are supplementary adjacent angles. 

It is also evident that, if two adjacent angles are supplementary 
their exterior sides lie in a straight line. 
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41. Bisector of an Angle. A ray which 
divides an angle into two equal angles is 
called its bisector. 

Thus, the ray AD bisects the angle BAG, 
In the figure of § 31, the perpendicular CD is the 
bisector of the straight angle AOB. See § 85. A 

SIGHT WORK 

1. What part of a straight angle is a right angle ? 

2. How many degrees are there in a right angle ? 

3. If a right angle is bisected, how many degrees are there 
in each of the resulting angles ? 

4. Is an angle of 74° acute or obtuse ? 

5. Is an angle of 135° acute or obtuse ? 

6. Is an angle of 175° a reflex angle or an obtuse angle ? 

7. Is an angle of 192° an obtuse angle or a reflex angle ? 

a Describe the angle made by the hands of a clock 
(a) when it is 2 o^clock ; (6) 3 o'clock ; (c) 4 o'clock. 

9. Through what angle does the minute hand of a clock 
turn in 15 minutes ? in 30 minutes ? in 60 minutes ? 
C 






B 

10. If Z ABG is a right angle and Z1 = Z2 = Z3, how 
many degrees are there in each of these angles ? 

11. If Z DEF is a straight angle and if Z 1=Z 2=Z 3=Z 4 
= Z.b, how many degrees are there in each of these angles ? 

12. If, in the third figure, Aa^ Z.h^ Ac^ Ad^At — 
Z.f=i/.g^Ah^/.ij how many degrees are there in each of 
these angles ? 

13. If a right angle is divided into six equal parts, how 
miany degrees are there in each angle ? 
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42. The Triangle and its Parts. A triangle is a plane figure 
bounded by three line-segments. 

The segments are the sides of the triangle, 
•and the points in which the sides meet are 
its vertices. The symbol A is used for the 
word " triangle." Thus we write A ABC. ^ 

Usually small letters, as a, b, c, are used to represent sides, and the cor- 
responding capital letters to represent the angles opposite these sides. 

The three sides and three angles of a triangle are called the 
parts of the triangle. 

43. Opposite and Adjacent Parts of a Triangle. Each angle of 
a triangle has one side opposite and two sides adjacent to it. 
Similarly, each side of a triangle has one angle opposite and 
two angles adjacent to it. 

Thus, in the above figure, the side a and the angle A are opposite parts, 
as are angle B and side &, and angle C and side c. The sides h and c 
are adjacent to ZA, and the angles A and B are adjacent to the side c. 

44. Included Parts of a Triangle. An angle of a triangle is 
said to be included between its two adjacent sides, and a side 
is said to be included between the two angles adjacent to it. 

Thus, in the above figure, the side a is included between ZB and 
Z C, and ^ ^ is included between the sides b and c. 

45. Triangles Classified by Sides. A triangle is called equi- 
lateral if the three sides are eq[ual, isosceles if at least two sides 
are equal, and scalene if no two sides are equal. 




Equilatbral Isosceles Scalene 
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46. Triangles Classified by Angles. A triajigle is called a 
right triangle if one angle is a right angle ; obtuse if one angle 
is obtuse ; aciUe if all angles are acute ; and equiangular if all 
angles are equal. 





Right Obtuse Acutb 

47. Hypotenuse and Legs of a Right Triangle. The side of a 
right triangle opposite the right angle is called 
the hypotenuse in distinction from the other 
two sides, which are sometimes called its legs, 

48. Base and Vertex of a Triangle. The 
side of a triangle on which it is supposed to stand is called its 
ba^e. The vertex of the angle opposite the base is called the 
vertex of the triangle. 

Vertex Vertex 






Base Base 

49. Altitude of a Triangle. The altitude of a triangle is the 
perpendicular from the vertex to the base or to the base pro- 
duced. Since any side of a triangle may be taken as its base, 
it follows that a triangle has three different altitudes. 

SIOHT WORK 

1. Is every equilateral triangle also isosceles? Is every 
isosceles triangle also equilateral ? 

2. Is a right triangle ever isosceles ? Is an obtuse triangle 
ever isosceles ? Draw figures to illustrate your answers. 

3. Draw an acute triangle and its three altitudes. 

4. Draw an obtuse triangle and its three altitudes. 
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60. Equal Figures. Direct Test of Equality. Two figures 
are said to be equal if, without changing the shape or size of 
either, they may be so placed as to coincide throughout. This 
is called the direct test of equality, or the test by superposition. 

The equality of two figures is denoted by the symbol =, 
read equals or is equal to. 

Note. — Equal figures are sometimes called congruent, that is, filling the 
same space, and the symbol ^ is often used in place of =, but since con- 
gruence signifies complete equality, it seems best to say equals and to 
use the simpler symbol =. 

61. It is assumed that : 

A figure may he moved about without changing its shape or size. 
This is called the axiom of motion. See Axiom 17, § 71. 

62. Corresponding Parts of Equal Figures. 
If two triangles are equal then the equal 
sides are called corresp(mding sides and the 
equal angles are corresponding angles. 

In the equal ^ABC and A'B'C, AB corre- 
sponds to A'B', BC to B'C, CA to C'A', ZA 
to ZA', etc. 

In general, corresponding parts of equal 
figures are parts which coincide when the 
figures are made to coincide. 

Hence, we say that correspmvding parts of equal figures are 
equal, 

63. Indirect Test of Equality. The equality of the triangles 
ABC and A'B'C, in § 52, may be tested by using tracing paper 
to draw a triangle A!'B*'C" equal to A ABC and then applying 
ittoA^'S'C 

Direct test by superposition is often inconvenient or even impossible. 
Thus, the equality of the triangles ABC and A'B' C could not be tested by 
direct superposition without cutting one out and applying it to the other. 

Hence we say : 

Two figures which are equal to the same figure are equal to each 
other. 
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EXERCISES 

1. Find the complement of 34*'; of 64**; of 29** 16'; of 
39*^45'; of 78^6' 45". 

2. Find the supplement of 85** ; of 64** 15' ; of 108** ; of 
124*^15' 15"; of 97*^20' 40". 

3. The difference between two complementary angles is 
21**. How many degrees are there in each angle ? 

Suggestion : If x degrees is one angle, then x + x + 21 = 90. 

4. The difference between two supplementary angles is 
85^ How many degrees are there in each angle? 

5. How many degrees are there in the smaller of the two 
angles formed by the hands of a clock at one o'clock ? How 
many degrees are there in the complement of this angle ? in 
the supplement ? 

6. How many degrees are there in the complement of an 
angle of 35**? in the supplement? What is the difference 
between the complement and the supplement of this angle? 
What is the difference between the complement and the sup- 
plement of any angle ? 

7. The complement of an angle equals five 
times the angle. How many degrees are there in 
the angle ? 

Suggestion : In the fignre, x + 6x = 90°. 

8. The complement of an angle is equal to ^ of the angle. 
How many degrees are there in the angle ? 

9. The supplement of an angle is four times the angle. 
How many degrees are there in the angle ? 

10. jThe supplement of an angle is equal to f of the angle. 
How many degrees are there in the angle ? 

11. If in the figure Z 1 = 45% find Z 2. How • 

many degrees are there in Z 2 -h Z 3 ? Hence, _^4- — 

how many degrees in Z 3 ? How are Z 1 and / 

Z3 related? 
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64. Instruments Used in Geometric Construction. In construct- 
ing geometric figures, the instruments used are the straight- 
edge, or ruler without division marks, and the compasses. 

The custom of thus limiting the instruments used in geo- 
metric construction originated with the Greeks and has been 
universally followed. This limitation, however, is of theoreti- 
cal rather than practical interest. 

55. Use of the Ruler. By means of the ruler a straight line 
can be drawn through two given points. 

To draw a line accurately through two points as J[, 5, the pencil should 
have a sharp chisel edge, and care should be taken to have the line pass 
exactly through the points. 

The draftsman's role is ** Placo the pencil on the point and move the 
ruler up to it." 



_£_ 



56. Use of the Compasses. The compasses, or dividers, are 
used to construct a circle or an arc of a circle with a given 
radius and a given center, and also to lay off a segment on a 
given line equal to a given segment. 





To lay ofE a segment equal to a given segment AB, place the points of 
the dividers on the end-points of the segment AB, and then transfer the 
dividers to the given line. Frequently one end-point, as A', of the re- 
quired segment is given. 
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57. Instniments used in Drawing Figures. For the purpose 
of drawing figures, as distinguished from constructing them 
geometrically, other instruments besides the straight-edge and 
compasses are used. 

The most important of these are : (a) the ruler with division 
marks for measuring straight lines, (p) the protra/stor for meas- 
uring angles, (c) the triangle for drawing right angles, and 
(d) the T-square, (See page 64.) 

58. Use of the Protractor. The protractor may be used to 
draw an angle equal to a given angle. 

To draw an angle equal to the angle BOC,we place the protractor on 
the angle BOC, as shown In the figure, and read the scale where OC 
crosses it. 




B' 

Then draw another angle B'O'C using the center of the protractor as a 
vertex, drawing one side of the angle along the base of the protractor, and 
making the other side cross the scale at the same point as OC, 

Later we shall show how te draw an angle equal to a given angle by 
using the ruler and compasses only. 

The protractor may also be used to draw an angle of a given number 
of degrees. This is, in general, impossible by means of the ruler and 
compasses only. 

EXERCISES 

1. Using a protractor, decide whether or not, in the figure of 
§ 62, Z ^ = Z ^', Z J5 = Z J5', /.C^Z. O. 

2. Draw any two intersecting lines and by use of the pro- 
tractor find whether two pairs of equal angles are formed. 

Note. — There are several classical problems in geometric construction 
which in recent times have been proved to be impossible. One of these 
is the trisection of an angle, which requires the division of any angle into 
three equal parts by means of the straight-edge and compasses only. 
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EXAMPLES INVOLVING THE USE OF INSTRUMENTS 

Example 1. Construct an equilateral triamgle. 

Solution : Draw a straight line and on it select 
two points A and B» With ^ as a center, and 
AB as a radius, strike an arc n. With £ as a cen- 
ter, and AB as a radius, strike an arc m cutting 
arc n at the point C. Draw the segments AC 
and BC. Then AC^BC=:AB and A ABC is 
equilateral. 

Example 2. Construct a triangle with sides equal to three given 
segments. 

Solution: Let the given 
segments be a, 6, c. • a 

On a given line lay off seg- , 

ment AB equal to c. With A 

as a center and & as a radius, c 

strike an arc m. With £ as a A c B 

center and a as a radius, strike an arc 9i, meeting arc m in C. 

Draw segments AC and BC. Then A ABC is the triangle required. 

In order that this construction may be possible, no one of the three 
given lines can be as long as the sum of the other two. See § 14 (a). 




Example 3. Two horses are picketed 66 feet apart. Each 
horse has a picket rope which enables him to graze over a 
circle of radius 39 feet. Construct a figure showing the 
common area over which both can graze. 

Solution : Let \ of an inch represent 
6 feet. Then the 66 feet distance be- 
tween the picket posts will be repre- 
sented by If inches and the length of 
each rope by |} of an inch. Let the 
picket posts be represented by A and B. A 
With J[ as a center and a radius |f of an 
inch strike an arc, and with ^ as a 
center and the same radius strike another 
arc. The area included between these 
arcs is the required area. 
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EXERCISES 

1. Construct an equilateral triangle whose sides are each 
2 inches. 

2. Construct a triangle whose sides are 2 inches, 1^^ inches, 
and 1 inch. 

3. Construct equilateral triangles as shown in the figure. 
Test with a ruler to see 

whether the points 0, E, 9— ^--- S 

Q, are in a straight line. / \ / \ / \ 

Draw CE and EG, and / \ / \ / \ 

measure to see whether /_ \/ \/ \ 

triangles CBE and EDG A B D F 

are equilateral. 

4. Two forts, 16 miles apart, are located on opposite sides of • 
the entrance to a harbor. One fort has a range of 12 miles, 
and the other of 10 miles. Construct a figure to show the area 
which is within the range of both forts. Measure the figure 
to decide what is the shortest distance a hostile ship can sail 
under the fire of the forts. Let \ inch represent one mile. 

5. A horse is picketed inside a square, fenced lot whose sides 
are each 60 feet. The rope is fastened successively in each 
of the four comers of the lot. Draw a figure representing 
the lot and the area over which the horse grazes if the rope 
permits the horse to graze over a circle of 30-foot radius. 

Suggesstion : Use the protractor to draw the angles of the square. 

6. A horse is picketed outside the square, fenced lot of Ex- 
ample 6. Draw a figure representing the area over which he 
can graze if the rope is fastened successively at the comers of 
the lot. 

7. In the preceding example suppose the rope to be fastened 
to the fence 20 feet from one comer. Draw a figure represent- 
ing the area over which the horse will graze (a) if he is out- 
side the fence, (6) if he is inside. 
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59. Appearance of Figures Sometimes Misleading. While many 
properties of geometric figures are evident on mere sight, we 
must not trust appearances too far. 



/ 



D 
Fio. 1. 



T 



Fio. 2. 



1. In Fig. 1, estimate which of the two segments AB and 
CD is the longer, and by how much. Measure to find how 

* nearly right you arie. 

2. In Fig. 2, is the line above the figure a prolongation of 
one of the lines below it ? If so, which one ? How can you 
find out whether you are right ? 

3. Estimate which is longer, >y 
PQ or R8, and by how much, y 
Measure to see how nearly 
right you are. 



-i ^< — >^ 



Fia. 3. 





Fio. 4. 



Fio. 5. 



4. In Fig. 4, estimate which is longer, AB or BCj and by 
how much. Measure to see how nearly right you are. 

5. In Fig. 6, are the lines AB and CD both straight lines ? 
If not, which one is curved ? 
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60. Direct Meastirement not always Sufficient. To answer the 
questions on the opposite page, it was necessary to use one 
of the instruments described on pages 18, 19. Some of 
the questions below; cannot be answered even by use of these 
instruments. 

i EXERCISES 
1. In the triangles 
ABC and A!BO are 

the following state- 
ments true : 

AB = A'B\ 
BG=B'G\ 
CA = CA', 
ZA = ZA\ZB = ZB',/:O^ZCr. 

How can you answer each of these questions ? 

The question whether the triangles ABC and A'B'C are equal cannot 
be answered now by direct meafiurement alone. That is, the sides and 
the angles of the two triangles might conceivably be equal and the tri- 
angles still not be equal. It could be answered by using tracing paper as 
suggested in § 53. 




2. Using tracing paper 
decide whether the two 
figures in the margin are 
equal. 




3. In the triangle ABC is ZA greater 
than Z B? Can you decide this without 
the use of the protractor? If so, how? ^ 
For another method see § 133. 

4. In the triangle PQE are the angles 
P and Q equal ? Can you decide this with- 
out using the protractor? If so, how? 
For another method see § 109. P 
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61. Further Application of Direct Measurement. Given a tri- 
angle ABC. Draw a triangle A'B'C such that A'B'= AB, 
AG' ^ AC^ and AA^AA^ and compare the remaining sides 
and angles by direct measurement. 



ly 



o 




Solution. On a line xy, by use of the dividers, lay off AB* = AS, By 
use of the protractor draw A'D making Z 1 = Z 2. 

On A'D lay off A'C = AC, and draw C'B'. Now, by measurement, 
find that Z3 = Z4, Z 6 = Z 6, and C'B'= CB. 

That is, we have found by measurement that if two tri- 
angles are drawn with two sides and the included angle of 
one equal, respectively, to two sides and the included angle of 
the other, the remaining pairs of corresponding parts are 
equal. 

If we could prove that this statement is true in every case, 
we could then measure three parts in each triangle, namely, 
two sides and the included angle, and know that the remain- 
ing parts are equal without further measurement 

In the next article we shall find a method for making such a proof. 

EXERCISES 

1. Draw two intersecting lines as in the fig- b a' 
ure. Layoff 04=0^', and OB=OiJ'. Find /!>8<^ 
by measurement whether AB = A'B', Z.A a b' 
= Z ^', Z J5' = Z 5, and Z 1 = Z 2. 

2. Draw two triangles ^BCand AB'O such that AB = AB' 
= 1 inch, AC = A0'=2 inches, and Z ^ = Z ^' = 30^ Then 
find by measurement whether Z B= Z B\ Z C = Z C, and 
BC=:B'C. 
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62. Equality of Parts of Triangles shown by Argument. We 
now prove that in any two A ABC and A!B!G'y 

AB = A'B% [ BG = B'G', 

if AC=A'C', then ZJ5 = ZJ5', 

ZA = zA', [za=^za'. 

It will also be shown to follow that A ABG^ A AIBQ'. 




Argument : 

Since /.A = AA*, AABC may be placed upon A A'S^C' so that Z A 
shall coincide vnth ZA', AB falling along A'B'^ and AC falling along 

A' a. 

Since AB = A'B', B will fall on B', and since AC = A'Oy C wiU fall 
on C, Hence BC will coincide with B'O by § 14 (6). 
Then /. B will coincide with A B\ and Z C with A O, 

We now know that BC = -B'C", ZB = ZB', and Z C7 = 
Z C without measuring these parts, and, moreover, we have the 
further conclusion that AABC = AA'B'G', since the argument 
shows thai the triangles can he made to coincide throughout. 

We have, therefore, the following general test for the equality 
of triangles : 

Two triangles are equal if two sides and the included angle of 
one are equal respectively to two sides and the indvded angle of 
the other. 

Notice that in the above argument we do not actually move A ABC. It 
is sufficient to know that it could be moved, and that the conclusion would 
follow absolutely if the triangle were moved. 

The argument used above may be called argument by ideal 
superposition. 
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63. Direct Measurement and Argument Contrasted. The use 
of argument in § 62 is superior to the direct measurement in 
§ 61 in the following respects : 

1. The argument not only showed that Z B=s Z B', 
ZG=Z.C, and BC=B^Oy which might be done by direct 
measurement, but also that A ABC = A A^SC\ which it was 
impossible to show by direct measurement, 

2. No measurement can be absolutely eocact ; hence any con- 
clusion based on measurement is subject to possible error. 
But the test by argument is absolutely exact ; that is, if it is 

* granted that ZA = ZA', AB=z AB\ and AG = AO exactly^ 
then Z5 = Z B\ ZG^ZCT, and BG=^B'0 exactly. 

3. The argument applies to all triangles in which the given 
conditions exist, while the test by measurement applies only to 
those triangles in which the unknown parts are actually meas- 
ured. 

4. Direct measurement is often impossible. 

64. Indirect Measurement. The combination of direct meas- 
urement with conclusions reached by argument or by general 
reasoning, which may be called indirect Tneasurement, is of far- 
reaching importance. The following example affords a simple 
illustration. 

Example. In surveying a farm it becomes necessary to find 
the straight line distance through a hill standing on a level 
plane. How can this be done ? 

Solution : Let A and B be two 
points on opposite sides of the 
hill, each being visible from a 
point (7. 

By means of an instmment for 
measuring angles, draw Z 2 = i^ 1 
and make CD = AC. Suppose 
BD drawn. 

Then by § 62, A -4BC = A CBD and BD = AB. 

Hence if we now measure BD, we shall find the length of AB. 
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Geometry the Basis of Indirect Measurement. In geometry an elab- 
orate system of facts about the properties of space is built up, such, for 
instance, as the fact that two triangles are equal if two sides and the in- 
cluded angle of one are equal respectively to two sides and the included 
angle of the other ; and upon these facts are based nearly all indirect 
measurements. 

Without geometry it would be practically impossible to dig a tunnel 
through a mountain by working from both sides, or to survey a moun- 
tainous landscape. We should be forever ignorant of the size of the 
earth, the distance to the moon or the sun, and many of our ideas of the 
universe would be as inaccurate and childish as were those of the ancients. 

65. Reasoning in Geometry. The information gained in 
geometry about the properties of space, which could not be 
acquired by direct measurement, comes through reasoning. 

The reasoning of geometry is much more thoroughly organized than 
any with which the student has thus far had experience, and we will now 
examine this kind of reasoning in some detail. 

66. A Definition. A definition is a statement that a single 
word or phrase will be used in place of some more extended 
description of an object. 

E,g. the word circle is used in place of the expression : ** A closed 
plane curve all of whose points are equally distant from a fixed point in 
the plane called the center/* 

67. A geometric proposition is a problem to be solved or a 
statement affirming certain properties of a geometric figure. 

Thus the statement : ** If two sides and the included angle of one tri- 
angle are equal respectively to two sides and the included angle of 
another triangle, then the triangles are equal, '^ is a geometric proposition ; 
as is also the problem : '* to construct a triangle equal to a given triangle. " 

68. A Proof. A proposition is proved or demonstrated when 
it is shown to follow from other known propositions. 

69. A Theorem. A proposition to be proved is called a 
theorem. The argument used in establishing it is called a proof, 

70. A Corollary. A proposition which follows easily from 
another proposition is called a corollary. 
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71. Axioms. Some propositions must be left unproved, 
since every proof depends upon other propositions. Proposi- 
tions which for this reason are left unproved are called axioms 
or assumptions. 

The axioms of geometry are of two kinds : (a) general axioms which 
apply as well to other branches of mathematics, particularly to arithmetic 
and algebra, and (&) axioms which apply to geometry only. 

LIST OF AXIOMS 

(A) Geiieral Axioms which are applicable with certain restric- 
tions to Geometry. 

1. If equals are added to equals, the sums are equal. 

2. If equals are subtracted from equals, the remainders are 
equal, 

3. If equals are multiplied by equals, the products are equal, 

4. If equals a)-e divided by equals, the quotients are equal, 

5. Quantities lohich are equal to the same quantity or to equal 
quantities are equal to each other, 

6. The whole is equal to the sum of all its parts. 

7. The whole is greater than any of its parts, 

S, If a and b are quantities of the same kind, then a = b, 
a<bp or a>b. See Abbreviations, § 72. 
9. Ifa>b and b^c, then a> c, 

10. Ifa^b and b > c, then a> c, 

11. If a>b and m = n (m and n being positive), then 

a-^m>b-^n, a— m>b — n, am >bn, — > -• 

m n 

12. Ifa>b and c> d, then a + c > 6 -h ^. 

13. Ifa = b and c <d, then a — c>b — d. 

14. A quantity may be substituted for its equal in an equation 
or in an inequality. 

In plane geometry, the above axioms are applied to the lengths of line- 
segments and of curves, and to the magnitudes of angles and areas. 
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(B) Axioms applicable to Geometry only. 

15. Through two points one and only one straight line can be 
drawn. See § 9. 

16. A line-segment joining two points is the shortest distance 
between them. See § 14 (a), 

17. A figure m^y be moved about in spa^ without changing its 
shape or size. See § 61. 

18. A circle may be draum with any point as centeVy and with 
any segment as radius. See § 26 (a), 

19. All straight angles are equal. See § 35. 

20. Two figures which are equal to the same figure are equal to 
each other. See § 53. 

It should be noted that axioms 5 and 20 are not equivalent. Axiom 5 
refers to any quantities that have the same magnitude merely ; while 
Axiom 20 refers to geometric figures that have both the same magnitude 
and the same shape. See § 50. Other axioms of geometry will be intro- 
duced as they are needed. 

72. Abbreviations. The following symbols and abbreviations 
are used in geometry. 

Z, A^ angle, angles. <, is less than. 

A, i&, triangle, triangles. ^, is less than or equal to. 

O £17 I parallelogram, ^, is greater than or equal to. 

* ' I parallelograms. II, parallel, or is parallel to. 
□, DD, rectangle, rectangles. , f perpendicular, or 

Tt /. tLA [ ^^^^ angle, ' \ is perpendicular to. 

'I right angles. Il«, _k, parallels, perpendiculars. 

St. Z St 4 1 "^^^IS*^^ angle, .*. , therefore or hence. 

' ' I straight angles. Alt., alternate, 

rt. A, rt . A, I ^^^ triangle. Ax. , axiom. 

' ' * ' I right triangles. Cor., corollary. 

0, ®, circle, circles. Del, definition. 

^^, ^, arc, arcs. Ext., exterior. 

=, equals, or is equal to. Hyp., by hypothesis. 

'^, is similar to. Int., interior. 

>, is greater than. Th., theorem. 

Q. E. D., Quod erat demonstrandum, which was to be demonstrated. 
Q. E. F., Quod erat faciendum^ which was to be done. 
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THEOREMS PROVED INFORMALLY 

The following propositions which are assumed without formal 
proof are here collected for convenient reference. 

73. Two straight lines cannot have rnore than one point in 
common. See § 10. 

74. AU right angles are equal. See § 36. 

76. Two line-segments coincide if their end-points coincide. 

§ 14 (b). 

76. Corresponding parts of equal figures are equal. See § 62. 

77. Angles which are complements of the sarne angle or of equal 
angles are equal. 

For they are the remamders when the given equal angles are subtracted 
from equal right angles. See §§ 35, 39. 

78. Angles which are supplements of the same angle or of equal 
angles are equal. 

For they are the remainders when given equal angles are subtracted 
from equal straight angles. See §§ 35, 40. 

79. Vertical angles are equal. 

They are supplements of the same angle. See § 38. 

80. If one of two supplementary angles is less than a right 
angle, then the other is greater than a right angle. 

For if ZA + ZB = 2n. A, 

and ZB<lTt. Z, 

then ZA>ln. Z,hj Axiom 13, § 71. 

81. Two adjacent angles formed by one straight line meeting 
another are together equal to two right angles. See § 40. 

82. If two adjacent angles are svpplementary their exterior 
sides lie in a straight line. See § 40. 

83. The sum of all consecutive angles about a point in a straight 
line and on one side of it is two right angles. See Axiom 6, § 71. 

84. The sum of all consecutive angles abovl a point in a plane 
is four right angles. See Axiom 6, § 71. 

86. All radii of the same circle or of equal circles are equal. 
See § 26 (6). 
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DEFINITIONS 

The following definitions are collected here for convenient 
reference : 

86. A line-4tegment is that pari of a line which lies between 
two of its points. § 13. 

87. A ray is thaJt part of an unlimited straight line which 
lies on one side of one of the points of the line. § 16. 

88. A point, line, or surface, or any combination of these, all 
lying in one plane, forms a plane geometric figure. § 20. 

89. A circle is a dosed plane curve all of whose points are 
equally distant from a fixed point in theplane called the center. § 23. 

90. A radius of a circle is a segment joining the center to a 
point on the circle. § 24. 

91. An angle is a figure formed by two rays, or segments^ 
having a common end point. § 27. 

92. When one line meets another line so as to mxike two 
adja>cent angles equal, each of these angles is called a right angle 
and the lines are said to be perpendicular to each oilier. § 31. 

93. An angle is a straight angle if its sides lie in the same 
straight line and in opposite directions from the vertex. § 32. 

94. Two angles are vertical if the sides of one are prolong 
gations of the sides of the other. § 38. 

96. Ihjoo angles are complementary if their sum is one right 
angle. § 39. 

96. Ihjoo angles are supplementary if their sum is two right 
angles. § 40. 

97. A triangle is a pkine figure bounded by three line seg- 
ments. § 42. 

98. Two geometric figures are equal if, without changing the 
shape or size of either, they can be made to coincide. § 50. 

99. A proof is an argument which shows that a proposition 
folloios from other known pi'opositions. § 68. 

100. A theorem is a proposition to be proved. § 69. 

101. An axiom is a proposition accepted without proof § 71. 
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EXERCISES ON ANGLES 

1. In the figure, Z AOC is a straight angle, 
OM bisects Z AOB and ON bisects Z BOC. 
What kind of an angle is Z MON? Why ? 

Suggestion : Z2Ui ZAOB smd ZSia^of Z BOC. 

2. In the figure, Z AOB is a right angle, OM 
bisects Z AOC and ON bisects Z BOO. How 
many degrees are there in Z MON? 

3. In the figure, CO ± AB and 
Zl = Z2, What is the relation be- 
tween Z 3 and Z4? ^ 





Fig. 1. 



4. A protractor is fastened to a board and a plumb line is 
attached to it by means of a nail at the point 0, as shown in 
figure 1. To get the altitude of the sun, hold the board ver- 
tically in line with the sun so that the line of the plumb bob 
falls on the 90"* mark. The shadow of the nail at the center of 
the protractor falls across the scale showing the altitude of the 
sun. Explain this. 

5. In figure 2, sight along the straight edge of the protractor 
at a star. Notice where the plumb line falls across the scale. 
Find the altitude of the star. Find your latitude by getting 
the altitude of the North Star, 
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VERTICAL ANGLES ARE EQUAL 

102. Theorem I. If two lines intersect j the vertical 
angles are equal. 




Given lines AC and BD intersecting at O. 

To prove that Z AOB = Z COD. 

Proof : Z AOB + Z BOO = 2 rt. A. § 81 

( Two adjacent A formed by one straight line meeting another straight line 
are together equal to two rt. A.) 

ZBOC+Z COD = 2 rt. A § 81 

.-. Z AOB -^ZBOC=Z BOC-h Z COD. Ax. 6, § 71 
( Quantities which are equal to the same quantity or to equal quantities 
are equal to each other,) 

.-. Z AOB = Z COD. Ax. 2, § 71 

(J[jf equals are subtracted from equals, the remainders are equal.) 

Q. E. D. 

103. Nature of Formal Proof. The above demonstration is 
given in formal detail. For an informal proof see § 79. In 
a formal proof a reason must be given for each step. The 
reason may be a definition, an axiom, or a theorem already 
proved. 
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EQUALITY OF TRIANGLES: FIRST TEST 

104. Theorem II. Two triangles are equal if two 
sides and the included angle of one are equal respectively 
to two sides and the included angle of the other. 





Given Aii.BC and A'BC in which AB^A'B, AC^A'C, 
B,n^Z.A = /.A'. 

To prove that A ABC = A A'B'C 

Proof : Place A ABC on A A'B'C so that Z A shall coincide 
with its equal Z-4', AB falling along A'B* and AC along A'C 

Ax. 17, § 71 
(A figure may he moved about without changing its shape or size,) 

Then B will fall on N and C on C 

{For it is given that AB = A'B' and AC = A'C.) 

.*. line-segments BC and B'C coincide throughout. § 76 
(Ttoo line-segmerUs coincide if their end points coincide,) 

.'.AABC=AA'B'0. §98 

(Geometric figures are equal if they can he made to coincide.) 

Q. B. D. 

105. Corollary. Tijoo right triangles are eqiml if the sides 
ii.duding the right angle in one are equal respectively to the sides 
inolvding the right angle in the other. 

Suggestion. The right angles are equal by § 74. 

Draw the triangles and show that the above theorem applies. 
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THE PARTS OF A THBOREH 

106. Hypothesis. Conclusion. That pajrt of a theorem 
which is given is called the hypothesis^ while the part which 
is to be proved is called the conclusion. 

Thus, in Theorem II, the hypothesis is: **if two sides and the in- 
cluded Z of one A are equal respectively to two sides and the included Z 
of the other** ; and the conclusion is : *^ the two A are equal." 

In giving a proof all parts of the hypothesis must be used. 
To make certain that this is done we may tabulate these parts 
and check off each one as it is used. 

Thus, the hypothesis of Theorem II is: AB = A'B', AC = A'C^^ 
ZA = ZA', When, in the proof, Z-4 is placed on ZA', the equation 
ZA=:ZA' ia checked off. When AB = A'B' and AC = A'C aire used, 
these equations are likewise checked off. This affords a valuable check 
on the work, since a proof which fails to use all the statements of the 
hypothesis is faulty. 

SIGHT WORK 

1. If, in figure 1, OA = OA', OB = OB', then 

£iAOB = AA'OB'. 

Suggestion: (1) Z1=:Z2, Why? Give the reason. 

(2) Use Theorem II to show that A ^0B= A ^' OB'. " ^' 

B A' 

* If, in figure 2, OA = OA' and OB = 0B\ then 

: LA' OB'. Give reasons in full. 
B' 
Fig. 2. 
3. If, in figure 3, i^ 1 = i^ 2 and ^S = AB^, then 
A ABC = A AB'C, Give reasons in full. ^ 

Fig. 3. 

(A square is a four sided figure whose sides are all equal 
and whose angles are all right angles. ) 

4. If, in figure 4, ABCD is a square and E 
is the middle poii^t of AJ>, show that AAEB 
=:ADEC. 

Suggestion : (1) ZA = ZD. See § 74. 
(2) Use corollary under Theorem II. 
5. If ABCD is a square, show that A ADB = A ADO. 



W/ 
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EQUALITY OF TRIANGLES: SECOND TEST 

107. Theorem III. Two triangles are equal if two 
angles and the included side of one are equal respec- 
tively to two angles and the included side of the other. 




Given A ABC and A'B'C in which Z.A=^ ^A% Z B= Z.B', 
eindAB=zA'Bf. 

To prove that A ABC = A A'B'C^. 

Proof: Place AAf3C on AA'B'C so that AB shall coincide 
with its equal A*B\ making C fall on the same side of A'B^ 
as C. Ax. 17, § 71 

(A figure may be moved about without changing its shape or size.) 

Then line AC will fall along A'C and BC along BO. 
{For it is given that ZA = ZA' and ZB = Z B\) 

.\ point C falls on both A'C and B'C. 

.'. C falls on C. § 73 

(7\oo straight lines cannot have more than one point in common,) 

.-. AABC=AA'B'Cr. §98 

(Two figures are equal if they can be made to coincide,) 

Q. E. D. 

Note. — In the above theorem the h3^othesis is *^if two A and the 
included side of one A are equal respectively to two A and the included 
side of another " ; and the conclusion is ** the two ^ are equal." 

In studying the proof notice just the step at which each part of the 
hypothesis is used. 
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SIGHT WORK 

1. If, in figure 1, Z1 = Z2, andi^3 = Z4, show 
ihAlAABC-AADC. 

Suggestion: AC iB equal tQ itself. Use Theo- 
rem III. 

2. If, in figure 2, Z1=Z2 and ZS=Z 4, show that 
ZABC^ZADC. §107. 

3. If, in figure 2, Z1=Z Sand Z 2 =Z 4, show that A' 
A ABC = A ADC, §107. 

4. If, in figure 2, Z 1 =^ 2 and AB=AD, show that 
A ABC =: A ADC. §104. 

5. If, in figures, Z3 = i^4 and BC = BC, show 
that AABG=zAADC. § 104. 

6. If, in figure 3, ^1 = Z2 and ZS = Z4, show 
th&t A ABC = A ADC. 

7. If, in figure 4, Zl = Z2 a,nd ZS=z Z4, show that 
AADB = ACDB, 

8. If, in figure 4, AB = BC and ZS = Z4, show that 
AADB^^ACDB, 




Fig. 4. 



108. Designating Corresponding Parts of Figures. It some- 
times avoids confusion to designate by special marks those 
parts of the figures which are given equal by the hypothesis. 




B A' 
Fig. 1. 





Thus, in Theorem II, it is ^ven by hypothesis that AB = A'B'^ AC 
= A'C, ZA=:ZA', The equal angles are indicated by marked arcs 
and the equal sides by single and double marks, respectively. See Fig. 1. 

In Theorem III, it is given by hypothesis that AB = A^B'^ ZA^ZA\ 
ZB=:ZB', This is indicated as shown in Fig. 2. 

Colored crayons are sometimes used to designate corresponding parts, 
especially in complicated figures, but for ordinary purposes such marks 
as are suggested above are sufficient and are more convenient. 
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BASE ANGLES OF AN ISOSCELES TRIANGLE 

109. Theorem IV. In an isosceles triangle the 
angles opposite the equal sides are equal. 




Given A ABC in which sides AC and BC are equal. 

To prove that Z.A=^ Z.B. 

Proof : Let CD be the bisector of Z C. 

Then in A ACD and BCD, 

ZACD^ZBCD, AC=BC, and CD = CD. § 41 

(For AG 18 given equal to BC and CD is identical to CD.) 



.'.AACD = ABCD. 



§104 



(Two Ai are equal if two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other,) 

Z A and Z B are corresponding angles of equal A. § 52 

.-. Z^ = ZJB. §76 

(Corresponding parts of equal figures are equal,) 

Q. E. D. 

110. Corollary 1. An equilateral triangle is equiangular. 

111. Corollary 2. The bisector of the vertex angle of an 
isosceles triangle bisects the base and is perpendicular to it. 

For, by the above proof, A ACD = A BCD. 

.'. AD zzDB Bind Z ADC = Z BDC. §§ 76, 92 
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112. CoROLLABY 3. If the perpendicular from the vertex of 
a triangle to the base bisects the base, the triangle is isosceles. 

Proof: We have ZBDC = ZADC, CD = CD, 
and AD = DB, 

r.l^ADC = ABDC. §104 

,'.AC=BC. §76 

(Correipo'nding parts of equal figures are eqiMl,) 




SIGHT WORK 

1. If AB = AZ> and ^C = DC, show that (o)Zl 
= Z2, (6)Z3 = Z4, (c)ZABC = Z^lDC. Fig. 1. ^< 





Fig. 1. 
2. If A5 = 5(7, show that Z1 = Z2. Fig. 2. 
Suggestion : (a) i^3=Z4, § 109; (6) 2:i=Z2, § 78. 



3. Triangle ABC is equilateral. D,^, JP are the middle 
points of its sides. Show that the AADF=ABDE, 
Fig. 3. 

4. In figure 3, show that A DEF is equilateral. 





5. In A ABC, AB = BC, and AE is laid off equal to 
CD, Show th9.t A AEB = A CDB, Fig. 4. 
AS DO P 

Fig. 4. 

6. la^gaie6,AE=ED=iDC^CBsjidZE=:ZC, \ / \^0 
Sh ow that A ADE =ABDa 

A B 

Fig. 5. 

7. In the A ABC, AC = BC and AD = BD, Show that 
ZADC=iZBDC. Fig. 6. 

.P C 





A D 
Fig. 6. 



8. The four angles of the figure ABCD are all right 
angles. Also AD = BC and DC = AB, Show that ^ 
AABC=^AACD, Fig. 7. 




Fig. 7. 
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EQUALITY OF TRIANGLES: THIRD TEST 

113. Theorem V. Two triangles are equal if three 
sides of one are equal respectively to three sides of the 
other. 





Given A ABC and A'ffC in which AB = A'ff, BC = B'C, and 
CA = CA'. 

To prove that A ABC = A A'B'C 

Proof : Place A A'B'C so that A^B' shall coincide with its 
equal AB and so that C shall fall opposite C. Ax. 17, § 71 
{A figure may he moved about loUhout changing Us shape or size,) 

Draw Ca. 
Then A ACO' and BCC are isosceles. § 45 

{It is given that AC = AC and BC = BC) 

.•.Z1 = Z2 and Z3 = Z4. §109 

(Jn an isosceles A the A opposite the equal sides are equal.) 

.-. Z1-|-Z3=Z2-|-Z4 or Z(7='ZC'. Ax. 1, §71 

(Tjf equals are added to equals, the sums are equal. ) 

Hence, in A ABC and A'B'C, AC^A'C, BC=B'C\ 
and ZC=ZC". 

.'.AABC=AA'BC. §104 

{Two &i are equal if two sides and the included Z. of one, etc.) 

Q. E. D. 

Note. — In the above proof the theorem of § 104 is quoted in paxt 
only. All theorems used in a proof should be stated in full by the pupil. 
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SIGHT WORK B 

1. In figure 1, ABC is an isosceles triangle and X \. 

AD = DC. Show that A ABD = A CBD. ADO 

2. In figure 2, equal segments are indicated by 
marks according to § 108. Show that A ABC 




Pig. 2. =AABD. 

3. In figure 3, equal segments are indicated 



^ 




marks. Show that A ABC = A ADC. 

B 
Fig. 3. 

4. If is the center of the circle, in figure 4, show 
that A ^0-5 = A C02>. 

Fig. 4. 

114. Determination of a Triangle. The theorems of §§ 104, 
107, 113, giving the three tests for the equality of triangles, may 
be regarded as showing the different ways in which a triangle 
is d/etermined. That is, a triangle is determined or fixed : 

(1) if two sides and the included angle are given, 

(2) if two angles and the included side are given, 

(3) if three sides are given. 

This would seem to indicate that the remaining parts of a triangle may 
be computed when any of the three sets of parts just specified is given. 
This is, indeed, the case, but the actual computation is beyond the scope 
of elementary geometry and is deferred until the study of trigonometry 
is taken up. 

115. Proving Equality of Angles and Segments by means of 
Equal Triangles. Since corresponding parts of equal figures 
are those which coincide when the figures are made to coin- 
cide, it is clear that two segments or two angles may be 
proved equal by showing that they are corresponding parts of 
equal figures. 

Thus, to prove that two segments are equal, we may show that they 
are corresponding sides of equal triangles. This method will now be 
used in solving a number of problems. 
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8I6HT WORK 

1. Three rods are hiDged at the ends as shown in 
the figure. Is the figure rigid ? Why ? (See § 114.) 

Remember that three sides of a triangle determine 
the triangle. 

2. Four rods are hinged at the ends as shown in di 
the figure. Is the figure rigid ? Did you ever see a 
four-sided iron frame that could be folded up ? A 

3. If still another rod is hinged across the figure from A to C in 
Exercise 2, will the figure become rigid ? Use § 114. 






ZBOA = 



4. In each of the above show that the figure is rigid by using 

5. To find the distance across a river from A to 
B, step off the distance from Ato O along a line at 
right angles to AB. Continue in the same direction 
to C so that ^0 = 0(7. Then go along a line at 
right angles to OC until a point 2> in a line with O 
and B is reached. Show that CD = AB. 

Suggestion : ZA = ZC, Why ? A0= OC. 
Why ? t^BOA^it^BOC. Why? Hence, CD = AB. Why 

6. To find the distance from ^ to an inaccessible point B^ the follow- 
ing instrument is supposed to have been invented 

by Thales. (See Historical Note, page 2.) Two 
rods are linked together at 2>. One is placed 
vertical by means of a plumb line DA. The 

angle at D is so adjusted that the other rod points g- -^-|^ ^ 

towards B. This arm is then swung around until 

it points toward an accessible point C The distance AC v& measured. 

Show that AB = AC. 
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EXERCISES 
1. In figure 1, AE =^ ED = DO = CB md 
ZE = Za Prove that Z 1 =Z2. 

Suggestion, FroYe (1) A AED =: A BCD ; (2) AD 
= BD. 



2. If AC=zBO and AE = BD, show that 
BE = AD. Fig. 2. 

Suggestion : Show that A JiiiX? = A B^C. 



3. If AC=BC and AD = BE, show that 
^Z) = ^^. Fig. 3. 

Suggestion: (1) CD=CE, (2) A CDS = A CEA. 
D c {B)DB = EA, 





Fig. 3. 



^^ 




4. If ^D = 5(7andZZ>AB = ZaB4show 

^ , that^(7=5Z>. Fig. 4. 

Fig. 4. ° 

• 5. If ^Z> = ^^andJBZ> = 5^,showthatZ)(7 = j&(7. Fig. 6. 
Suggestion : (a) A ABD = A ABE ; (6) Z 1 = Z 2 ; ^^D 

(c) ABDC=2ABEC. 

6. If in example.5, it is given that Z 3 = Z 4 
and ZABD = Z AB^, prove 2>(7= JE^O. Fig. 5. Fk»- «• 

7. If.Z^ = Z(7,^Z>=0Aand Z1 = Z2, 
^. xg. show that D^ = DF. Fig. 6. 

8. If in the preceding example it is given 
that AB = BC, AD = DC, and BF=BE, show 
that Z)^ = i)i^. Fig. 6. 

d. To find the distance from A to jB measure 
AO and J50. Then lay off OD = ^0 and 00 
= 50: If iO(7 and AOD are straight lines, 
then AB=OD. Why? Hence, find u4J5 by 
measuring OD. Fig, 7. 

10. Prove the thisorem of § 113 supposing Z B and Z 5' to 
be obtuse instead of acute as in the figure on page 40. 





Fig. 7. 
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GEOMETRIC CONSTRUCTION 

116. Geometric Construction. We have already seen that the 
cmistruction of geometric figures is to be performed with the 
ruler and the compasses only, and we have learned something 
about the uses of these instruments. We are now to study 
geometric construction more in detail, and in particular, we 
are to prove that the constructions which we make actually 
give the required figures. 

117. Steps in Solving a Construction Problem. In solving a 
construction problem the following steps are involved : 

(1) A statement of what is given and what is required. 

(2) Construction of the figure, with full description. 

(3) Proof that the figure has the required properties. 

(4) Discussion of the construction. 

In many cases the properties of the figure are so obviously 
those required that little or no proof is needed. 

CONSTRUCTION OF TRIANGLES 

118. Problem. To construct a triangle equal to a 
given triangle. • 



^Si^^ 





Given A ABC with sides a, 6, c. 

To construct A A^B^O* equal to A ABO, 

Construction : As in Example 2, page 20, construct triangle 
A'B'C with sides equal to a, 6, c, respectively. 

Then, A A'B'O = A ABC. § 113 

{TSjoo &i are equal if three sides of one are equal respectively to three sides 

of the other,) q. e. p. 
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GEOMETRIC CONSTRUCTION 

119. Problem. To construct an angle equal to a 
given angle. 



Q> 




Given angle A. 

To construct Z A^ equal to Z A, 

Construction: With A as center strike an arc meeting the 
sides of Z ^ at j5 and O. Draw BC, 
As in § 118, construct A ABO = A ABC. 
Then ZA = ZA. § 76 

( Corresponding parts of equal figures are equal. ) q. b. f. 

120. Discussion of a Construction. The discussion of a con- 
struction consists in pointing out the various essentially dif- 
ferent results, which may arise under the given conditions, 
including those cases if any, in which the construction is 
impossible. 

The following examples will show what is meant : 

Example 1. Discuss the construction of § 118. 

This construction is possible for any given triangle whatsoever. 

Example 2. Discuss the construction of a triangle having 
sides equal to three given segments. (See page 20.) 

This constniction is possible provided each of the given segments is 
less than the sam of the other two. The constniction is impossible if one 
of the given segments is equal to or greater than the sum of the other 
two segments. 

Example 3. Discuss the construction of § 119. 
This construction is possible for any given angle whatsoever. 
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CONSTRUCTION OF TRIANGLES 

121. Problem. To construct a triangle when two 
angles and the included side are given. 




Given Z A^, Z ff, and the line-segment c. 

To constmct a A having a aide equal to c and the angles adjor 
cent to it equal to A A and Z B* respectively. 

Construction : On a line lay off segment AB = c. 
Construct ZA = ZA' and having AB as one of its sides. § 119 
Construct ZB^ZB' and having BA as one of its sides. § 119 
Produce the remaining sides oi Z A and Z B until they meet 

in a point C. 

Then A ABC is the required triangle. q. k. p. 

Discttssion. The discussion of this construction depends 

upon the sum o{ the angles of a triangle. See Example 4, 

page 67. 

122. Problem. To construct a 
triangle when two sides and the in- 
cluded angle are given. 

Given Z A and line-segments b and c. 

To construct a triangle having two sides 
equal to b and c respectively ^ and the inr 
duded angle equal to Z A. c 

Construction : The construction is left for the student. 
Discussion. This construction is possible only when the 
given angle is less than a straight angle. 
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BISECTING AH AITGLB 

To construct the bisector of an angle. 



123. Problem. 




To construct the bisector of a given angle A. 
Construction : With J. as a center and a convenient radius 
strike an arc meeting the sides of Z ^ in jB and 0. 

With B and as centers and with equal radii strike arcs m 
and n meeting at D, Draw AD, 

Then AD is the required bisector of Z A. 
Proof : Draw BD and CD, 

Then, AB = AC, BD = OD, AD = AD. 

.-. A ABD = A ACD. 
(Two triangles are equal if three sides ofone^ etc,) 
.-. Z BAD = Z GADy and AD bisects Z BAG. 



§86 
§113 



\ 76, 41 

Q. B. F. 

Discussion. This construction is possible for any angle. 

124. Problem. To construct a perpendicular to a 

given line at a given point in it. ^ d 

Construction: Let A be the given .m^ 

point on the line BG, The problem 
amounts simply to the construction 
of the bisector of the straight angle 
A The construction and the proof 
are exactly the same as in § 123. 

125. Corollary. Not more than one perpen- 
dicular can he drawn to a line at a point in it. 

For Z 1 and ^ 2 cannot both be right A, Wtiy ? 



^ 



y 
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PERPENDICULAR BISECTOR OF A LUTE-SEGMENT 

126. Theorem VI. Two points^ each equidistant 
from the extremities of a line-segmentj determine the 
perpendicular bisector of the segment. 
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Given segment AB and points C, D such that AC=BC, AD=BD. 

To prove that the line CD is the perpendiciUar bisector of AB. 

Proof : Draw the lines shown in the figures. 

In either figure, AO =BC,AD = BD, CD = CD. Why ? 

.'.AACD=BCD. §113 

..ZACD^ZBCD. §76 

Hence AC = BC, CO = CO, Z ACO = Z BCO. Why ? 

.'.AACO = ABCO. §104 

.-. AO = 50 and Z ^0(7= Z BOC. Why ? 

.'. CD is the perpendicular bisector of AB. § 92 

Q. E. D. 

From a point not in a line to construct a 



127. Corollary. 



perpendicular to the line. 

Suggestion, Let P and I be the given 
point and the given line. With P as a cen- 
ter and a fixed radius constract arcs meeting 
Z in ^ and B, With A and B as centers and 
with equal radii construct arcs meeting in 
Q, Then PQ is the perpendicular bisector 
of AB by §126. 



\A 
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128. Exterior Angle of a Triangle. The angle 
formed by one side of a triangle and an adjar 
cent side produced, is called an exterior angle 
of the triangle. -* 5 " 

Thus, Z.DBG is an exterior angle of the triangle ABC, 

129. Adjacent and Opposite Interior Angles. The angle of the 
triangle which is adjacent to an exterior angle is the adjacent 
interwr angle of the triangle, and the other two angles of the 
triangle are opposite interior angles of the triangle. 

Thus, in the above figure Z.ABG is the adjacent interior angle to 
JL dec, and Z. A and Z. C are the opposite interior angles to Z. DEC* 

SIGHT WORK 

1. How many exterior angles of a triangle can be formed at one vertex 
of a triangle ? How are these angles related ? 



2. In the figure, is Z. EBD an exterior angle of the 
triangle AEG ? How are Z EBD and Z ABC related ? ^ b""""^ 

3. What is the sum of an exterior angle of a triangle and the adjacent 
interior angle ? 

EXPERIMENTAL GEOMETRY 

In experimental exercises the figures constructed should be large and 
carefully drawn. 

In each of the following draw several figures as different in shape as is 
permitted by the directions. Try to formulate your conclusion in each 
case as a definite statement or theorem. 

1. Draw a triangle and produce one side to form an exterior angle. 
Measure the exterior angle and either of the two opposite interior angles. 
Which is larger ? Test this by drawing triangles of different shapes. 

2. Draw a triangle ABC such that AB < EC Measure the angles 
opposite these sides. How do they compare ? 

3. Draw a triangle ABC such that ZA<ZB, Measure the sides 
opposite these angles. How do they compare ? 

4. Draw a triangle ABC such that ZA = ZB. Measure the sides 
opposite these angles. How do they compare ? 
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EXTERIOR AUD INTERIOR ANGLES OF A TRIANGLE 

130. Theorem VII. Aii exterior angle of a triangle 
is greater than either of the opposite interior angles. 





^K 



Fia. 1. 



Fig. 2. 



Given A ABC with an exterior angle CBD, 

Toprove that (1) Z CBD > Z C, (2) Z CBD > A A. 

Proof ; (1) Let E be the middle point of BC. Fig. 1. 
Draw AE and prolong it, making EF=!^ AE. Draw BF. 
Then CE = EB ajid AE := EF. Why? 

Also Z AEC = Z BEF. § 102 

{Iftioo lines intersect^ the vertical angles are equal.) 



r. A AEC = A BEF. 
.'.ZC=ZEBF. 



But 



§104 
§76 
Ax. 7, § 71 



ZCBD>Z,EBF. 

( The whole is greater than any of its parts.) 

.-. Z CBD >ZC. Ax. 9, § 71 

(Since Z CBD > Z EBFand Z. EBF = ZC.) 

(2) In Fig. 2, let AH= HB and draw HK^ CH. Then 
prove, as in Case (1), Z CBD = Z ABQ >ZA. 

Q. B. D. 
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* 131. Corollary 1. From a point not in a line one and only 
one perpendicular can he drawn to the line. 

Proof : In § 127 it was shown that it is always possible to 
construct one such perpendicular. We now show that there 
cannot be more than one. If, in the figure, both PA and PB 
are perpendicular to AB^ then Z 1 = 4 2, both being right 
angles. But this is impossible, since by § 130 Z 2 > Z 1. 

132. Corollary 2. If Pis any point within a triangle ABC, 
then Z APB > AC, 

Proof : Produce AP to meet BC in Q. Then ^ 1 is an 
exterior angle of A ACQ, Hence Z 1 > Z C. Why ? / \<2 

Again, /. APB is an exterior angle of A BQP. Hence 
/.APB>/.l, Why? .\ Z.APB>/.C, Why? See 
Ax. 9, §71. 

NoTB. — It should be clear that corollaries are theorems which are dis- 
tinguished from other theorems only in that they do not require elaborate 
proof, since they are easy consequences of the theorems under which 
they occur. But such proofs as are necessary should be given. 

Problems in construction are sometimes placed as corollaries under 
theorems in case the method of construction and the proof are rendered 
obvious by the theorems, as in § 127. 

SIGHT WORK 

1. In the figure which is greater, Zl or Z4, Z3 or 
Z6, Zl or 2:5, Z3 or Z4, Z2 or /.Q, Z2 or Z6. 
Give reasons for answers. - 

2. If one angle of a triangle is a right angle, show 
that the other two angles are acute. 
Suggestion, Show that in the figure : 
(a) iil>rt.Z, (6) Z2<rt.Z. 
Fig. 2. See § 80. 

3. In figure 3, compare /. 3 and ^ 2 and also /. 1 
and ^4. 






^ 



Fio. 4. 



Fig. 3. 

4. If any point D within a triangle is joined to the 
three vertices, show that the sum of the angles at D 
B is greater than the sum of the angles of the triangle. 
Suggestion, Use Corollary 2 above. 
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ANGLES OPPOSrrS UNEQUAL SIDES ARE UNEQUAL 

133. Theorem VIII. If two sides of a triangle are 
unequal, the angles opposite them are unequal, and 
tJie greater angle is opposite the greater side. 




Given A ABC in which CB > CA. 
To prove that Z CAB > Z B. 

Proof : On the segment CB lay off CD = CA and draw AD. 
Considering A ABD we have Z CDA > ZB. § 130 

{An exterior Zofal^is greater than either of the opposite interior A.) 
But Z CAD = Z CDA. § 109 

• (/n an isosceles A angles opposite the equal sides are equal,) 

.'. Z CAD >ZB. Ax. 14, § 71 

(A quantity may be substituted for its equal in an equation or in an 

inequality.) 

Again, ,Z CAB > Z CAD. Ax. 7, § 71 

.-. ZCAB> ZB. Ax. 9, §71 

(Since Z CAB > Z CAD and Z CAD > Z B.) 

Q. B. D. 

134. The Converse of a Proposition. If the hypothesis and 
conelnsion of one proposition are the conclusion and hypothesis, 
respectively, of another, then either is the converse of the other. 

Thus, the theorem on page 63 is the converse of the one on this page. 

The converse of a true proposition is not always true. 
Thus, " All right angles are equal " is a true proposition, but 
its converse, " All equal angles are right angles," is not true. 
Hence, the converse of a proved theorem requires proof. 
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SIDES OPPOSITE UNEQUAL ANGLES ARE UNEQUAL 

135. Theorem IX. If two angles of a triangle are 
unequal^ the sides opposite them are unequal^ and the 
greater side is opposite the greater angle. 




Given A ABC in which Zil > ZR 

To prove that a > b. 

Proof : One of the following statements must be true : 

(1) a = 6, (2) a < b, (3) a > 6. Ax. 8, § 71 
(If a, 6, c, are quantities of the same kind, then a = 6, a<.b or a>b,) 

But it cannot be true that a = 6, for in that case Z A=ZB. § 109 
(In an isosceles A the angles opposite the equal sides are equcd.) 

Again, it cannot be true that a<b, for in that case Z A < ZB. 

§133 

(^ two sides of a A are unequal, the A opposite them are unequal, and 
the greater Z. is opposite the greater side.) 

.'. a > b. Q.B. D. 

136. Proof by Exclusion. The above argument is called proof 
by exclusion. It consists in showing (1) that at least one of 
certain enumerated cases must be true ; and (2) that all but 
one of these cases are false. All but one of the cases are thus 
excluded and that one must be true. 

Thus, in the above proof we showed that, 

(1) One of the cases a = b, a<,h, a^h must be true. 

(2) The cases a = h and a < 6 are not true. 
Therefore, a > 6 is true. 
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SIDES OPPOSITE EQUAL AITGLES ARE EQUAL 

137. Theorem X. If two angles of a triangle are 
equal, the sides opposite tjiem are equal and the triangle 
is isosceles. 

Given AABCin which ZA = ZR 
• To prove that a.= 6. 

Proof: One of the three following 
statements must be true : 

(1) a > 6, (2) a < 6, (3) a = 6. 

Ax. 8, § 71 A 
{Jfa and h are quantities of the same kind, etc.) 

But it cannot be true that a > 6, for in that case 

Z^>ZB. §133 

{If two aides of a A are unequal y the A opposite them are unequal, and 
the greater angle is opposite the greater side.) 

Eor the same reason it cannot be true that a < 6. 

.'. a=b. Q.B. D. 

138. Corollary. An equiangular triangle i» also equilateral. 





SIGHT. WORK 

1. State the converse of the theorem of § 137. Has 
this ah^ady been given as a theorem ? 

2. If, in the figure, Z 1 = ^ 2, prove that A ABC is 
isosceles. Also prove il isosceles if Z3 = ^4 or if Z.6 
= Z6. 

3. In the figure below, compare Z 3 and ^ 1, ^ 3 and Z 4, Z 9 and Z 5, 
^« and ^6, ^2 and 2:6, 2:3 and ^8. 

4. In the same figure AB>BD. 
aadZS, 

5. In the same figure Z0>Z4. 
and CE. 

6. In the same figure Z 6 > ^ 1. 
and AC. 
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EXERCISES 

1. In the triangle ABG, AD^BD, DF^DE, 
aDd Z.ADF^Z.BDE. Prove A ABC isoscjeles. 

2. The sum of two angles of a triangle is less 
than two right A, 

Suggestion. In the figure 

Z8 + 2:4 = 2rt. 4an(iZ2<Z4. 
.-. Z3 +Z2<2rt. A. 

3. Construct an isosceles triangle ABC. At 
D and E equally distant from C draw perpen- 
diculars to the equal sides, meeting the base 
at G and Fy respectively. Prove EF=DO. 
See § 107. 

4. A carpenter bisects an angle A as fol- 
lows : Lay off AB = AC Place a steel square 
so that BD = CD as shown in the figure. 
Draw the line AD, Is this method correct ? 
Give proof. 

5. To cut two converging timbers by a 
line AB which shall make equal angles 
with them, a carpenter proceeds as fol- 
lows: Place two squares against the tim- 
bers, as shown in the figure, so that A0 = 
BO, Show that AB is the required line. 




EXPERIMENTAL GEOMETRY 

1. Draw two triangles ABC and A'B'C so 
that AB = A*B\ BC= B'Cf sjid ZB> ZB^. 
Compare the lengths of ^C7 and A'C^ by meas- 
uring them. , 

2. Construct triangles ABC and A'B'C so 
that AB = A'B', BC = B'C, a.ndAC>A'C'. 
Compare A B and B' by measuring them. 

3. Construct A ABC and from any point P within it 
draw segments PA and PB, Compare AC + BC with 
AP + BP by measurement A 
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UNEQUAL PARTS IH TWO TRIANGLES 

139. Theorem XI. If in two triangles two sides of 
one are equal respectively to tioo sides of the other, hut 
the included angle of the first is greater than the in- 
cluded angle of the second, then the third side of the 
first is greater than the third side of the second. 




7^^ 



Given A ABC and A'ffC in which AB^ A'ff, BC = BfC and 
ZB> ZBf. 

To prove that AC > A'C 

Proof : Place A A'B^C on A ABC so that A'ff shall coincide 
with its equal AB and so that C shall fall on the same side of 
AB as C. 

Let BD bisect Z CBC, meeting AG in D, Draw CD. 
Then in A BCD and BCD 

BC=BC,ZCBD = ZCBD,QjidBD = BD. Why? 

.\ABCD=ABCD. §104 

.\DC=DC. Why? 

.-. AG=AD + DC=AD + DC. Ax. 14, § 71 

{A quantity may be substituted for its equal in an equation, etc.) 

But AD^DO AC. Ax. 16, § 71 

(A line-segment joining two points is the shortest distance between them.) 

.'.AC> AC, that is, AC > A'C. Ax. 10, § 71 
(Since AC = AD-\-DC> AC.) 

Q. B. D. 
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UIVEQUAL PARTS IN TWO TRIANGLES 

140. Theorem XII. If in two triangles two sides 
of one are equal respectively to two sides of the other, 
hut the third side of the first is greater than the third 
side of the second, then the included angle of the first 
is greater than the included angle of the second. 




Given A ABC and A'BC in which AC = A'C, AB = A'Ef, and 
BC > BC. 

To prove that /.A>/.A\ 

Proof : One of the following statements must be true : 
(1) Z-.4= Z A!, (2) /LA</, A', (3) ^A>Z A\ Why? 
But it cannot be true that Z A = Z.A' -, for in that case 

B0=B'O. ' Why? 

Again, it cannot be true that Z A < Z A\ for in that case 

BC < B'C, § 139 

.\ZA>ZA'. Why? 

SIGHT WORK 

1. What is the relation between Theorems XI and XII ? 

2. What kind of proof is used on this page ? 

3. If two i^ ^^Cand A'B'C are given such that AB = A'B' and 
BC = B'C, what must you know about Z B and Z ^' to be able to con- 
clude that ^C > ^'C ? 

4. In the same A what must be known about AC and AC to make 
sure that Z-B>Z^'? 
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SEGMENTS FROM A POINT WITHIN A TRIANGLE 

141. Theorem XIII. The sum of two sides of a 
triangle is greater than the sum of the segments drawn 
from any point within the triangle to the extremities 
of the third side. 




Given the A ABC and a point within it. 
To prove that AC -^ BC > AO -^ BO. 
Proof : Extend -40 to meet BC in the point E. 
Then AC-\-CE>AO-^ OE. Ax. 16, § 71 

{A line-segment joining two points is the shortest distance between them.) 

and OE + EB> BO. Ax. 16, § 71 

Adding these inequalities we have 

AC-^CE+OE + EB>AO-\-OE-^BO. Ax. 12, § 71 

{If a > b and c>d then a + c > 6 + d.) 

Subtracting OE from both members, 

AC-^CE + EB>AO'{- BO. Ax. 11, § 71 
{If a > by and m = n^ then a — m^b — n.) 

But CE + EB^ BO. Ax. 6, § 71 

{The whole is equal to the sum of its parts.) 

.\AC-^BC>AO + BO. Ax. 14, § 71 

{A quantity may be substituted for its equal in an equation or, etc.) 

Q. E. D. 
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PARALLEL LDTES 

142. Parallel Lines. Two complete lines which lie in the 
same plane and which do not meet are said to be parallel 

Two line-segments are parallel if they lie on parallel lines. 

143. Axiom of Parallels. For the purpose of proving theo- 
rems XVI, XVII, and XVIII we need the following axiom. 

Axiom 21. Through a point not on a giveti line only one 
straight line can he drawn parallel to that line. , 

144. Corollary. If each of two lines is parallel to a third 
line, they are parallel to ea/ch other, 

145. Angles Formed by Two Lines and a Transversal. A 

straight line which cuts two straight lines is 
called a transversal of these lines. The various 
angles formed by two lines and a transversal are 
named as follows : 

Z 4 and Z 5 are alternate-interior angles ; also 
Z 3 and Z 6. 

Z 2 and Z 7 are alternate-exterior angles ; also Z 1 and Z 8. 

Z 1 and Z 5 are corresponding angles ; also Z 3 and Z 7, 
Z2and6, Z4andZ8. 

Z 3 and Z 5 are interior angles on the same side of the 
transversal ; also Z 4 and Z 6. 

SIGHT WORK 

1. In the above figure what pairs of angles are equal ? What pairs of 
angles are supplementary ? 

2. If two lines meet and a transversal is drawn as in 

the figure, compare Zl and Z5, Z7 and Z3, Z6 and ^i^*^^a/* 
Z3, Z4andZ5. ^^^ 

3. In the same figure is Z 3 + Z 6 greater or less than 
2 rt. ^ ? See Exercise 2, page 65. 

4. In the same figure is Z4 + Z6 greater or less than 2 rt. ^ ? 

5. If in the figure Z3 and Z5 were both right angles, could the lines 
Z] and ^2 meet ? Why ? See § 131. 
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EQUAL ALTERNATE INTERIOR ANGLES MAKE LINES PARALLEL 

146. Theorem XIV. Two lines cut hy a transversal 
are parallel if the alternate interior angles are equal. 




Given the lines /i and l^ cut by the transversal ^ so as to make 
the equal alternate interior angles, Z 1 and Z2. 

To prove that l^ II ^. 

Proof : Suppose that l^ and ^ are not parallel. Then l^ and 
Zj will meet. Suppose they meet in a point to the right of t 
Then a triangle is formed in- which Z 1 is an exterior angle 
and Z 2 one of the opposite interior angles. 

But this makes an exterior angle of a triangle equal to an 
opposite interior angle, which is impossible. § 130 

{An exterior Z,ofaL. is greater than either of the opposite interior A,) 

If li and Zj were to meet to the left of t, a triangle would be 
formed in which Z2 would be an exterior angle and Zl an 
opposite interior angle. But this is impossible, for the same 
reason as before. 

.•. li and Za do no J meet and are parallel. § 142 

Q. E. D. 

147. Indirect Proof. The type of proof used in § 146 is 
called indirect proof. It consists in showing that impossible 
results follow if the theorem is supposed not true. In the 
above instance we showed that if li and Zj were to meet, while 
at the same time Z 1 = Z2, then the theorem of § 130 could 
not be true. 
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FURTHER CONDITIONS WHICH MAKE LINES PARALLEL 

148. Theorem XV. Two lines cut hy a transversal 
are parallel (1) if the corresponding angles are equal ; 
or (2) if the sum of the interior angles on one side of 
the transversal is two right angles. 




Given transversal t catting li and k forming Z2, Z3, and Z4, 
such that (1) Z 2 = Z 3, or such that (2) Z 2 -h ^4 = 2 rt. ^. 

To prove that ^ II Z,. 

Proof: (1) Z3 = Z1. §102 

{If txoo lines intersect, the vertical angles are equal.) 

.-. Z1 = Z2, Why? 

and kWk- § 14^ 

(2) By hypothesis Z2-f--^4 = 2rt. A 

But Zl4-Z4 = 2rt. A §81 

.-. Z2 + ^4 = Z 1 4- Z:4. Ax. 5, § 71 

{Quantities which are equal to the same quantity, etc.) 

.-. Z2 = Z1. Ax. 2, §71 

Q. E. D. 

149. Corollary. Ihjoo lines which are per- 
pendicular to the same line are parallel. 

Proof. Since Z 1 = rt. Z and i^: 2 = rt. Z, 

.-. ZlH- Z2 = 2 rt. A. Ax. 1, § 71 
Hence, ^i II h^ § 148 



Is 
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PARALLEL LINES MAKE ALTERNATE INTERIOR ANGLES EQUAL 

150. Theorem XVI. If two parallel lines are cut 
by a transversaly the alternate interior angles are equal. 

A 

p/ , 



Given l^ II 4 and cut by the transversal t^ forming the alternate 
interior angles, Z 1 and Z 2. 

To prove that Z 1 = Z 2. 

Proof : Suppose that Z 1 is not equal to Z 2. 

Through P, the intersection of ^ and t, draw i, so as to make 
Z3=Z1. 

Then, Z, II L § 146 

( Two lines cut by a transversal are II if the alternate interior A are 

equal.) 

But by hypothesis, ^ || l^ and we thus have two lines through 
the point P each parallel to a third line, which is impossible. 

Ax.. 21, §143 

(^Through a point not on a given line only one straight line can he drawn 
parallel to that line. ) 
Hence the supposition that Z 2 is not equal to Z 1 leads to 
a contradiction. 

.-. Z2 = Z1. Q.E.D. 

161. Corollary 1, If a line is perpendiciUar . 

to one of two parallel UneSy it is perpendicular to 

the other also. 

Suggestion, Prove that in the figure Z 1 = rt. Z. 

152. Corollary 2. If a line is parallel to 
one of two parallel lines, it is parallel to the other also. 



Jw^ 
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FURTHER PROPERTIES OP PARALLEL LINES 

153. Theorem XVII. i/" two parallel lines are cut 
by a transversal^ then (1) the corresponding angles are 
equal ; (2) the sum of the interior angles on one side 
of the transversal is two right angles. 




Given /i II 4 and cut by the transversal t 
To prove (1) that Zl = Z4: and (2) that Zl + Z2 = 2 rt. A 
Proof: (1) Z1 = ZS. §160 

But Z4=Z3. §102 

{If two lines intersect^ etc) 

.•.Z1 = Z4. Ax.5,§71 

(^(^uantities which are equal to the same quantity^ etc.) 

(2) Z2 + Z3 = 2rt. A . §81 

{Tv30 adjacent angles formed by one straight line meeting another^ etc) 

But Z 3 = Z 1. § 160 

.-. Z2 -h Z 1 = 2 rt. A Ax. 14, § 71 

{A quantity may he substituted^ etc) q. b. d. 

154. Corollary. If two lines are perpendicular to two irUer- 
seating lines respectively, then the given lines 
cannot he parallel. 

For let li ± I2 and h -L t^. Draw the transversal 

Show that ^ 1 + ^ 2 is less than 2 rt. A. 

NoTB. — It is interesting to observe that while Theorems XIV and XV 
can readily be proved without Axiom 21, § 143, it is impossible to prove 
Theorems XVI, XVII, and XVIII without this Axiom. 
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DRAWING ONE LINE PARALLEL TO ANOTHER 

155. Problem. Through a given point to con- 
struct a line parallel to a given line. 




Given the line / and the point P outside it 

To construct a line ^ throxigh P\\ to'U 

Construction : Through P draw a line making a convenient 
angle, Z 1, with I. 

Through P draw a line k making Z 2 = Z 1. § 119 

Then l^Wl § 148 

(7too lines cut by a transversal are \\ if the corresponding A are equal.) 

Q. E. F. 

SIGHT WORK 

1. Two railway tracks cross as indicated in the figure. 
What angles are equal and what pairs of angles are sup- 
plementary ? 

2. If Z 1 = 120Vfind Z 3, Z 9, Z 8, Z 10, Z 11, Z 5. 
_^B '3. A paper is folded on the line AB by placing 

AD along AG (making ZBAD = ZBAC), Show 
that Z BAD is a right angle. b d 




En 



4. Show how to fold a sheet of paper so as to 
have the creases lie in parallel lines. 



{ 



A C 

,*'D 5. Show how a draughtsman's triangle (right 
triangle) can be used to draw 
parallel lines. (Show that AB 
and CD are parallel.) 



6. Show how the T-square can be used to draw 
parallel lines. 



i 



RECTILINEAR FIGURES 65 



EXERCISES 
1. If mthefigureZ5^C=Zl-hi^2, then B-;r:T— 




2. If parallel lines are cut by a transversal, 
then the bisectors of corresponding A are II. 



ps 



-h 



3. If in the figure h II k, and AO = OB, prove /^ 
that CO = Oi>. — ^^ u 



h 



— li 4. If in the figure ^ and l^ are parallel lines 
I and Zj ± Z2 and Z4 ± ^, prove Z, II ^4. 



5. If Zi II ^ and Aa^h^Z-h, find Z c and j^^ ^^ 

^ R» ®' -^®* -4B(7 be any triangle. Bisect BQ 

• /\~Z^ at B. Draw -4i> and prolong it to make 
/^^^<^ DE = AD. Draw CE and prove GE II AB. 
A B Suggestion. Prove A CEB = A ^-4i>. 

EXPERIMENTAL GEOMETRY ^ 

1. Construct a triangle -4BC in which ZA = eo°,ZB = 70°; measure 
Z C. What is the sum of the three angles ? 

2. Construct a triangle ABC in which Z -4 = 110 °, Z 5 = 30°. Meas- 
ure Z C What is the sum of the three angles ? 

3. Draw several triangles, and measure the angles of each triangle. 
What seems to be the sum of the angles of a triangle ? 

4. Draw two angles so that the sides of one are / 
parallel, respectively, to the sides of the other. Meas- ^ — 



J 2 
related? 2landZ3? * §/ 



ure the angles. In the figure how are Z 1 ai^d Z 2 / 

3/ 



5. Draw two angles so that the sides of one are 
perpendicular, respectively, to the sides of the other. 
Measure the angles. In the figure how are Z 1 and Z 2 ^i 
related ? Z 1 and Z 3 ? 
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THE SUM OF THE ANGLES OP A TRIANGLE 

156. Theorem XVIII. The sum of the angles of a 
triangle is two right angles. 



A B 

Given A ABC whose angles are Z i, Z 2, and Z 3. 
Toprcyce that Z 1 4- Z 2 4- Z 3 = 2 rt. A 

Proof : Through Cdraw a line II to AB forming Z 4 and Z 5. 
Then Z 1 = Z 6 and Z 2 = Z 4. § 150 

{If two II lines are cut by a transversal^ the alt. int. A are equal.) 

But Z5 + Z3 + Z4 = 2rt. A §83 

{The sum of all consecutive A about a point in a straight line and on 

one side of it is 2 rt. A.) 

.-. Z 1 + Z 3 -h Z 2 = 2 rt. A Ax. 14, § 71 

(A quantity may be substituted for , etc.) 

Q. E.D. 

157. Corollary 1. In a right triangley there are two acute 
angles, and their sum is one right angle. 

158. Corollary 2. If two angles of one triangle are equal 
respectively to two angles of another triangle, the remaining angles 
are equal. 

159. Corollary 3. If an acute angle of one right triangle is 
equal to an acute angle of another right triangle, the remaining 
acute angles are equal. 

160. Corollary 4. An exterior angle of ^y^ 
a triarigle is equal to the sum of the two ^y^ \ 
opposite interior angles. ^1 8\i— 

Suggestion. i^l + Z2+Z3 = 2rt. 4, 

and ZS + Zi = 2Tt.A. 




Euclid (about 330-275 b.c), a famous teacher of geometry who 
lived in Alexandria, Egypt, was the first to make a systematic 
presentation of all the investigations in geometry known in his 
time (see page 2) . This book was called the Elements of Geometry. 

One writer has said of this book : " Whatever has been claimed 
in praise of mathematics, of the strength, perspicuity, and rigor of 
its presentation, all is especially true of this work of the great 
Alexandrian." 

It is said that, when asked if there were any shorter way to a 
knowledge of geometry than by his Elements, Euclid replied : 
"There is no royal road to geometry." 

Euclid's " parallel axiom " has sufficed to distinguish this treatise 
as " Euclidean Geometry " in distinction from various other forms 
of later development. 



RECTILINEAR FIGURES 67 

HISTORICAL NOTES 

The Axiom of Parallels. The so-called axiom of parallels h^s 
attracted more attention than any other proposition in geometry. Until 
the year 1829, persistent attempts were made by the world^s most emi- 
nent mathematicians to prove it by means of the other axioms of geometry. 
In that year, however, a Rossian, Lobachevsky, showed this to be im- 
possible; and hence it must forever remain an axiom unless some other 
equivalent proposition is assumed. 

The Sum of the Angles of a Triangle. The theorem that the sum of 
the angles of a triangle is two right angles is one of the most famous 
theorems of geometry. It was known to Pythagoras (660 b.c. ) and 
special causes were known much earlier. The figmre used in Exercise 1 
below is the one given by Aristotle and Euclid. As is apparent, the 
proof depends upon the theorem, § 160, and thus indirectly upon Axiom 
21. The interdependence of the propositions of §§ 160, 166 has been 
studied extensively during the last two centuries. 

SIGHT WORK 

1. In a right triangle one acute angle is 40°. What is the other angle ? 

2. If each of two angles of a triangle is 60*^, what is the third angle? 
In each of the foUovnng exercises ABC is a triangle. Find the 

number of degrees in Z C. 

3. ZA = iQP,ZB = S(y, 5. Z^ = 60^^B=60°. 

4. Z^ = 70°, Z^ = 70^ 6. Z^ = 46°,Z^ = 46°. 

EXERCISES 

1. Prove the theorem of § 156, using the 
figure in the margin. 

Suggestion. BE is parallel to AC. Then Z4 2 *^ 
= 2^2, andZ6 = Zl. 



2. Prove the same theorem using the second 
figure in the margin. 

Suggestion. Prove i^ 1 = Z2, Z3 = Z4, Z6 = Z6. 

3. In the third figure AB = BG. Prove 



A 




Use Theorem XVIII to discuss the construction in § 121. 
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^ ANGLES WHOSE SIDES ARE PARALLEL 

•161. Theorem XIX. Tivo angles whose sides are 
parallel^ each to each, are either equal or supplementary. 




Given Z A with sides a and h and two lines a' and V meeting at 
Band such that a! II a and V 11 b. 

To prove that one of two adjacent A formed by a' cmd V is 
equal to Z A and the other is supplementary to Z. A. 
Proof : Extend h and a' to meet at a point C. 
Then Z^ = Z 3 and Z3 = Z 1. §153 

(Jftwo II lines are cut by a transversal, the corresponding A are equal.) 
.-. Z^=Z1. Ax. 5, §71 

(^Quantities which are equal, etc,) 
But • Zl + Z2 = 2rt. A Why? 

.-. Z ^ + Z2 = 2 rt. A Ax. 14, § 71 

That is, Z A and Z 2 are supplementary. § 96 

Q. E. D. 

SI6BT WORK 

1. What is the sum of the angles of two triangles ? 

2. In the triangles ABf and BCD, Z 1 and Z 2 are ^^ 
supplementary. Is it possible that Z A ' and Z C are ^^^l \. 
also supplementary ? Why ? -4-^- — ^ ^0 

3. If in two triangles ^BCand A^B^O, AB\\A'B\ B(7II5'C', and 
QA II C'^', how are the angles related ? See §§ 168, 161. 



RECTILINEAB FIGURES 69 

ANGLES WHOSE SIDES ARE PERPENDICULAR 

162. Theorem XX. Two angles whose sides are 
perpendicular^ each to each, are either equal or supple- 
mentary. 




h 



A ^^ " > ■ 



E £\ 



Given Z A with sides a and b, and two lines a! and b^ meeting 
at Band such that a' ±a and b' ± b. 

To prove that one of two adjacent A formed by a' and V is 
equal to Z A and the other is supplementary to Z A. 

Proof : "i^xtend a and a' until they meet at C. Extend b 
until it meets b' and a' (extended if necessary) in E and D 
respectively. 

Then A AGD and BED are rt. A. 

.-. Z 1 + Z3 = 1 rt. Z, and Z 2 -h ^3 = 1 rt. Z. § 157 
( I%e 8um of the acute A of a rt, A is one rt. Z.) 

.•.Z1 + ^3 = Z3 + Z2. Why? 

.•.Z1 = Z2. Why? 

But Z2 + Z4 = 2rt. A Why? 

.•.Zl-hZ4=2rt. A Why? 

Q.E.D. 

SIGHT WORE 

If in two triangles ABC and A'B'C\ AB±A'B\ BC±B'a, and 
CA ± OA\ how are the angles related ? 
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EXERCISES 

1. If in the figure Z2 - Z 1 = 15° and Z4 
= 120°, find each angle of the triangle. 

A 



z!k 




2. If in the figure AB= AG, find Z 1 if Z ^= 60° ; 
also, if Z ^ = 40°. Show that, whatever the value 
P ofZud,Zl = 90° + iZA 



3. Prove that the bisector of an exterior angle 
at the vertex of an isosceles triangle is parallel to 
the base. 

4. A sailor whose ship is at A and going in 
the direction AD notes that the angle DAG is 
40°. After sailing 6.4 miles to B, he finds that 
Z DEC is 80°. He then concludes that the dis- 
tance BC is 6.4 miles. Is this correct ? 

Suggestion. Prove A ABC isosceles. This is called ** Doubling the 
angle at the bow/* 

5. If the bisectors AD and BE of the base angles 
of an isosceles triangle ABG intersect in 0, what 
pairs of equal angles are formed ? What pairs of 
equal triangles are formed ? of equal segments ? 

6. If in the isosceles A ABG a point D lies 
in the base and Z 1 = Z 2, determine whether 
there is any position for D such that DE = 
DF. 




7. If in an isosceles right triangle ABG the 
bisectors of the acute angles meet at 0, find 
how many degrees in the Z 1 thus formed. 



a Triangle ABG is equilateral. 
GF. Compare the triangles DBE, 
Prove A DEF equilateral. 



AD = BE^ 
EGFy FAD. 




A 
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EXPERIMSNTAL GEOMETRY 

1. Confitnict a right triangle having given one side 
and the hypotenuse. 

Solution : Construct a right angle A. On one side 
lay off AB equal to the given side. With B as center 
and the given hypotenuse as radius strike an arc cutting the other side 
of the right angle at C. 

2. Construct two right triangles each with a side one inch and hy- 
potenuse 2 inches. Compare the triangles by measuring sides and using 
§113. 

3. Construct two right triangles each with a side 2 inches and hy- 
potenuse 3 inches. Compare triangles as in Example 2. 

4. Construct two right triangles each with a side equal to a given 
segment and hypotenuse equal to another given segment. Compare tri- 
angles as in Example 2. What is your conclusion from Examples 2, 3, 
and 4? 

5. Construct two right triangles each with an acute angle of 60° 
and hypotenuse equal to 3 inches. Compare triangles as in Example 2. 

6. Draw any acute angle A and a convenient seg- 
ment BC, Construct two right triangles each having 
an angle equal to Z^ and hypotenuse equal to BC. M 



Compare the triangles by measuring sides and using ^ C 

§ 113. What is your conclusion from Examples 5 and 6 ? 

7. Construct AD perpendicular to BC at A. Lay off AB = AC and 
draw BD and CD as shown in the figure. Measure 
and compare BD and CD, 

8. With AD ± BCy as in Example 7, place one leg , 
of the compasses at D and strike arcs meeting BC a,t / 
B and (7, thus making BD = CD. Measure and com- -^ — 
pare AB and AC, 

9' Using lines BC and AD of Example 7, lay off AC<AB. Meas- 
ure and compare CD and BD. 

10. Using the same lines lay off CD < BD. Measure and 
compare AC and AB, ^ 

11. From a point A not on a line draw the perpendicular / 
AB to the line. Also draw the oblique line AC, Measure / 
and compare AB and AC. C 
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EQUALITT OF RIGHT TRIANGLES 

163. Theorem XXI. Two right triangles are equal 
if the hypotenuse and a side of one are eqical respec- 
tively to the hypotenuse and a side of the other. 





\ 



Given the right A ABC and A'ffCy in which AB = A'Bf and 
BC=B!C. 

To prove that A ABC = A A'B'C. 

Proof : Place the triangles so that BC shall coincide with its 
equal B^(7 and so that A and A* shall fall on opposite sides of BC. 

Then ACA' is a straight line, because Z C and Z C are 
rt. ^. § 82 

(Jf two adjacent A are supplementary ^ their ext, sides lie in a straight line.) 

A ABA! is an isosceles triangle, and ZA^ZAK Why ? 

.\ZB = Z B\ § 159 

(if an acute Z of one rt. A equals an acute Z of another rt, A the re- 
maining acute A are equal.) 

.'. A ABC = A A'BO. § 107 

( Tvoo ▲ are equal if two A and the included side of one are equal respec- 
tively to two A and the included side of the other.) 

Q. E. D. 

164. Corollary. Two right triangles are equal if any two 
sides of one are equal respectively to the corresponding sides of 
the other. 

Oaiis follows from §§ 104 and 163. 
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EQUALITY OF RIGHT TRIANGLES 

166. Theorem XXII. Two right triangles are equal 
if the hypotenme and an acute angle of one are equal 
respectively to the hypotenuse and an acute angle of the 
other. 





Given the right Aii.BC and A'ElC in which AB=A'E! and 
ZA = ZA'. 

To prove that A ABC = A A'B'O. 

Proof : Since ZA = Z A' it follows that ZB = ZB'. § 159 

(^Tfan acute Z of one rt. A equals an acute Z, etc.) 
Also it is given that AB = A'B\ 

.'. A ABC = A A'B'C. § 107 

( Two Ai are equal if two A and the included side of one, etc) 

Q. B. D. 

166. Corollary. Two right triangles are equal if any aide 
and an acute an/gU of one are equal respectively to the corresponding 
side and acute angle of the other. 

State the various cases of this proposition. 

SIGHT WORK 

1. Two ladders of equal length have their lower ends resting on level 
groand at equal distances from a wall. Do they reach the same height 
on the wall ? Why ? 

2. Is it possible that in two right triangles a leg and an acute angle of 
one may be equal to a leg and an acute angle of the other and the triangles 
not be equal ? Draw figures to illustrate. Compare the exact wording 
of § 166. 
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EQUAL OBLIQUE SEGMENTS 

167. Theorem XXIII. IVom a point in a perpen- 
dicular to a straight line oblique segments are drawn 
to the line. Then, 

(i) if these segments are equal, they cut off equal 
distances from the foot of the perpendicular j and make 
equal angles vnth the perpendicular and with the given 
line; and 

(2) converseli/y if the distances cut off are equals 
the segments are equal and make equal angles with 
the perpendicular and with the given line. 




Given PC 1,AA^ and the oblique segments PA and PA. 

(1) IfPA= PA', we are to prove thai CA = CA', Z.A^Z.A' 
and Z APC = Z A'Pa 

Proof : In the rt. A ACP and A'CPy PA^PA' and PC=Pa 
.'.AAPO=^AA'Pa §163 

( Two rt. Ai are equal if the hypotenuse and a side of one are equal re- 
spectively to the hypotenuse and a side of the other.) 

.'.GA=^CA',ZA=ZA',ZAPG=ZA'Pa Why? 

(2) IfCA= CA', we are to prove that PA = PA'y ZA = ZA'y 
and Z APG = Z A'Pa 

Proof : In the rt. A APC and A' PC, CA = CA' and PC =PC. 

,-. A APC = A APC, Why ? 

.-. PA = PA', ZA = ZA' and ZAPC = ZA'PC Why? 

Q. E. D. 
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UNEQUAL OBLIQUE SEGMENTS 

168. Theorem XXXIV. From a paint in a per- 
pendicular to a straight line oblique segments are 
drawn to the line. Then, 

(1) if the distances cut off from the foot of the per- 
pendicular are unequal^ the oblique segments are un- 
equaly that one being the greater which cuts off the 
greater distance ; and 

(2) conversely, if the oblique segments are unequal^ 
the distances cut off are unequal, the greater segment 
cutting off the greater distance. 




A B^ c B 

Oiven JPCXAB and the oblique segments PA and PR 

(1) IfCA> OB, we are to prove tJiat PA > PB. 

Proof: Let CB' = GB and draw PB'. 

Then ZP^O<rt.Z. §157 

Also Z PB'C < rt. Z and .-. Z PB'A > rt. Z. § 80 

.-. PA > PB'. § 135 

{If two A of a t:^ are unequal, the sides opposite them are unequal and 
the greater side is opposite the greater angle.) 

But PB' = PB. § 167, (2) 

.-. PA > PB. Ax. 9, § 71 

(2) JfPA> PB, we are to prove that CA > CB. 

Proof : Show by (1) above that CA cannot be < CB. 

Then show by § 167 (2) that CA cannot = CB. 

Hence CA > CB. Ax. 8, § 71 

Q.B. D. 
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THE SHORTEST DISTANCE FROM A POINT TO A LINE 

169. Theorem XXV. The perpendicular is the 
shortest segment from a point to a line. 



Given PCl^AB and PD an oblique segment from P to AR 

To prove that PD > PC. 

Proof: APGD>ZPDa §157 

.-. PD > pa § 136 

(ff two A of a A are unequal y etc,) q. b. d. 

170. The distance from a point to a line means the shortest 
distance and hence is measured along the perpendicular. 

SIGHT WORK 

1. A vertical pole is braced by wires fastened near its top and in the 
ground. If two such wires are anchored in the ground at 
equal distances from the pole, what can one conclude as 
to the comparative lengths of the wires ? Why ? (It is 
assumed that the ground is level.) y 

2. If in the preceding problem it is given that two such wires are 
anchored in the ground at unequal distances from the pole, what can be 
said about the length of the wires ? Why ? 

3. If in the same problem we know that two such wires are un- 
equal in length, what can we predict as to the distances from the pole at 
which they will have to be anchored in the ground ? 
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CONSTRUCTION OF TRIANGLES 

171. Problem. Given two sides of a triangle and an 
angle opposite one of them, to construct the triangle. 




Given Z A and the segments a and b. 

To construct a triangle having the sides a and b and the a/ngle 
A opposite the side a. 

Construction : On one side oi Z A lay o£E AC = 6, and let the 
other side be extended. 

With C as a center and a radius equal to a, construct an arc 
of a circle as shown in the figure. 

If, as in this case, a is given less than 6, and greater than the 
perpendicular distance from C to the other side of the given 
angle, then there are two triangles having the given parts, 
namely ABC and AB'C. 

Discussion. For different lengths of a the following cases 
are possible besides the case above. q 

(1) a equal to the perpendicular from C 
to AK. Then the arc will meet AK in 
but one point, and a right triangle is the 
only possible construction. 

(2) a less than the perpendicular. Then the arc will not reach 
AK and the construction is impossible. 

(3) a = 6 or a > 6. In either case only one construction is 
possible. 

EXERCISES 

1. Make the construction when Z -4 is a right angle. 

2. Make the construction when Z ^ is obtuse. 
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QUADRILATERALS 

172. The Quadrilateral and its Parts. A plane figure bounded 
by four line segments is called a quadrilateral. 

The segments are the aides of the quadrilateral and the 
points where they meet are its vertices. 

Two sides are adjacent if they meet in a vertex, 
as AB and BC. Otherwise they are oppositCy as 
AB and CD. Two vertices are adjacent if they lie 
on the same side, as A and B. Otherwise they 
are opposite, as A and C. 

A diagonal of a quadrilateral is a segment 
joining two opposite vertices. 

Quadrilaterals which have a reentrant angle, 
such as Z BCD, are not considered here. 





z:^ o 



Rhomboid 



Rhombus 



Rbctanolb 



Square 



173. The Parallelogram. A parallelogram is a quadrilateral 
in which both pairs of opposite sides are parallel. 

A rhomboid is a parallelogram whose angles are oblique. A 
rhombus is an equilateral rhomboid. 

A rectangle is a parallelogram whose angles are right angles. 
A square is an equilateral rectangle. 

The side on which a parallelogram is supposed to stand is 
called its lower base, and the side opposite is its upper base. 



174. The Trapezoid. A trapezoid is a quadrilateral having 
only one pair of opposite sides parallel. 

An isosceles trapezoid is one in which the 
two non-parallel sides are equal. 



/ Median \ 



The two parallel sides of a trapezoid are its bases. 
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The dUitude of a parallelogram or of a trapezoid is the perpen- 
dicular distance between its bases, and the median is the seg- 
ment joining the middle points of the other sides. 

175. Median of a Triangle. A segment 
connecting a vertex of a triangle with the 
middle point of the opposite side is called a 
median of the triangle, 

SIGHT WORK 

1. Are all squares rectangles ? Is the converse statement true ? 

2. Are all squares parallelograms ? Is the converse statement true ? 

3. Are all rectangles parallelograms ? Is the converse statement true ? 

4. May a trapezoid have more than one pair of bases? May a 
parallelogram have more than one pair of bases ? 




EXPERIMENTAL GEOMETRY 

1. As shown in the figure, construct a quadrilateral 
ABCD so that DC = AB and BC = AD, Test by § 148 A 
(2) to see whether BC II AD and DC II AB, That is, is / 



■iR 






the figure a parallelogram ? ^ 

2. On two parallel lines h and /j, lay off equal seg- ...^ Cj^^ 

ments AB and CD, Draw AD and ^C as in the -figure. 
Test to see whether ABCD is a parallelogram. 

3. In Example 1, the opposite sides are constructed equal; in Ex- 
ample 2, two opposite sides are made equal and parallel. Does each of 
these conditions seem to be sufScient to make the figure a parallelogram ? 

4. Construct with care a large parallelogram ABCD, That is, make 
AB II DC, and BC II AD, Draw diagonals AC 
and BD meeting in 0. Compare (1) AB and DC, 
AD and BC, (2) AO and OC, BO and OD, 
(3) t^ ABC and A ADC, To compare the triangles 
use § lis. 

5. Construct parallelograms ABCD 

and A'B'C'D' so that AB = A^B', AD = J2 9 DJ^ p' 

-4'D', and /.A = Z.A\ Measure and com- / // 

pare BC and B'0,CD and CD', Z B and Z^ / Z^ / 

Z-B',Z(7andZC', ZDandZi)'. ^ ^^ ^' 
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PROPERTIES MAKING A QUADRILATERAL A PARALLELOGRAM 

176. Theorem XXVI. A quadrilateral is a paral- 
lelogram (1) if hath pairs of opposite sides are equal; 
or (2) if two opposite sides are equal and parallel. 




(1) Given a quadrilateral ABCD such that AB=:DC and 
BC = AD. 

To prove that ABCD is a O. 

Proof : Draw the diagonal AC forming the A ABC and CDA. 

Then AC = AC, AB = CD, emd BC == AD, Why? 

.\ A ABC =^ A CDA §113 

.-. Zl=Z2andZ3 = Z4. Why? 

.-. AB II CD and BC II AD, § 146 

( Two lines cut by a transversal are II, etc.) 

.-. ABCD is a O. § 173 

(-4 O is a quadrilateral in which both pairs of opposite sides are parallel,) 

(2) Given quadrilateral ABCD such that AB H CDan^AB= CD. 
To prove that ABCD is a O, 

Proof : In A ABC and CDA, AB = CD, AC = AC. Why ? 
Also Z 1 = Z 2. § 150 

(If two II lines are cut by a transversal, the alt. int. A are equal.) 

.', A ABC = A CDA, Why ? 

.-. Z3 = Z4and^i>ll5a Why? 

.-. ABCD is a O. § 173 

Q. B. D. 
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PROPERTIES OF A PARALLELOGRAM 

177. Theorem XXVII. In a parallelogram 

(1) a diagonal divides it into two equal triangles. 

(2) the two diagonals bisect each other. 

(3) opposite sides and opposite angles are equal. 




Given a parallelogram ABCD with diagonals AC and BD, 

(1) To prove that A ABC = A ADC, 

Proof: Zl = Z2aiidZ3 = Z4. §160 

.\ A ABC = A ADC §107 

(2) To prove that AG = DC and BO = OD. 

Proof : In the A ABO and CDO, AB = CD. Why ? 

Also Z6 = Z6andZl = Z2. Why? 

.'.AABO = ACDO, §107 

.-. AO = OCand BO = O-D. Why? 

(3) To prove that AB = CD and BC=AD; 
also that ZA=: ZC and ZB== ZD, 

Proof : In the equal A ABO and CDO, AB = CD. 
Similarly AAOD = A BOC and hence AD = 50. 
Again Zl = Z2 and Z3 = Z4. Why? 

.-. Z 1 -f- Z 3 = Z 2 -f. Z 4, or Z ^ = Z C. Ax. 1, § 71 
In the same manner we may show that ZB=: ZD, q. b. d. 

178. Corollary 1. If two parallel lines are cut by two par- 
allel transversals, two pairs of equal segments are intercepted, 

179. Corollary 2. Parallel lines are everytvhere equally 
distant. 

Suggestion. Use transversals that are ± to the two given lis. 
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EQUAL PARALLELOGRAMS 

180. Theorem XXVIII. Two parallelograms are 
equal if an angle and the two adjacent sides of one 
are equal respectively to an angle and the two adjacent 
sides of the other. 

Di a 




Given [E ABCD and A'BfCBf in which AB = AlS, AJ) = A!Bf, 
and Z il = A!. 

To prove that O ABCD = O AB'G'U, 

Proof: Apply O ABCD to CD AB'OU making /.A coin- 
cide with its equal Z A! and making AB fall along A'B\ and 
AD along A!U. 

Then B will fall on B* and D on U, 

{It ia given that AB = A'B' and AD = A'D',) 

Now Z B and Z 5' are the supplements of Z ^ and Z A' 
respectively. § 163 (2) 

(If two II lines are cut by a transversal, the sum, etc) 

r./:B=:ZB'. §78 

{A which are supplements of the same Z. or of equal A are equal, ) 

.-. BG takes the direction B'C 

BC = B'C because BC = AD ^ A'D' = B'C § 177, (3) 

(In a O opposite sides are equal,) 

.-. C falls on 0'. 

Hence CD coincides with C'D\ § 75 

( Tvoo line-segments coincide if their end-points coincide,) 

Therefore OJ ABCD = OJ A'B'C'D'. § 98 

(^Two figures are equal if they can he made to coincide.) q. b. d. 
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EXPERIMENTAL GEOMETRY 

1. Take a sheet of ruled paper and draw a line across it. How is this 
line divided by the ruling lines ? 

2. Draw II lines 1 in. apart. Draw any two transversals 
to these lines. Compare the lengths of the segments cut off 
on each transversal by the lines. Repeat, using another 
transversal. State a proposition which seems to be verified 
by Examples 1 and 2. 

3. Construct a triangle ABC and through Z>, the 
middle point of -4(7, draw DE parallel to AB^ meeting 
BG in E, Measure BE and EC^ and compare them. 
State a proposition which this seems to justify. 

4. Draw a trapezoid and through the middle point of 

one side draw a line parallel to the bases. Does this line bisect the other 
side, of the trapezoid ? State a proposition which this experiment seems 
to verify. 

5. If, in Example 3, DE is drawn connecting the middle points ot AC 
and BG, then test to find whether DE is parallel to the base of the tri- 
angle. State a proposition which this seems to justify. 

6. Draw a triangle ABC and connect the middle points D and E of 
AG and BG, Compare the length of the segments DE and AB. Repeat 
this experiment with several triangles and state a proposition suggested 
by your experiments. 

7. Construct a trapezoid with bases 6 in. and 4 in. Draw the , 
median, measure it, and compare it to the sum of the bases. Repeat this 
construction, using bases 6 in. and 3 in. State a prop- 
osition which this experiment seems to verify. 

8. Draw a large scalene triangle and connect the 
middle points of its sides. Compare the resulting four 
triangles by cutting them out and superposing them. 




SIGHT WORK 

1. Define a parallelogram. What must be known about a quadri- 
lateral to make it a parallelogram ? 

2. Name several properties of a parallelogram which follow from the 
definition. 

3. What kind of. proof is used in the theorem of § 180 ? What 
theorems about triangles were proved in similar manner ? 
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EQUAL SEGMENTS INCLUDED BETWEEN PARALLELS 

181. Theorem XXIX. If parallel lines intercept 
eqvM segments on one transversal^ they intercept equal 
segments on every transversal. 




Given /i II 4 II k and cutting the transversal ti^ so that AB^BC. 

To prove that on the transversal t^, DF=^ FH, 

Proof : Draw DE and FG each parallel to t^. 

Then Z ABE = Z BCG = Z DEF = Z FGH. § 153 (1) 

{If two li h'nc« are cut by a transfoersal^ the corresponding A are equal, ) 
Also Z EDF= Z GFH. (Since D-E; II i?'©. § 144) 
Again, DE=:AB=^BC= FG. § 178 

(Jf two II lines are cut by two II transversals two pairs of equal segments 

are interested,) 

.'. ADEF=AFGHajid DF=FH. § 107 



Q. B. D. 



182. Corollary 1. If a line parallel to the 
base of a triangle bisects one side, then it bisects 
the other also, 

183. Corollary 2. If a line parallel to 
the bases of a trapezoid bisects one side, 
then it bisects the other also. 



z 
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PROPERTIES OF TRIANGLES AND TRAPEZOIDS 

184. Corollary 3. A segment connecting the middle poiivta 
of two sides of a triangle is parallel to the third side. 

Proof : Let DE connect the middle points of C 

CA and CB. Suppose DE not parallel to AB, y/\. 

Draw DE* parallel to AB, p/^ \ jg 

Then CE' = E'B, § 182 X W 

But CE = EB and hence E and E' coincide, y/^ \ 

and DE is parallel to AB, ^ B 

185. Corollary 4. The segment connecting the middle points 
of the two non-parallel sides of a trapezoid 

is parallel to the bases. j2 y 

Proof : The proof is identical with that given E /C , ^_ — -A ^y 

in § 184 using § 188 instead of § 182. Give the ^ / \ ^ 

proof in full. 

186. Corollary 6. A segment connecting the middle points 
of two sides of a triangle is equal to one-half the third side. 

Proof : Let DE connect the middle points of AC And 
BC, and draw EF II DA. Then by § 184 DE II AB. 
In ^ J5i^^and EDC, /.B = ZiDECa^nd/iFEB^ZC. 

Also BE = EC by hypothesis. 

.-. ABFE=/:^EDCaJid FB = DE. 

Since DE=AF (§177) and DE=FB, then ^ 
DE = \AB. 

187. Corollary 6. A segment connecting the middle points 
of the non-parallel sides of a trapezoid is equal to half the sum of 
the bases. 

Proof : Draw the di^onal AC meeting 
the median in 0. 

Then EF II AB and EF II DC. § 186 ^_ 

.'. is the middle point of AC. § 182 7 .,'''' "^ 
.'.EO = iDGBJidOF=iAB. §186 
.%EF=i(^AB-{-DC). 
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f SIGHT WORK 

1. In the triangle ABC^ lines joining the middle ^^ 
points of the sides are drawn as shown in the figure. R^i^J^ 
If AB = 22 units, BC = 14, and AC = 28 units, find ^y"^.-''! 
J)E, DF, and FE, ^ z> ^ 

2. Through the vertices of the triangle ABC, lines are drawn parallel 
to the opposite sides as shown in the figure. 

(a) What kind of a figure is AJ5DC? F C D 

(6) Compare AB and CD ; also BD and AC. ^---y^-y 

(c) In the same manner compare AB and CF, BC N^ — — ^^ 
and AF, AC and BE, CB and AE. \ / 

3. In the figure of Example 2, E 
(a) Is J5C equal to one half EF ? If so, why ? 

(&) In the same manner compare AC and ED, AB and F2>. 

4. If, in the figure of the preceding examples, AB =8 in., BC = 3^ in., 
and AC = 2^ in., find DF, FE, and ED, 

5. How may we test whether or not several parallel lines are equi- 
distant by using an ordinary ruler? Is it necessary that it should be 
placed at right angles to the lines ? 

6. If the bases of a trapezoid are 6 in. and 2 in., what is the length of 
the median ? 

7. If one base of a trapezoid is 6 in. and the median is 5 in., what is 
the other base ? 

EXERCISES 

C 

1. The middle points of the sides of a 

quadrilateral are connected as shown in the 
figure. Prove that these connecting lines 
form a parallelogram. ^ 

Suggestion. Prove EF and GH each II DB and hence to each other. 
Similarly prove EH \\ FG. 

2. Each side of an equilateral triangle is di- 
vided into three equal parts and lines are drawn 
joining them as shown in the figure. Prove 
that ZA = ZF = ZB, etc. 

Suggestion. Z-4=60°, AD = AE, :.ZEDA=^FDG 
= 60°. In the same manner Z DGF = 60°, :.Z,F= 60°. 
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3. Bars pivoted so as to move freely are at- 
tached to a standard as shown in the figure. If 
AB = ACy show that the perpendicular distances 
AD and CE are equal, no matter how much BC 
is tipped. 

4. The steps leading from a floor to one 12 
feet above it are 8 inches high and 10 
inches wide. What is the length of the 
carpet required to cover the stairway, 
allowing 10 inches for the last step, which 
is on a level with the upper floor ? 

5. A stairway inclined 45° to the hori- 
zontal leads to a floor 16 feet above the 
first. What is the length of the carpet ' 

required to cover it if each step is 10 inches high ? 9 inches ? 

6. ABG is an isosceles A. D is the middle ^ 
point of the base, DE\\BC and DFWAC. ^^ 
Draw EF and prove the four triangles equal. a^ 2^ ;ig 





F o 



7. In OABOD, E and F are the middle 
points of AB and CD respectively. Show that 
AF and CE divide BD into three equal segments. 



^ B 

a In the parallelogram perpendiculars are 
drawn from opposite vertices to diagonal. 
Prove that these perpendiculars are equal. 





9. If li II I2, how are the bisectors of Z 1 
and Z3 related? Of Z Sand Z4? Of 
Z 1 and Z 2 ? Use § 156 for the last 
^t case. 



10. The parallel lines l^ and I2 are cut by a 
transversal AB, AC and AD bisect the inte- 
rior angles at A respectively. Prove A CBA 
and DBA isosceles. Compare CB and BD, 
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POINTS EQUIDISTANT FROM THE SIDES OF AN ANGLE 

188. Theorem XXX. (1) Every point on the hi- 
sector of an angle is equidistant from the sides of the 
angle; and 

(2) converselyy if a point is equidistant from the 
sides of an angle it lies on the bisector of the angle. 




(1) Given AK bisecting Z Ay and P a point on AK. 
To prove that P is equidistant from Ax and Ay. 

Proof: Draw PB and PC perpendicular to Ax and Ay 
respectively. 
In the It. A ABP and ACP, we have 

Z 1 = Z 2 and ^P = ^P. 
.'.AABP^^AACP. §165 

( Two rt. Ai are equal if the hypotenuse and an acute Z of one are equal 
respectively to the hypotenuse and an acute Z of the other.) 

.'.PB = Pa Why? 

(2) Given PB ± Ax, PC ± Ay and PB = PC. 
To prove that AP bisects the given angle. 
Proof: PB=:PCsindAP=:AP. 

.'. A ABP = A ACP. §163 

( Two rt. Ai are equal if the hypotenuse and a side of one are equal re- 
spectively to the hypotenuse and a side of the other,) 

.-. Z1 = Z2. Why? 

Q.B.D. 
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LOCI 

189. From § 188 we are enabled to assert the following : 

(1) Every point in the bisector of an angle is equidistant from 
its sides. 

(2) Every point equidistant from the sides of an angle lies 
in its bisector. 

For these reasons the bisector of an angle is called the locus 
of all points equidistant from its sides. 

The word locus means place or position. It gives the location of all 
points having a given property. 

190. All points in a plane which possess some specified prop- 
erty, as in the case preceding, will in general be restricted . 
to a certain geometric figure. 

A figure is called the locus of all points possessing a given 
property, provided : 

(1) Every point in the figure possesses the given property. 

(2) Every point in the plane which possesses the given prop- 
erty lies in the figure. 

If a locus is regarded as the path of a moving point, we may 
say: 

A locus is a figure traced by a point moving in accordance with 
specified conditions. 

SIGHT WORK 

1. The lines h and h are each parallel to { and at a distance of \ inch 

from it. What is the locus of all points in the plane J » 

inch distant from I ? 

2. What is the locus of all points in a plane at a 

given distance from a given line ? 

3. The lines l\ and h are parallel. The line I is parallel to these lines 
id midway between them. What is the loc 

points in the plane equidistant from Ix and h ? 



and midway between them. What is the locus of all _^ - 



'- -Z 

4. What is the locus of all points in a plane equidis- 
tant from two parallel lines in it ? ^« 

5. What is the locus of all points in a plane 3 inches distant from a 
fixed point in the plane ? Draw this locus. 
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LOCUS OF POINTS EQUIDISTANT FROM TWO POINTS 

191. Theorem XXXI. The locus of aU points 
equidistant from the extremities of a line-segment is the 
perpendicular bisector of the segment 



Given the line-segment AB and its perpendicular bisector I 

To prove that every point in I is equidistant from A and B; 
and every point which is equidistant from A and B lies in I. 

Proof : (1) Let P be any point in l. Draw PA, PB, 

Then PA = PB, § 167, (2) 

(Jffrom a point in a ±to a line oblique segments are drawn, cutting 
off equal distances from the foot of the ±, these segments are equal and 
make equal A with the ± and with the given line,) 

(2) Let P be any point in the plane such that PA = PB, 
and let D be the middle point of AB, 

Then the line PD is the perpendicular bisector of AB, 

§126 
( Two points, each equidistant from the extremities of a line-segment, 
determine the ± bisector of the segment, ) 

That is, P lies on the perpendicular bisector of AB, 
Hence the perpendicular bisector I of AB fulfills the two 
conditions : 

(1) Every point in it is equidistant from A and B, 

(2) Every point which is equidistant from A and B lies in it. 
That is, I is the locus sought. 

Q. B. D. 
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SIGHT WORK 

1. A locomotive drive- wheel 60 inches in diameter rolls along a straight 
rail. What is the locus of the center of the hub of the wheel ? 

2. What is the locus of all points on this page equally distant from both 
the right-hand edge and the lower edge ? 

3. What is the locus of all points in a plane 2 inches from a fixed point ? 

4. What is the locus of the end point of a hand on the clock ? 

5. What is the locus of the vertices of all isosceles triangles which can 
be constructed on a given base ? 

POLYGONS 

192. The Polygon and its Parts. A plane figure bounded 
by line-segments is called a polygon. 

The segments are the sides of the polygon and the points 
where they meet are its vertices. The angles between adjacent 
segments are the angles of the polygon. 

A segment connecting two non-adjacent vertices is a diagonal 
of the polygon. 

The perimeter of a polygon is the sum of its sides. 

193. Kinds of Polygons. A polygon is convex if no side when 
produced enters it. Otherwise it is concave. 

Only convex polygons are considered in this text. 




>c>0 



CoNCAVB Equiangular Equilateral Regular 



A polygon is equiangular if all its angles are equal, and 
equilateral if all its sides are equal. 

A polygon is regular if it is both equiangular and equilateral. 

A polygon of 5 sides is called a pentagon^ one of 6 sides a 
heocagon, one of 8 sides an octagon, one of 10 sides a decagon. 
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THE SUM OF THE ANGLES OF A POLYGON 

194. Theorem XXXII. The sum of the interior 
angles of a polygon of n sides is (2 n — 4) right angles. 



Proof: Connect one vertex with each of the other non- 
adjacent vertices, thus forming a set of triangles. Evidently 
the sum of the angles of these triangles equals the sum of the 
angles of the polygon. Ax. 6, § 71 

{The whole is equal to the sum of all its parts,) 

If the polygon has n sides there will be n — 2 such triangles. 
The sum of the ^ of (n - 2) A is 2 (n - 2) rt. ^ = (2 n - 4) rt. A 
.*. The sum of the A of the polygon is (2 n — 4) rt. A, 

Q. B. D. 

SIGHT WORK 

1. What is the value of2n — 4, ifw = 3? ifw = 4? Hence, the sum 
of the angles of a quadrilateral equals how many right angles ? 

2. What is the value of 2 n — 4, if n = 6 ? The sum of the angles of 
a pentagon equals how many right angles ? How many degrees in one 
angle of an equiangular pentagon ? 

3. What is the value of 2 n — 4, when w = 6 ? The sum of the angles 
of a hexagon equals how many right angles ? How many degrees in one 
angle of an equiangular hexagon ? 

4. Answer questions similar to the above for a seven-sided polygon 
(heptagon), also for a twelve-sided polygon (dodecagon). 
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THE SUM OF THE EXTERIOR ANGLES OF A POLYGON 

196. Theorem XXXIII. The sum of the exterior 
angles of a polygon^ formed hy producing the sides in 
succession^ is four right angles. 




Given a polygon with the sides extended in succession. 

To prove that the sum of tM eocterior A thus formed is 4 rt. A, 

Proof: The sum of the interior and exterior angles at one 
vertex is 2 rt. angles. Why ? 

Therefore the sum of all the interior and exterior angles at 
71 vertices is 2 n rt. A 

But the sum of the interior angles is (2n — 4) rt. A, § 194 

(^The sum of the A of a polygon having n aides i« (2 n — 4) rt. A,) 

.'. the sum of the exterior angles is 

[2 n - (2 n - 4)] rt. 2^ = 4 rt. A. 

SIGHT WORK 

1. If a polygon is equiangular how do its exterior angles compare 
among themselves ? 

2. How many degrees in an exterior angle of an equiangular 
pentagon ? 

3. How many degrees in an exterior angle of an equiangular hexa- 
gon? 




94 PLANE OEOMETBT: BOOK 1 

EXERCISES 

1. Prove Theorem XXXII, using the figure 
given here. ^' i/\/ 

2. A surveyor measures the angles of a figure 
ABODE as follows : Z ^ = 73° 30', Z J5 = llO** 45', Z C = 98** 
15', Z J9 = 115° 30', AE = 141° 15'. What is the total error ? 
On an average did he measure the angles too large or too 
small ? To correct his results should they be increased or de- 
creased ? Correct his results by dividing the total error by 5 
and adding or subtracting the quotient as may t)e necessary. 
Corrections of this kind are always made by surveyors. 

3. In a figure ABODEF, the A Ay B, C, 2), E, are found by 
measurement to be 58°, 145°, 93°, 134° 30', 162° 45'. How 
many degrees would this leave inAF? 

4. A surveyor measures the angles of a polygonal field with 
the following results: Z^ = 91°45', ZB = 150°30', ZC = 
120° 15', ZD = 134° 45', ZE = 147°, ZF=z 74°. What is the 
total error and the average error ? 

EXPERIMENTAL GEOMETRY 

In the following constructions make the figures large and very accurate. 
Otherwise the conclusions obtained from them will be of little value. 

1. Construct the perpendicular bisectors of the sides of a triangle. Do 
they meet in a point ? What proposition about the perpendicular bisec- 
tors of the sides of a triangle does this seem to verify ? 

2. Construct the bisectors of the angles of a triangle. Do these bi- 
sectors meet in a point ? What proposition about the bisectors of the 
angles of a triangle does this experiment seem to verify ? 

3. Construct the three altitudes of a triangle. Do they meet in a 
point ? What proposition about the altitudes of a triangle does this seem 
to verify ? 

4. Construct a triangle and its medians and 
letter as in the figure. Measure A and OD with 
care and compare them. Also measure BO and 
OE, CO and Oi^and compare. What proposition 
about these medians does this seem to verify ? 




RECTILINEAR FIGURES 96 

THE CIRCUMCENTER OF A TRIANGLE 

196. Theorem XXXIV. The three perpendicular 
bisectors of the sides of a triangle meet in a point. 

o 




Given FH, DG, and EK perpendicular bisectors of the sides AB, 
BC, and AC of A ABC, 

To prove that FH, DG, and EK meet in a point. 

Proof : DG and EK will meet in some point 0. 

Otherwise they would be parallel, which is impossible. § 164 

(If two lines are ± to two intersecting lines, respectively, then the given 
lines cannot be II.) 

Then is equidistant from the points B and C and also 
from C and A § 191 

(7%e locus of all points equidistant from the extremities of a line seg- 
ment is the perpendicular bisector of the segment,) 

.'. is equidistant from A and B, Why ? 

But all points that are equidistant from A and B lie on the 
perpendicular bisector of AB, § 191 

.'. FH passes through 0. 

.'. DGy EK, FH meet in the common point 0. Q- b. d. 

197. The Circumcenter of a Triangle. The point in which the 
perpendicular bisectors of the sides of a triangle meet is called 
the circumcenter of the triangle. 
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THE mCENTER OF A TRIANGLE 

198. Theorem XXXV. The bisectors of the three 
angles of a triangle meet in a point 




Given A ABC with AD, BE, CF bisecting the angles A, B, C, 
respectively. 

To prove that AD, BE, and CF meet in one point. 
Proof : AD and BE will meet in some point 0. 

(For they cannot be II since, in that case, Z DAB + Z EBA = 2 rt. zi 
(§ 163, (2)),which would make Z^ + -^B = 4 rt. A.) 

Then is' equidistant from AB and AC, § 188, (1) 

{Every point in the bisector of an Z. is equidistant from its sides,) 

O is also equidistant from AB and BC Why ? 

Therefore is equidistant from AC and BC. Ax. 6, § 71 
But all points equidistant from AC and BC lie on CF. 

§ 188, (2) 
(tf a point is equidistant from the sides of an Z, etc.) 
.'. CF passes through 0. 
.•. AD, BE, CF meet in a common point 0. 

Q. B. D. 

199. The Incenter. The point in which the bisectors of the 
angles of a triangle meet is called the incenter of the triangle. 

Important Note. — The remaining theorems of Book I (pages 97-103) 
may be used for supplementary work or omitted if desired. They are not 
fundamental in the same sense as the preceding theorems (I to XXXV), 
and their omission will not disturb the continuity of the course. 
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SUPPLEMENTARY THEOREMS AND PROBLEMS 
THE ORTHOCENTER OF A TRIANGLE 

200. Theorem. The three altitudes of a triangle 
meet in a point 




Given A ABC with altitudes AD, BE, and CF, 

To prove that AD, BE, and OF meet in a point. 

Proof: Through each vertex of the triangle draw a line 
parallel to the opposite side, forming a triangle A'B'C. 

Then ABA'C is a O. § 173' 

.'.AB=zCA\ Why? 

Similarly ABCB* is a O and ^B = B'C. 
That is, C is the middle point of A'B\ 

Moreover, CF± A'B*. § 151 

{A line ± to one of two II lines is ± to the other also.) 
That is, OF is the perpendicular bisector of A'B\ 

In the same manner we show that AD is the perpendicular 
bisector of B'C and BE is the perpendicular bisector of CA^ 
.', AD, BE, CF meet in a common point. § 196 

(2%c three ± bisectors of the sides of a A meet in a point.) 

Q. B. D. 

201. The Orthocenter. The point in which the three altitudes 
of a triangle meet is called the orthocenter of the triangle. 
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THE CENTROID OF A TRIANGLE 

202. Theorem. The three medians of a triangle meet 
in a point xohich is two thirds of the distance from each 
vertex to the middle point of the opposite side. 




Ghren A ABC with medians BD and AE meeting in O. 
To prove that the median from also passes through 0, and 
that AO = iAE, BO=:^BD, and CO = \OH. 
Proof : Let G and F be the middle points of AO and BO. 

Then OF II AB smdOF^i AB. §§ 184, 186 

(A segment connecting the middle points of two sides of a ^ is W to the 
third side and equal to one half of it,) 

Since D and E are the middle points of AC and BC, 

DE II AB and DE^^AB. §§ 184, 186 

.-. DE = GF and DE II GF. Why ? 

.-. GFED is a O. § 176 (2) 

(A quadrilateral is a CJ if two opposite sides are eqtuil and II). 

.-. GO=OEsLnd FO=OD. §177 (2) 

(^In a O the diagonals bisect each other.) 

.'. AO =^\AE, J50 = I BD. Why ? 

In the same way we may prove that Cfl" meets BD in a point 

O' such that BO' = | BD, Hence and 0' are the same point. 

That is, the medians meet in a common point 0. q. b. d. 

203. The Centroid. The point in which the three medians of 
a triangle meet is called the centroid of the triangle. 
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SYMMETRY 

204. Axial Symmetry. Two points A and A' 
are symnietric with respect to a line Hf Z is the 
perpendicular bisector of the segment AA'. 

A figure is symmetric with respect to an axis 
I, if for every point P in the figure there is a 
point P' also in the figure such that P and P' 
are symmetric points with respect to I, This is 
called axial symmetry, 

206. Central Symmetry. Two points A and A' are symmetric 
with respect to a point if the segment AA' is bisected by 0. 

A figure is symmetric with respect to a point ^ ^ ^/ 
if for every point P of the figure there is a point 
P' also in the figure such that P and P' are symmetric with 
respect to 0. 

Such a figure is said to have central symmetry ^ 

with respect to the point 0. The point is called /^"livQi--' ^ 
the center of symmetry, A circle is a figure 
having central symmetry. 

206. Symmetric Figures. Two figures are symmetric with 
respect to a center or with respect to an axis if, for every point 
A in either figure, there is a point A' in the other such that 
A and A' are symmetric with respect to the center or the axis. 

SIGHT WORK 

1. How many axes of symmetry has a square ? A rec- 
tangle ? Has a circle a center of symmetry ? Has a circle 
more than one axis of symmetry ? 

2. How many axes of symmetry has an equilateral tri- 
angle ? An isosceles triangle ? 

3. How many axes of symmetry has a regu- 
lar pentagon (five-sided figure) ? 

4. How many axes of symmetry has a regu- 
lar hexagon ? 
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SYMMETRIC FIGURES ARE EQUAL 

207. Theorem. Two figures which are symmetric 
with respect to a line are equal. 

I 




i 



Given figures F and F^ symmetric with respect to a line I 

To prove that they are eqvxd. 

Proof: By definition, for any point Pot F there is a point 
P' of F' such that I is the perpendicular bisector of PP\ Hence, 
folding the figure over on the line I as an axis, every point P of 
F will fall upon a point P' of F'. That is, 
the figures will coincide and are equal. 

208. Corollary. If the points A and 
A' and also B and B' are symmetric with 
respect to a line Z, then the segments AB and 
A'B' are symmetric wUh respect to I. 

EXERCISES 

1. If a line I and a point A are given, show how to find a 
point A' such that A and A' are symmetric with respect to I. 

2. If a line I and a segment AB not meeting I are given, show 
how to construct a segment A'B' such that AB and A'B^ shall 
be symmetric with respect to I 

3. Given points A and C, show how to find a point B such 
that C is the center of symmetry of A and B, 

4. Given a segment AB and a point C not on the line AB, 
show how to find a segment A'B' such that AB and A'B' 
have central symmetry with C as the center. 



RECTILINEAR FIGURES 



101 



CONSTRUCTION OF SYMMETRIC POLTOONS 

209. Problem. Given a polygon P and a line I not 
meeting it, to construct a polygon P' such that P and 
P' shall he symmetric with respect to I. 




Given the polygon P and a line / not meeting it. 

To construct a polygon P' symmetric to P with respect to I. 

Construction. Let A, By C, D, JE, be the vertices of P. Con- 
struct A% B', C, U, E% symmetric respectively to A, B, C, D, E, 
with respect to I. Comiect these points, forming a polygon P'. 

Then the corresponding segments of P and P' are symmet- 
ric with respect to I. § 208 

Hence; P and P' are symmetric with respect to I 

210. Problem. Given a polygon P and a point O 
outside of ity to construct a polygon P' symmetric to P 
with respect to 0. 




Suggestion: Construct points symmetric to the vertices of P. Con- 
nect these points, forming the polygon P'. 
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TEST FOR CENTER OF STHHETRT 

211. Theorem. If a figure his two axes of sym- 
metry at right angles to each other ^ their point of in- 
tersection is a center of symmetry of the figure. 



i 



1/^--. 






/ 



Given a figure with two axes of symmetry / and t meeting at 
right A at O. 

To prove that is a center of symmetry of the figure. 

Proof : Let P be any point of the figure. We need to prove 
that there is a point P" in the figure such that the segment 
PP" is bisected at 0. 

By hypothesis there is a point F* which is symmetric to P 
with respect to I. Again, there is a point P' which is sym- 
metric to P with respect to V. Let PP cut I in D and PP* 
cut V in D'. Then PD==DP= OD' and P'D' = D'P = OD. 

Hence, A P'D'O = A ODP. Why ? 

.-. PO = OP' and Z D'OP' = Z DPO. Why ? 

It remains to show that PO and OP' lie in a straight line. 

Since Z DOP + Z DPO = rt. Z, 

that is, Z Z)OP + Z Z)'OP" = rt. Z, 

it follows that Z D'OP + Z D'OP' = 2 rt. A. 

.-. P'OP is a straight line. § 82 

Hence, PP' is a straight line-segment bisected by the point 
0, and P' and P are symmetric with respect to O. 

Q.BJ>. 
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SIGHT WORK 

1. According to the theorem of § 211, has a square a center of sym- 
metry ? Has a rectangle ? 

2. Has an equilateral triangle a center of symmetry ? 

3. Has a regular pentagon a center of symmetry ? See figure for Ex- 
ample 3, p. 99. 

4. Has a regular hexagon a center of symmetry ? See figure for Ex- 
ample 4, p. 99. 

5. In each of the following figures give without proof all axes of sym- 
metry and state whether or not the figure has a center of symmetry. 




H5 
H3 



Fig. I. 



E 

Fjg. 2. 





EXERCISES 

1. If two non-parallel lines are symmetrical with respect to a 
line they meet on this line and make equal angles with it. Prove. 

2. State without proof how many axes of symmetry a regular 
dodecagon has. Has it a center of symmetry ? 

3. State without proof how many axes of symmetry a regular 
octagon has. Has it a center of symmetry ? 



104 PLANE GEOMETRY: BOOK I 

METHODS OF ATTACKING PROBLEMS 

212. Synthetic Proof. Many theorems are proved by passing 
directly from the hypothesis to the conclusion by a series of 
logical steps. This is called a direct or synthetic proof. 

Thus, to prove a proposition D, we may start from a known proposition 
A and show that a proposition B follows from it, that a proposition C 
follows from B, and that proposition D follows from C. 

213. Analysis of Proof. Sometimes a proof may be dis- 
covered by tracing it backward from the final conclusion. This 
is called finding a proof by analysis. 

Thus, to prove a proposition D, we notice that D follows from another 
proposition C, that C follows from proposition B, and that B follows from 
proposition A. If, now, A is known, D can be proved by passing from 
A to J?, from B to C, and from O to 2>. « 

That is, the analysis is instrumental in discovering the 
proof. The proof itself is then made by the direct or syn- 
thetic method. 

As an example, consider the proof of the following theorem : 

The segments connecting tlie middle points of the opposite sides 
of any quadrilateral bisect each other. 

Given segments AS and CD connect- 
ing the middle points of the sides of 
the quadrilateral PQRS. 

To prove that AB and CD bisect 
each other. 

Proof : Draw PBy SQy AD, DB, BC, and CA. 

Now AB and CD bisect each other if ADBC is a O, and 
ADBC is a O if AD II CB and AC II DB. 

But AD II CB since each is II SQ, See § 184. 

And AC II DB since each is II PR. 

Hence ADBC is a O and AB and CD bisect each other. 

Notice that the auxiliary lines PR and SQ divide the figure 
into triangles, and this suggests the use of § 184. 
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214. Further Study of Analysis. In finding a proof by analy- 
sis it may be necessary to decide by actual trial which one of 
several possible ways of proving any particular step will work. 
This is illustrated in the following examples : 

Example 1. Griyen AD = BCy Z BAD ^ Jp 

= Z ABC. To prove that CE = DE. 

Analysis: To prove two line-segments 
equal (as CE and DE) we may show that -^ ^ 

(1) they are corresponding sides of equal figures, or 

(2) they are sides opposite equal /i in an isosceles A, or 

(3) they are opposite sides of a O. 

It is seen at once that (1) is the only one of these which can 
be used in this case. Hence we must show A BCE = A ADE, 
To do this it is necessary to show that 

(1) the A have two sides and the included Z equal, or 

(2) they have two A and the included side equal, or 

(3) they have three sides equal. 

We know that AD = BC Hence we try to prove AD^ AC 
and Z DAE=Z EBC. To do this we prove A BADz=A ABC. 
Hence, Z EAB = Z ABE. 

.-. Z BAD- Z BAE= Z ABC- Z ABE, or Z DAE= Z EBC 
Hence the proof has been discovered. ^ 

Example 2. If in the figure AB > AG >/^l\ 

and EB = CD prove BD > CE. y^\ \ 

Analysis: To prove two segments un- Z— ' ^^"^X 

equal we show that either 

(1) they are sides of a A opposite unequal zi, or 

(2) they are the third sides of two A in which two sides of 
one are equal respectively to two sides of the other while the 
included Z of one is greater than the included Z of the other. 

It is seen at once that only the second of these will work, 
namely ; in the A BCD and CEB, BC^ BC, BE= CD, and 
Z DCB > Z EBC (opposite unequal sides in the A ABC). 

Hence the. proof has been discovered. 
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215. Indirect Proof. In some cases a proof may be made most 
easily by assuming that the theorem is not true and showing 
that this leads to a contradiction. 

As an example consider the following ^ 
theorem : 

A convex polygon cannot have more 
than three acute angles. . U 

la 

Proof : Assume that such a polygon 
may have four acute angles, as Z 1, Z 2, Z 3, Z 4. 

Extend the sides forming the exterior angles 5, 6, 7, 8. 

Then Z5, Z 6, Z 7, Z8 are all obtuse, and hence Z5 + Z 6 
+ Z7 + Z8>4rt. zi which is contrary to § 195. 

Hence Zl, Z2, Z3, Z4 cannot all be acute. That is, a 
convex polygon cannot have more than three acute angles. 

216. Method of Exclusion. The proof by the method of exclu- 
sion (§ 136) involves the indirect process in showing that all 
but one of the possible suppositions is false. 

EXERCISES 
Theorems to be proved by Indirect Proof : 

1. A point within an angle and not on its bisector is un- 
equally distant from its sides. 

2. A point not in the perpendicular bi- c c 
sector of a segment is unequally distant 
from the end points of the segment. 

3. Two triangles ABC and ABC have 
their vertices G and C on the same side of 
the common base AB. If -4(7 = AC while 
the points G and C do not coincide, prove that BG is not equal 
to SO'. 

4. If the sides of triangle ABG are perpendicular respect- 
ively to the sides of a triangle A^B'G% then Z A and Z A' and 
also Z B and Z B^ cannot both be supplementary pairs of 
angles. 
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217. Problems of Construction. An effective method for solv- 
ing problems of construction is to sketch the figure as if the 
construction were already made, and then study its properties. 

For instance, consider the following problem : 

To draw a line parallel to the base of a triangle such that the 
segment included between the sides shall equal the sum of the seg- 
ments of the sides between the parallel and the base. 

Analysis : Suppose the construction made, as in the figure. 
If DE = AD + BE, there must be some point q 

P on DE such that AD = DP and BEz=EP; yA 

that is, such that Z5 = Z6 and Z3 = Z2. 9^^^^Jl\e 

Since DEWAB, Z4 = Z6 and Z1 = Z3. .^aJJc'^^^ 
Hence, Z4 = Z5 and Z1 = Z2. ^ B 

This suggests that if Z^ and Z B are bisected, the bisectors 
will meet on the required line. 

Example 1. Given two sides of a triangle 
and the median upon the third side, to con- 
struct the triangle. 

Analysis : Suppose the triangle ABC has 
the required sides AB and CB, and that BD V-''' 

is the required median. Complete the 
OABCE. Then AE=BC and DE=:BD. Hence in the 
AABEy AB and AE are in the required sides and BE is 
twice the required median. The A ABE may therefore be 
constructed and then the A ABC is readily constructed. 

Example 2. Construct a triangle ABC, 
having given Z A, the bisector of Z A, 
and the altitude upon the side BC 

Analysis; Suppose A ABC is con- 
structed so that AE is the required alti- 
tude and AD the bisector of Z A. Then A ADE is fixed, hav- 
ing given the hypotenuse and one side. Moreover ZDAC 
= ^ZAsindZDAB = iZA. 
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218. General Suggestions for Proving Theorems. 

1. Read the theorem with care. S&paraie the stoJtemeTd into 
hypothesis and conclusion. 

Failure in proving a theorem is often due to careless reading of the 
theorem. We must know exactly what is given and exactly what is to 
be proved. 

2. Construct a figure, as general in form as is permitted by the 
hypothesis. 

Thus, if a triangle is called for, but no special form of triangle is men- 
tioned, we should not draw an isosceles triangle or a right triangle. 

If a parallelogram is specified, we should not draw a rectangle or a 
rhombus. 

3. Construct the figure as accurately as possible. 

This is especially important in the early part of the work. The proper- 
ties of a figure are often suggested if it is accurately drawn. 

4. Recall all propositions which bear on the theorem to be 
proved and try them in turn. 

Thus, if it is required to prove two line-segments equal, recall every 
theorem whose conclusion is that two segments are equal ; i.e. ** Sides op- 
• posite equal zl of a triangle are equal ^' ; ^* Opposite sides of a parallel- 
ogram are equal," etc. 

5. If necessary, construct auxiliary lines. 

On this point, study theorems already proved. See, for ex- 
ample, §§130, 133. 

6. If a proof cannot be found directly, try to find it by analysis, 
or try an indirect proof (see § 213). 

219. General Suggestions for Solving Problems of Construction. 

1. Read the problem with care. 

2. Sketch the figure as if the construction were already made 
and study its properties. See § 217. 

3. Try to make the construction on the baMs thus suggested. 
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EXERCISES RELATING TO EQUAL ANGLES AND EQUAL SEGMENTS 

(Pages 97-102 are not required for any exercises on pages 109-115.) 

1. Make a list of all propositions in Book I in which tri- 
angles or quadrilaterals are found equal. 

Such theorems are those of §§ 104, 105, 107, 113, 163, 164, etc. 

2. Make a list of all propositions in the introduction and 
Book I which give directly the equality of angles. 

Such theorems are those of §§ 74, 77, 78, 70, 102, 100, 110, etc. 

3. Make a list of all propositions in Book I which give di- 
rectly the equality of line-segments. 

Such theorems are those of §§ 137, 167, 177, 178, 181, etc. 

4. The middle point of the hypotenuse of a ^^ 
right triangle is equidistant from the vertices ^y^^/ \ 
of the triangle. ^^ / — ^^ 

Suggestion, Draw CD so that Z3 = Z4. Prove ^1 =^2, CD 
= DB, CD = AD, 

5. If the median upon the base of a triangle equals half 
the base, the triangle is a right triangle. 

6. The medians drawn to the equal sides of ^ 
an isosceles triangle are equal. 

7. If the base angles of a trapezoid are equal, / TV 
the non-parallel sides are equal and the trape- / / \ 
zoid is isosceles. Also prove the converse. ^ ^ 

8. If the diagonals of a parallelogram are r\ri/n 
equal, the figure is a rectangle. | ^x^^s. i 

9. If through the extremities of the base of ^- -^ 

an isosceles triangle lines are drawn parallel to the equal 
sides, another isosceles triangle is formed. 

Draw several isosceles triangles of different shapes to illustrate this. 

10. The sum of the perpendiculars from a 
point in the base of an isosceles triangle to. the 
sides is equal to the altitude drawn from an ex- 
tremity of the base to the side opposite. 
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EXERCISES ON DTEQUALITIES OF LINES OR ANGLES 

1. Make a list of all propositions in Book I in which lines 
are found unequal. 

Such propositions are those of §§71 (Axioms 7, 8, 9, 10, 11, 12, 18, 
and 16), 136, 189, 141, 169, etc. 

2. Make a list of all propositions in the Introduction and 
in Book I in which angles are found unequal. 

Such propositions are those of §§ 71 (Axioms 7, 8, 9, 10, 11, 12, and 
13), 80, 180, 182, 188, 140, etc. 

3. Show that any side of a triangle is greater than the dif- 
ference between the other two sides. 

4. Show that the sum of the distances from Jk 
any point within a triangle to the vertices is 
greater than one half the sum of the sides of the 
triangle. 

5. Show that the segment joining the vertex of an isosceles 
triangle to any point in the base is less than 
either of the equal sides. 

6. In any triangle the sum of two sides is 
greater than twice the median on the third side. 

7. If the diagonals of a parallelogram are unequal, then it 
is not a rectangle. 

8. The sum of the sides of any quadrilateral is greater than 
the sum of the diagonals and less than twice their sum. 

9. In a triangle ^5(7, ^(7 >B(7, CD ±^5, JL 
and OE is the median on AB. Prove that : y^ / :\ 
(1) Z AGD > Z BOD ; (2) Z AEC > Z BEC. A ^ J j^ V 

Suggestions. (1) AD>BD, § 168 (2) ; (2) E lies between^ and 2>; 
(8) ZBEG<TtZ; (4) ZAEC>TiZ. 

10. If, in the figure, BD bisects ZB of ^ 

the A ABC, then show that BC > DC and 
BA>AD. 
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EXERCISES mVOLVING PROBLEMS OF CONSTRUCTION 

1. Construct an isosceles triangle, having given its base and 
vertex angle. 

Suggestion. Find the base angles. 

2. Construct the altitudes of an obtuse triangle. Do they 
meet inside or outside the triangle ? 

3. Construct a triangle, having given two sides and the 
median to one of them. O ' 

Suggestion. The sides AB, AC and median CD are y^^i \ 
given. Hence, A -4D (7 is determined. ^ — 5 — ^ 

4. Construfjt a triangle having given^two sides and the alti-, 
tude on one of them. 

Analysis. Suppose the construction made. AB and q 

AC are the given sides and CD the given altitude. The ^y^\ 

triangle can be constructed if A CDA can be constructed, j^^^ I Vjj 
See Example 1, page 71. ' ^ 

5. Construct a triangle, having given the base 
and the median and altitude on it. 



^ 



Analysis. Suppose the construction made. A CDE 

Is a rt. A with CE and CD given. ^ E D B 

6. Construct a triangle, having given one side, an adjacent 
angle, and the altitude on the given side. 

7. Construct a trapezoid having given its p g 

four sides. A \ 

Suggestion. A ADE is fixed. J^ e B 

8. Through a point not on a given line to construct a line 
making an angle of 60** with the given line. 

9. Given three points not in a straight line, to construct an 
equilateral triangle such that one of the given points will lie 
on each side of the triangle or on a side produced. 

Note. — A large variety of problems of construction may be obtained 
by giving the various possible combinations of sides, angles, altitudes, 
medians, and angle bisectors of a triangle. 
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EXERCISES INVOLVING THE ANGLES OP A POLYGON 



1. How many degrees in each angle ^ 
of an equilateral triangle ? How many T; 
equilateral triangles may be made to meet )j 
in a point and to cover the plane about it ? Y 

2. How many equilateral triangles may ^ 
be used to form a regular hexagon ? How 
many degrees in an angle of a regular 
hexagon ? 




3. Is it possible to completely cover the 
plane with regular hexagons ? Explain. 
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Tile Flooring. 
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4. How many degrees in an angle of a regular pentagon ? 
Can 3 regular pentagons be made to meet at a point without 
overlapping ? Will they completely cover the plane about the 
point ? Can four regular pentagons be made to meet at a point 
without overlapping? Is it possible to cover a plane with 
non-overlapping pentagons ? 

5. How many degrees in an angle of 
a regular octagon (eight-sided figure)? 

6. Is it possible to cover a plane with 
non-overlapping regular octagons ? 

7. If two regular octagons and a 
square are made to meet in a point, will 
the plane be covered without overlap- 
ping ? Study the adjoining figure. 




/ 
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EXERCISES mVOLVmG PERPENDICULARS AND PARALLELS 

1. Make a list of all propositions in Book I involving per- 
pendiculars. 

2. Make a list of propositions involving parallels. 

3. The diagonals of a rhombus are perpendicular to each 
other. 

4. If the angles adjacent to a base of a trapezoid are equal, 
the remaining two angles are equal. 

5. The bisectors of two consecutive angles of a parallelo- 
gram meet at right angles. _ 

6. The bisectors of the four interior -- 

angles formed by a transversal cutting two / """'^-•^^^^/ 

parallel lines form a rectangle. f /X- 

A B J 

7. If in the figure li and Zj are parallel iV j\ 
and BD = AC, then ABDO is a parallelo- j \ j \ 
gram or an isosceles trapezoid. — ! — A ! X^^^ 

Suggestion : Draw AF and BE ± h* Prove A AFC = A BED and 
.\AC\\ BD in this figure. Draw the figure for the trapezoid case. 

a A carpenter divides a board into strips of equal width 
as follows: Suppose five strips are desired. He places his 
square in two positions, as indicated in the 
figure, at such angles that the distance in f-z^^-^i?Sft-_"::i 
inches diagonally across the board shall be r- -- ^^^xS- -^^^jt ^ 
some midtiple of five (in the figure this dis- v ^ 

tance is 15 inches). He marks the points and connects them as 
shown in the figure. Is this method correct ? Prove. 

9. The T-square shown in the figure 
can be set to form any angle. Show 
how two parallel lines may be drawn in 
any direction on a sheet fastened to the 
drawing board. (See Example 6, p. 64.) 



Ik 
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EXERCISES mVOLVING LOCI 

Answer the following without giving proofs : 

1. Find the locus of the vertex of a triangle having a fixed 
base and a given altitude. 

2. A circle of radius one half iach is made to roll on the out- 
side of a circle of one-iuch radius. Find the locus of its center. 

3. Find the locus of the middle poiuts of the segments 
joining a vertex of a triangle to all points on the opposite side. 

4. Given a line I and a point P not in the liue. Find the 
locus of the middle points of all segments drawn from P to Z. 

5. Find the locus of the middle points of all p 
segments joining the center (point where the di- //^^/ 
agonals meet) of a parallelogram to points on the /^- v y / 
sides. 

MISCELLANEOUS EXERCISES 

1. In the figure show how to lay off 
BC and CD around an obstacle so as to 
make AB and DE lie on the same straight 
line, if the angle at B is 150°. 

2. To cut braces for a roof, as shown in the 
figure, a carpenter needs to know the angle 
DBC when the angle DAB is given, it beiug 
given that AB = AD. Show how to find this 
angle. (See Ex. 2, page 70.) 

3. If from two points in the base of an isosceles 
triangle parallels to the other sides are drawn, two 
parallelograms are formed whose perimeters are 
equal. 

4. ABCD is a square. Lines are 
drawn as shown in the figure so that 
Z1 = Z2=Z3 = Z4. Provethat 
n^zw is a square. 
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5. In the figure, ABODEF is a regular 
hexagon. ABHG, BCLK, etc., are squares. 

(a) What kind of triangles are BHK, -R 
CZr-af, etc. ? Prove. g 

(6) Is the dodecagon (twelve-sided poly- 
gon) HKLMN. . . regular? Prove. 

6. If ABC is an isosceles triangle and if AC, 
one of the equal sides, is extended its own length 
to D then DB is perpendicular to AB. 

7. The bisectors of the base angles of an 
isosceles triangle form an angle equal to an ex- 
terior angle at the base of the triangle. 

8. If ABC is an isosceles triangle and 
if AD is laid off on the side AC equal to 
BE on the side CB extended, and if the 
segment DE meets the base AB in the 
point F, then DF=^ FE. 

9. The bisectors of the exterior angles at the 
base of an isosceles triangle form another 
isosceles triangle. Are the triangles equal ? 

10. In a ti-iangle ABC, let E and D be the 
middle points of AB and BC respect- 
ively. Draw AD and extend it to 
JF' making DF=: AD, Also draw CE 
and extend it to O, making EG 
= CE, Show that F, B, and G lie 
in a straight line. 

Suggestion. Prove BF W AC 9,nd BGW AC. 

11. If the pairs of opposite sides of a hexagon are equal and 
parallel, then the lines joining pairs of opposite vertices will 
all pass through a common point. p o a 

12. If equal distances are laid off on the sides of 
a square from two opposite vertices, the figure b 
formed by joining these points is a rectangle. J; ^ 
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DESIGNS BASED ON PARALLEL LINES 








DESIGNS BASED ON EQUILATERAL TRIANGLES AND HEXAGONS 
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Blaise Pascal was born at Clermont, France, in 1623, and died 
at Paris in 1662. He was a celebrated philosopher and mathema- 
tician. 

At the age of twelve years, Pascal was found drawing charcoal 
figures on the pavement and proving theorems in geometry. At 
the age of sixteen he wrote a treatise on algebraic geometry which 
displayed great power. At nineteen he invented a machine for 
performing arithmetical operations, — the forerunner of our modern 
calculating machines. 

In 1653 Pascal devised a scheme for writing down the coefficients 
of the* binominal expansion, which he called the " Arithmetical 
Triangle," and which has ever since been known as the " Pascal 
Triangle." 

Pascal wrote extensively on both philosophy and mathematics. 
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STBAIQHT LINES AND CIRCLES 

220. Definition of Circle. A circle was defined in § 23, as a 
closed plane curve all points of wMch are equally distant from 
a point in the plane called the center. 

221. Circle Defined as a Locus. A circle may also be defined 
as the locus of all points in a plane at a fixed distance from a 
given point in the plane. 

222. Circumference of Circle. The length of a circle, that is, 
the distance around it, is called the circumference of the circle.^ 

223. Notation for Circle. A circle may be denoted by two 
letters, one at the center and one marking a point on the circle. 

Thus, O OA means the circle with center and radius OA, 
When no ambiguity arises, the letter at the center alone may be used 
to denote the circle. Thus, O G means the circle whose cen- ontside 

«eri«(7. ^^""'"y' 

224. Inside and Outside of Circle. A circle di- 
vides the plane into two parts such that any point 
which does not lie on the circle lies within it or 
outside it. 

225. Chord. Diameter. A line-segment joining 
two points on a circle is called a chcyrd. A 
chord which passes through the center is a 
diameter. 

226. Secant. If a chord is extended in one or 
both directions, it cuts the circle and is called a secant. 

1 NoTB. This is the sense in which the words circle and circumference 
are used in most higher mathematical works. The word circle^ however, 
is sometimes used to mean the portion of the plane hounded by the curve. 
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DEFINITIONS RELATING TO CIRCLES 

227. Tangent. A tangent to a circle is a straight line which 
meets it in one and only one point, no mat- 
ter how far the line is extended. 

An indefinite straight line through a 
point outside a circle is a secant, a tangenty 
or it does not meet the circle. 

228. Arc. The portion of a circle in- 
cluded between any two of its points is 
called an arc. An arc AB is denoted by 
the symbol jIB. 

229. Semicircle. A circle is divided into two 
arcs by any two of its points. If these arcs are 
equal, each is a semicircle. Otherwise one is 
called the major arc and the other the minor arc. 

Unless otherwise indicated AB means the minor arc 
In case of ambiguity a third letter may be used, as arc 
AMB or AMB. 

230. Subtended Arc. An arc is said to be sub- 
tended by the chord which joins its end-points. 

Unless otherwise indicated the arc subtended by a 
chord means the minor arc. 

231. Central Angle. An angle formed by two 
radii is called a central angle. 

232. Inscribed Angle. An angle formed by 
two chords drawn from the same point on the 
circle is called an inscribed angle. 

233. Intercepted Arcs. If the sides of an 
angle meet a circle, the arc or arcs which lie 
within the angle are called intercepted arcs. 

If the vertex of the angle is within or on the circle 
there is only one intercepted arc ; if it is outside the circle 
there are two intercepted arcs, ajs AB and CD in the figure. 




, ^-^ 
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234. Intersecting Circles. If a circle is partly 
inside and partly outside another circle, then the 
circles cut each other and are said to intersect. 

235. Tangent Circles. Two circles are said to 
be tangent to each other if both are tangent to a 
straight line at a common point. They are tangent 
externally if each circle is outside the other ; and 
internally if one circle is inside the other. 
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THEOREMS PROVED INFORMALLT 
The following propositions require no formal proof. 

236. If the radii or diameters of two circles are equals 
the drdes may he made to coincide and are equal. 

237. A diameter of a circle is double the radius. 

238. A point lies within^ outside^ or on a circle, accord- 
ing as its distance from the center is less than, greater 
than, or equal to the radius. 

239. If an unlimited straight line contains a point 
within a circle, then it cuts the circle in two points. 

240. If' two circles intersect once, they intersect 
again. See figure, §234. 

241. If two minor arcs (or two major arcs) of the 
same or of equal circles are so placed that their end-points 
coincide and also their centers, then the arcs coincide 
throughout. 

242. If two circles are made to coincide, then their 
centers coincide. 

243. If in two circles an arc of one is equal to an arc 
of the other, then not only the arcs hut also the circles 
can he made to coincide throughout 
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EQUAL ARCS AND EQUAL CENTRAL ANGLES 

244. Theokem I. In the same circle or in equal circles, 

(1) eqvM central angles intercept equal ai^cs ; and 

(2) conversely^ equal arcs are intercepted hy equal 
central angles. 





(1) Given 0C = OC and ^0=^^. 

To prove that AB = JfB^. 

Proof ; Place © C on © C" making Z C coincide with Z O. 
Then A will fall on A' and B on B\ § 85 

{Radii of the same circle or of equal circles are equal. ) 

Hence Ab = A^. § 241 

(If two minor arcs (or two major arcs) of the same O or of equal (D are so 
placed that their end-points coincide and also their centers^ then the 
arcs coincide throughout.) 

(2) Giyen QC = OC and AB=A^, 

To prove that /.C = Z. C". 

Proof : Place © C on © (7 making AB coincide with .4^B*. 

§243 
(If in two (D an arc of one is equal to an arc of the other y then not only 
the arcs hut also the ® can he made to coincide throughout,) 

Then C will fall on C '. § 242 

(If two ® are made to coincide, then their centers coincide,) 
. Since A falls on A'y B on B'y and C on C. 

.-. Z C = Z C. § 98 

Q. E. D. 

245. Corollary. A diameter bisects a circle. 
Suggestion. In this case the equal central A are straight A, 
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UNEQUAL ARCS AND UNEQUAL CENTRAL ANGLES 

246. Theokem II. In the same circle or in equal 
circles^ (1) if two central angles are unequal, the greater 
angle intercepts the greater arc ; and 

(2) conversely, if tivo arcs are unequal^ the greater 
arc is intercepted hy the greater central angle. 





(1) Given QC=Q a, andZA'aD>Z ACS. 

To prove that A!D > AB, 

Proof : Apply © O to © C" making GA coincide with OA. 
Then CB will fall within the Z AOD and B will fall at some 
point B on the intercepted arc AD, 

{/. A' CD is given greater than Z ACS.) 

.-. A!D > A^', and A!D > I^. Why ? 

(2) Given QC = 00 and A^>AB. 

To prove that Z A' CD > Z ACB, 

Proof; Apply Q O to Q C making the radius CA coincide 
with its equal OA' and making AB fall along A'D. 
Then B will fall at some point B' on the arc A'D, 
(A'D is given greater than AB.) 

and CB will fall within Z A CD, 
.-. Z ACD > Z A'CB\ aad Z A CD > ACB. Why ? 

Q. E. X>. 
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EQUAL CHORDS AND EQUAL ARCS 

247. Theokem III. In the same circle or m equal 
circles^ (1) eqiuxl chords subtend equal arcs ; and 

(2) conversely, eqical arcs are subtended by eqiuxl 
chords. 





(1) Given ©C = ©C and chord AB = chord A^Bf. 
To prove that AB = JjB'. 
Analysis: Draw the radii G4, GB, C'A^, CBK 

In order to prove that AB = AJ^, we need to show that 
Z a = Z (7, and to do this we show A ABC = A A'B^CP. 

Proof : Since AB = A'B\ CB = aB\ CA = CA' ; then 
AABO^AA'B'C'y and Z (7= Z (7. Why? 

.-. iS=i^'. §244 (1) 

(/n the same or in equal (D equal central A etc) 

(2) Given © C = © C and AB = A^. 

To prove that chord AB = chord AB\ 
Analysis : We can prove chord AB = chord A!B^ if we prove 
AABC^AA!B'0. 

Proof: AG=/.a. §244 (2) 

{In the same or in equal (D equal arcs are intercepted etc.) 
Also CB = CB' and C^ = OA^ • Why ? 

.-. A ABC = A A'B'O, and chord AB =: chord A'B'. Why ? 

Q. E. D. 
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SIGHT WORK 

In giving the definitions required below, make sure that your statement 
says exactly what you mean. Accuracy of statement is one of the most 
essential elements in the good use of English. 

1. Define a circle as a locus. 

2. Define circumference, center. 

3. Define chord, radius, diameter, secant, tangent. 

4. Define arc, semicircle, arc subtended by a chord. 

5. Define central angle, inscribed angle. 

6. What is meant by the statement, ** An arc is intercepted by an 
angle ? " 

7. Two arcs AB and AC are laid off on the same circle 
by striking arcs with equal radii using ^ as a 
center. Compare arcs AB and AC. 

8. In the figure to the left measure and com- 
pare the chords AB, BC, and CA, Compare 
the three arcs subtended by them. 

9. In the figure to the right measure and compare the 
chords AB, BC, CD, and DA, Compare the four arcs 
subtended by them. 

10. Show how to bisect an arc, using § 244 (1). 

11. Show that if two diameters, AB and CD, are perpen- 
dicular to each other, they divide the circle into four equal 
arcs. 

12. Using the figure of Example 11, show that chords A C, 
CB, BDy and DA are all equal and that Zl =Z2 = Z3 = Zi 

13. Show how to divide a circle into six equal arcs. p 

14. Show how to divide a circle into eight equal arcs. 

15. In the figure AB is a diameter. Chord AD = chord 
AC, Compare DB and BC, 

EXPERIMENTAL GEOMETRY 
1. On a circle lay off arcs AB and AC each less than a semicircle, so 
that AC>AB. Draw chords AB and AC. Measure these A^ 
chords to compare their lengths. State a proposition which / ->^(^ 
seems to hold concerning the chords which subtend two un- 
equal arcs, each less than a semicircle. 
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UlTEQUAL CHORDS AND UNEQUAL ARCS 

248. Theokem IV. In the same circle or in equal 
circles; (1) if tioo chords are unequal the greats 
chord subtends the greater minor arc; and 

(2) conversely, if tioo minor arcs are unequal the 
greater arc is subtended by the greater chord. 



Given O C = O C' and chord AB > chord A'JBf. 
To prove that AB > jfB\ 

(1) Analysis: JS > J^ ii Z C> Z C. 
Proof: Draw radii CA, CB, OA\ OB\ 

In A ABCand A'B'O, AB > AB\ CA^ OA' and CB = OBK 
.'.ZOZC. §140 

(TjT in two A, two sides of one are equal to two sides of the other ^ etc.) 

.'. AB > jfB\ § 246, (1) 

{In the same O or in equal <D if two central A are unequal, etc.) 

(2) Given © C= O C and iG > A^. 

To prove that chord AB > chord A'B'. 

Proof : Since AB > A!B' it follows that ZC> ZO. 

§ 246 (2) 
(/n the same or in equal (D if two arcs are unequal, etc.) 

In A ABC and AB'O, CA = CA, CB = CB^ zxAZC> ZO. 

.'. chord AB > chord A'B'. § 139 

(ff in two ^ two sides of one are equal to two sides of the other, etc.) 



Q. B.D. 
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249. Corollary. In the same circle or in equal circles: 

(1) If two chords are unequal^ the greater chord subtends the 
lesser major arc; and 

(2) Conversely f if two major arcs are unequal, the greater arc 
is subtended by the lesser chord. 

260. Inscribed Polygon. Circumscribed Circle. A polygon is 
inscribed in a circle if its vertices lie on the circle. The circle 
is said to be circumscribed about the polygon. 

EXERCISES 

1. If an equilateral triangle and a square 
are inscribed in the same circle, or in equal 
circles, show that the sides of the triangle 
are greater than those of the square, 

2. Prove that two diameters of a circle divide it in two pairs 
of equal arcs. 

3. If ABC is an isosceles triangle inscribed in 
a circle, and if CD is perpendicular to AB, prove that 
Ab = BI). 

Suggestion, Prove that chord AD = chord BD, 

4. If in the figure AB = (JDy prove that chord 
AC = chord BD, and that A ABC = A DCB. 

5. In the figure AB is a diameter, AD is any 
i chord drawn from A, and CE is a radius parallel 
I to AD. Prove iSe = fh. 

Prove Z1 = Z2 = Z3 = Z4. 









6. If in the figure BC = DE, prove 
A ABD is an isosceles triangle. 



that 



Suggestion. Prove (1) A CBD = A EDB, (2) 
Z CBD = Z EDB, (3) Z ABD = Z ADB. (See Ex- 
ample 4.) 
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EXPERIMENTAL GEOMETRY 

1. At the extremity D of a radius CD, construct a line 
AB ± CD. Does this line meet the circle except at Z> ? 
What is this line called ? 

Complete the following proposition : ** A line peri)endicu- 
lar to a radius at its extremity is . . .'' 

2. Using the same figure as in the preceding example, draw any line 
through Z>, other than AB. Does such a line meet the circle in any point 
besides D ? How many tangents to a circle may be drawn through any 
one point on it? 

3. Draw a line which meets a circle in only one point (a tangent). 
At the point of contact construct a perpendicular to this line. Does this 
perpendicular pass through the center of the circle ? Formulate this fact 
as a proposition. 

4. How are the propositions in Examples 1 and 3 related ? 

5. Construct a diameter perpendicular to a chord of a 
circle. Measure and compare the segments into which the 
chord is divided. 

6. In the figure constructed in Example 5 what is the 
relation between AC and BG ? 

Suggestion. Measure the chords and use § 247 (2). 

7. Complete the proposition : ** A diameter perpendicular to a chord 
bisects ..." 

8. Connect the center of a circle with the middle point of a chord. 
Measure and compare the angles thus formed. Complete the proposition : 
'* A diameter which bisects a chord is . . ." 

9. What is the relation between the propositions in Examples 6 and 8 ? 

10. Construct the perpendicular bisector of a chord. Does it pass 
through the center of the circle ? Formulate this fact as a proposition. 

11 . What is the relation between the propositions in Examples 8 and 10 ? 

12. Construct two equal chords of a circle. Measure and compare 
their distances from the center of the circle. Formulate this result as a 
proposition. State the converse of this proposition. 

13. Construct two unequal chords of a circle. Compare their distances 
from the center of the circle. Formulate this result as a proposition. 
State the converse of this proposition. 

Do the measurements and comparisons made above prove these propo- 
sitions, or only make them seem plausible ? 
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TANGENT AND RADIUS 

251. Theorem V. A line perpendicular to a radius 
at its extremity is tangent to the circle. 




Given O C with AB± to the radius CD at D. 
To prove that AB is tangent to the ©. 
Proof: Let E be any point of AB other than D, Draw CE. 
Then CE > CD. § 169 

(The ± is the shortest distance from a point to a line.) 

Hence E is outside the circle. § 238 

(A point lies within^ outside, or on a according as its distance, etc) 
That is, every point of AB except D is outside the circle. 

.-. AB is tangent to O C. § 227 

{A tangent to aO is a straight line which meets it, etc.) 

Q. E. D. 

252. Corollary 1. If a line is tangent to a circle, the radius 
drawn to the point of contact is perpendicular to the tangent. 

Suggestion. If CD were oblique tx) AB, then some other line through 
C Bs CE would be ± AB. This would make CE< CD and therefore 
S would be inside the circle and AB would not be a tangent. 

253. Corollary 2. A line perpendicidar to a tangenvt at the 
point of contact passes through the center of the circle. 

264. Corollary 3. A perpendicular to a tangent from the 
center of the circle passes through the point of contact. 
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DIAMETER PERPENDICULAR TO A CHORD 

255. Theorem VI. A diameter perpendicular to a 
chord bisects the chord and also both the subtended arcs. 




Given the diameter EF ± AB at D. 

(1) To prove that AD = DB, and AF= FB and AE = EB^ 
Analysis : Draw radii CA and CB. 
If it can be shown that A ADC = A BDC, then 
(a) AD = DB, (b) Z1=Z2, (c) ZACE = Z.BCE, 
(d) AF=FB, (e) AE = EB. 
Proof : In A ADC and BDC, CD = CD, CA = CB. Why ? 
.'.AADC = ABDC §163 

(^Two rt, A are equal if the hypotenuse and a side of one, etc.) 

Now give reasons for the following statements: 
(a) AD=DBy (b) Z1=Z2, (c) ZACE=ZBCE, 
{d)AF=FB, (e)AE = EB. 

256. Corollary 1. A diameter which bisects a chord is 
perpeyidicular to it. 

Suggestion. To prove Z 3 = Z 4, show that A ADC = A BBC. ' 

257. Corollary 2. The perpendicular bisector of a chord 
passes through the center of the circle. 

Suggestion. Use § 191. 
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258. Concentric Circles. Two circles which have the same 
center are said to be concentric. 






A 


i 


I 


^vJ 


L>: 



SIGHT WORK 

1. What type of proof is suggested in § 252 ? 

2. Show that tangents drawn to a circle at the opposite 
ends of a diameter are parallel. 

3. Show that if a diameter bisects one of two parallel 
chords it bisects the other also. 

4. Show that a diameter bisects all chords parallel to 
the tangents at its extremities. 

5. Show that the middle points of parallel chords all lie 
on a diameter. 

6. Show that a tangent to a circle at the mid-point of 
any arc is parallel to the chord of the arc. 

7. If, in the figure, AB=fiC = CD = DE=EA, 
show that the diagonals are all equal. 

8. If a circle is divided into any number of equal 
parts and the division points are joined in succession, 
the polygon thus formed will be equilateral. 

9. Show that the perpendicular bisectors of all sides 
of a polygon inscribed in a circle meet in a point. 



EXERCISES 

1. Two chords perpendicular to the same 
chord at its extremities are equal. ^^ 

Suggestion, Draw the diameter HK ± AE and 
show that \ AE = \ BD ^xA .\ AE = BD. 

2. If, from the extremities of a diameter, perpendiculars 
are drawn to a tangent, the sum of these perpen- P _ 
diculars is equal to the diameter of the circle. 

Suggestion. Draw a radius ± to the tangent and apply § 187 . 

3. If two concentric circles are cut by a line, the two segments 
intercepted between the circles are equal. 

Suggestion. Draw a radius perpendicular to the line AB. 
Then prove (1) AF= FB and (2) EF = FD. 
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CHORDS EQUALLY DISTANT FROM THE CENTER 

259. Theorem VII. In the same circle or in equal 
circles ; (1) if two chords are equal they are equally 
distant from the center ; and 

(2) conversely^ if two chords are equally distant from 
the center they are equal. 





(1) Given 0C=0C, chord ilB= chord A'g, CD±ABy 
CD'A.A'B'. 

To prove that CD = CD'. 

Proof: Draw CB and OB. 

Then, DB=^^AB and UB = ^ A'B. § 266 

(-4 diameter ±to a chord bisects the chords etc.) 
But AB = A'B. .'. DB = D'B'. Ax. 4, § 71 

(If equals are divided by equals, etc.) 
Now give reasons for the following statements : 
(a) BC=BV, (b) ABCD = AB'OD\ (c) CD^OJy. 
(2) Given CD = C!l>, CD ± AB, and CL^ ± A' El. 
To prove that chord AB = chord AB\ 
Proof : Give reasons for the following statements : 
(a) CD = CD\ (b) BC = B'C, (c) A BCD = A BCD', 
(d) BD = B'D'. 

But AB = 2 BD and A'B' = 2 B'D\ 

.'. AB = A'B'. Ax. 3, §71 

Q. E. O. 
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CHORDS UNEQUALLY DISTANT FROM THE CENTER 

260. Theorem VIII. In the same circle or in equal 
circles ; if two chords are uneqvM, the greater chord 
is nearer the center ; and 

(2) conversely, if tioo chords are unequally distant 
from the center ^ the one nearer the center is the greater. 

Note. This theorem may be proved at some length by use of § 139, 
but it follows as a coroUary from § 362 in Book III, and its proof is de- 
ferred till that point is reached. 

261. Corollary. A diameter of a cirde is grecUer than any 
other chord. 

Suggestion, The distance of a diameter from the center is less than 
that of any other chord. 

EXERCISES 

1. In two concentric circles, all chords of the 
larger circle which are tangent to the smaller 
are equal in length. 

2. If in a circle many equal 
chords are drawn they give the 
effect of a circle within the given circle. Ex- 
plain this. 

3. The shortest chord which can be drawn 
through a point is perpendicular to the diameter 
through that point. 

Suggestion, Prove that any other chord is nearer the 
center. 

4. If two chords make equal angles with the diameter 
through their point of intersection, the chords are 
equal. 

Suggestion, Prove that the chords are equally distant 
from the center. 
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TANGENT CIRCLES MEET ON THE LINE OF CENTERS 

262. Theorem IX. If two circles meet on their line 
of centersy they are tangent to each other ; and 
conversely^ if two circles are tangent to each other^ 
their line of centers passes through the point of contact. 




(1) Given (D C and C' meeting at P on the line CC. 
To prove that (D O and O are tangent to each other at P. 
Proof. Draw ABXCCatpointP. 
Then AB is tangent to © C and also to © (7. 

.-. © Cis tangent to © (7 at P. 

(2) Given © C and C' tangent to each other at P. 
To prove that the line of centers CO passes through P 
Proof. Let AB be the line tangent to (D Cand C at P. 
Then, a line through P± AB passes through both C and C. 

§253 
.\ P lies on the line of centers. 

Q. B. D. 

SIGHT WORK 
If A and B are the centers of two circles whose radii are a and &, state 
the various possible relations between the positions of the centers. Which 
ones are missing among the illustrations here given ? 



261 
235 



235 




a+h^AB 



a-b^A B a^b>A B 



a-¥h<A B 
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LINE OF CENTERS BISECTS COMMON CHORD 

263. Theorem X. A line connecting the centers of 
two intersecting circles is the perpendicular bisector of 
their common chord. 




" Given the intersecting (D C and C' with common chord AB. 
To prove that CC is the ± bisector of AB. 
Proof. CA = GB and CTA = O'B. Why ? 

.-. CO' is the bisector of AB. § 126 

(Two points each equidistant from the extremities, etc.) 

EXERCISES 

1. In the figure AD = DB. Semi- 
circles are constructed on AD, DB, 
and AB as diameters. Which semicir- 
cles are tangent to each other ? Prove. 

c 2. In the figure A, B, C, D are the vertices 
of a square. Show how to construct the en- 
tire figure. What semicircles are tangent to 
each other ? 





This construction occurs frequently in de- 
signs for tile flooring. See accompanying figure. 
This is from a Roman mosaic. 
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MEASUREMENT OF ANGLES 

264. Angles at the Center of a Circle. If the perigon at the 
center of a circle be divided by radii into 360 equal angles, called 
degrees (°), these radii will divide the circle into 360 equal area 
according to the theorem, § 244 (1). Hence, we speak of an 
angle or of an arc of 1°, 2°, 3°, etc. Similarly, a degree may 
be divided into 60 equal arcs called minutes C). 

For this reason a central angle is said to be measured by the 
arc which it intercepts. This means that a given central angle 
contains a number of unit angles equal to the number of unit 
arcs in the intercepted arc. 

A quadrant is an arc of 90°. A semicircle is an arc of 180°. 
A right angle is, therefore, measured by a quadrant and a 
straight angle is measured by a semicircle. 

265. A sector is a figure formed by two 
radii and their intercepted arc. 

Thus, the sector ACB is formed by the radii BC, 
AC, and AB, 

266. Segment of a Circle. A segment of a circle, or a circle- 
segment, is a figure formed by a chord and the 
arc which it subtends. For each chord there 
are two circle-segments corresponding to the 
two arcs which it subtends. 

If a chord is a diameter the two circle-seg- 
ments are equal. 

267. Angle Inscribed in an Arc or in a Segment. An angle is 
said to be inscribed in an arc if its vertex lies 

pn the arc and its sides meet the arc at its 

end-points. 

. Such an angle is also said to be inscribed in 

the circle-segment formed by the arc and its 

chord. 

^ E,g. Zl\a inscribed in the arc APB or in the segment APB, 
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The following propositions require no formal proof : 

268. If two angles are equal the arcs which measure 
them are equal, 

269. If two angles are measured hy eqv^l arcs they 
are equal. 

SIGHT WORK 

1. If a polygon iascribed in a circle is equilateral, how 
are the intercepted arcs related ? 

2. If the vertices of an equilateral in- 
scribed polygon are joined to the center of 
the circle, how are the resulting central 
angles related ? 

3. If the polygon of Example 2 has six sides, how many 
degrees are there in each central angle ? 

EXPERIMENTAL 6E0METR7 

1. Inscribe several angles in the same segment of a circle. Measure 
the angles and compare their size. State a proposition which seems to be 
true concerning all angles inscribed in the same segment. 

2. If the intersection point C of two lines is made to 
move along a circle while the lines continue to pass 
through the fixed points, A and £, on the circle, does 
the angle C seem to change in size, so long as the point 
C remains on the same side of the chord AB ? 

3. Inscribe an angle in each of the two segments into which a chord 
divides a circle. Measure both angles and find their sum. For example, 
/. C and ZD in the above figure. 

4. Inscribe an angle in a circle and then construct a 
central angle meeting the circle in the same points as the 
sides of the inscribed angle. Measure the two angles and 
compare their size. 

5. Inscribe an angle in a semicircle and 
measure it. 

6. Inscribe two equal angles in a circle 
and measura the intercepted arcs. What is a convenient 
method of deciding whether arcs AB and CD are equal ? 




^\ 
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MEASURE OF AN INSCRIBED ANGLE 

270. Theorem XI. An angle inscribed in a circle is 
measured hy one half the intercepted arc. 




\D B\ 




\E B\ 




Fig. 1. 



FiQ. 2. 



Fig. 3. 



Given Z ABD inscribed in O C and intercepting AD. 
To prove that . Z ABD is measured hy ^ AD, 
Case I. When one side, as BD, is a diameter. Fig. 1. 
Proof : Draw the radius CA, Then Z1==Z2+ Z.S. § 160 
(An exterior Zofa A is equal to the «um, etc.) 



Now 



Why? 



§264 



CA =CB and .-. Z 3 = Z 2. 

.-. Z 1 = twice Z 2, or Z 2 = I Z 1. 

Z 1 is measured by AD, 

.% Z 2 is measured by J AD. 

Case II. When the center C lies within the angle. Fig. 2. 

Proof : Draw the diameter BE. Then Z ABD = Z 1 + Z 2. 



Since 



Since Z 1 is measured by ^ AE and Z 2 by ^ ED, 

.-. Z ABD is measured by ^ (AE + ED). 
That is, Z ABD is measured by ^ -4-D. 

Case III. When the center lies outside the angle. Fig. 3. 
Proof : Draw the diameter BE. Then Z ABD = Z 1 — Z 2. 
Since Z 1 is measured by ^ AE and Z 2 by ^ 2>£^, Case I 

.-. Z ABD is measured by ^ (A^ - !/£:). 
That is, Z ^^Z> is measured by ^ Ad. q. b. d. 
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271. Corollary 1. If equal angles are inscribed in the same 
circle or in equal circles the intercepted arcs are 
equal. 

272. Corollary 2. An angle inscribed in 
semicircle is a right angle. 



re 



EXERCISES 



1. If the vertices of a quadrilateral lie on a circle, either 
of its opposite angles are supplementary. 

2. In testing core-boxes, pattern makers 
use a square as indicated in the figure. If 
the core is a true semicircle will the comer of 
the square touch it at every point ? Why ? 

3. Two circles intersect at C and 2>. Di- 
ameters CA and CB are drawn. Prove that 
Ay 2>, B lie on a straight line. 



two 




EXPERIMENTAL GEOMETRY 

1. Draw several parallel chords in a circle. Compare 
the two arcs intercepted between any such pair of chords. 
That is, compare J^ and BD ; 6e and DF; Ae and 
BF. Do this by measuring the chords AC, BD, etc. 
Formulate a proposition based on these measurements. 

2. Draw two chords AD and BC intersecting at 
Lay off j5S = aS. Then O^ = (5B + -^. Connect C 
and ^ to a point F on the circle. Measure and compare 
ZFaxidZCOD. 

By § 270 ZF is measured by J CE. Hence, it ap- 
pears that Z COD is measured by i ^ = ii^CD + AB). 

3. Construct a tangent AD to a circle at one end of a 
chord AB. Join A and B to any point C on the circle 
but not on the arc intercepted by /. BAD. Measure and 
compare Z C and Z BAD, Complete the following state- 
ment : '^ Since Z C is measured by i ^ it follows that 
Z. BAD is measured by . . . ." 



within 
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ARCS INTERCEPTED BY PARALLEL LINES 

273. Theorem XII. Two parallel lines meeting a 
circle intercept equal arcs on it. 




Pio. 1. 



Fig. 2. 



Given II lines li, I2 meeting a O* 
To prove that the intercepted arc8 are equal. 
Case I. When one line li is a tangent and the other line ^ 
is a secant. Fig. 1. 

Proof : Draw the radius CD to the point of tangency. 

Then CD±h. §252 

{If a line is tangent to a O, the radius drawn to the point of contact is 
± to the tangent,) 

.\CD±l2. 

(A line ± to one of two || lines^ etc.). 

.\AD=BD. 

{A diameter Xto a chords etc,) 

Case II. When Zj and Z2 are both secants. Fig. 2. 
Proof : Draw the chord AD, 
Then Z 1 = Z 2, and therefore AC = BD. 

Case in. When li and I2 are both tangents. Fig. 3. 
Proof: Draw secant BD \\ h. ,\ BD \\ k. 

Then AB = AD amd BC = DC. Case I. 

.\AB-^BC=^AD'hDCoT ABC = ADC, Why? 

Q. B. D. 



§151 
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Why? 
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MEASURE OP ANGLE FORMED B7 INTERSECTING CHORDS 

274. Theorem XIII. An angle formed hy tioo in- 
tersecting chords is measured hy one half the sum of 
the intercepted arcs. 




Given Z 1 formed by the chords AB and CD. 
To prove that measure Z 1 = ^ {AC -{- BD). 
Proof: Draw-4Z). 

Then Zl = Z2-fZ3. §160 

.'. Measure Z 1 = measure Z 2 + measure Z 3. § 268 

But measure Z 2 = ^ BD, and measure Z 3 = ^ AC, § 270 
(^An Z. inscribed in a O is measured, etc. ) 
.-. Measure Zl = iAC + iBD^i (AC + BD). Why? 

Q. B. D. 

SIGHT WORK 

1. Find Z 1 in the above figure (a) if ^ = 30° and j{c = 40°; (6) if 
J$B = 12° and Ic = 18°. 

2. Find Zl in the above figure (a) if CB= 110° and ACD = 170°; 
(6) if CB = 150° and ACD = 200°. 

3. If in the same figure Z 1 = 20° and BD = 30° find AG, Also find 
^ if Zl = 60° and J?B = 60°. 

4. If in Fig. 1, p. 138, AD = 66°, find all the other arcs. Also find the 
other arcs if BD = 110°. 

5. If in Fig. 2, p. 138, i^ = 40° and cB = 150°, find DB and also AB. 

6. If in Fig. 3, p. 138, BC = 80°, find CD, DA, and AB. Also find the 
other arcs if AD = 96°. 
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MEASURE OP ANGLE FORMED B7 TANGENT AND CHORD 

275. Theorem XIV. An angle formed hy a tangent 
and a chord draivnfrom the point of tangency is meas- 
ured hy one half the intercepted arc. 




Given Z 1 formed by tangent AB and chord AC 
To prove that measure Zl = ^ AO, 
Proof : Draw chord GD II AB. 

Then Z1 = Z2, Why? 

and measure Z 1 = measure Z 2. § 268 

Now AC^AD. §^'^^ 

(Two II lines meeting a O, intercept equal arcs on it,) 

But measure Z2 = ^^'3 = 1^. §270 

(-4n Z inscribed in a O is measured by one half the intercepted arc.) 
.'. measure Z 1 = ^ AC. Why ? 

Q. E. D. 

SIGHT WORK 

1. Find Zl in the above figure (a) if ic = 70°; (6) if i^ = 60«; 
(c) ific = 47°; (d) if ic = 36°30'. 

2. How many degrees in i^ (a) if Z 1 = 40° ; (6) if Z 1 = 36° ; (c) if 
Z 1 = 23° 16' ? 

3. How many degrees are there in z^ 1 (a) if AD = 70° ; (b) if AD = 
110°; (c)ifi5 = 84° 30'? 

4. FindZl(a)if dB = 80°; (6)if ($B = 170°20'. 
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EXERCISES 

1. Draw two tangents to a circle and the chord 
connecting the points of tangency. Prove that 
Q, ^ two equal angles are formed. 

2. The sum of two opposite arcs 
intercepted by a pair of perpendicular chords 
equals a semicircle. 

3. Lines are drawn through the points of in- 
tersection of two circles and limited by the 
circles as shown in the figure. Show that the 
chords joining the corresponding Qnds of these 
lines are parallel. 

Suggestion. Prove that (a) ZA -\- Zl =2rt. A; 
(c) Z2-f /J? = 2rt. 4; (d) ZA + ZB = 2Tt. A, 




(6) ZA = Z'j 




EXPERIMENTAL GEOMETRY 

1. Draw two secants meeting oatside a circle and intercepting AB and 
dn. Lay oft 6e = Xb. Then DE = 6h - AB. 
Connect D and E with a point F on the circle. 
Measure Z P and Z F. Are they equal ? Since Z F 
is measured by J jSSy how is Z P measured ? Does 
this seem to show that / P is measured by one-half 

the difference of its intercepted arcs ? that is, by \{CD — AB) ? 

2. Draw two tangents to a circle meeting at P. 
Then j[d = A^CB — AB. Connect C and A with a 
point D on the circle. Measure . and compare Z P 
and Z D. Does this seem to show that Z P is mea- 
sured by one-half the difference between its inter- 
cepted arcs, that is, by \{ACB— AB), 

3. Draw a tangent and a secant meeting at P. 
Lay off BE = AB. Complete the figure and show p- 
that ZP seems to be measured by i(BC - AB). 



Lay off BC = AB. 

4m 




142 



PLANE GEOMETRY: BOOK II 



MEASURE OP ANGLES FORMED BY SECANTS AND TANGENTS 

276. Theorem XV. The angle formed hy two 
secants J two tangents^ or a tangent and a secant^ meet- 
ing outside a circle^ is measured hy one half the differ- 
ence of the intercepted arcs. 




Fig. 2. 



Fio. 3. 



Case I. Giv^en Z A made by the secants AD and AF. Fig. 1. 

To prove that measure ZA=:^ (DF — BE). 

Proof : Draw chord ED. 

Then Z 1 = Z^ + Z2, or Z^= Z 1- Z2. §160 

Hence, measure Z A = measure Z 1 — measure Z 2. § 268 

But measure Z 1 = | DF and measure Z 2 = ^ BE. § 270 
(An angle inscribed in a circle, etc.) 

.-.measure ZA = ^DF — ^BE — ^ {DF— BE). 

Case II. Given Z A formed by tangents AB and AE. Fig. 2. 

To prove that measure ZA = l (BDE — BE) . 

Proof : Draw chord BE and show that Z-4 = Z1— Z2. 

Use measure Z 1 == ^ BDE and measure Z 2 = ^ BEy and 
proceed as in Case I. 

Case III. Given Z A made by tangent AB and secant AF. 

To prove that measure ZA = ^ (BF —BE). 

Proof : Show that ZA — Zl — Z2 and proceed as before. 
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SIGHT WORK 

1. If in Fig. 1, page 142, dP= 60°, BE = 20°, find Z A. 

2. If in Fig. 2, page 142, BDE = 280°, how many degrees are there in 
BE? Find Z A 

3. If in Fig. 3, page 142, Z ^ = 20° and bP = 100°, find BE. 

4. Compare all angles inscribed in the same circle-seg- 
ment. If the vertex P is made to move along the arc 
while the sides pass through the points A and B, will the ^ 
angle change in size ? Prove. 

5. If an arc is less than a semicircle, is the inscribed 
angle greater or less than a right angle ? 

6. If an arc is greater than a semicircle, is the in- 
scribed angle greater or less than a right angle ? 

7. Tangents are drawn at the extremities of an arc of 120°. 
How many degrees are there in the angle formed by these 
tangents ? 

8. Is the following statement true ? ** The angle formed 
by two lines meeting a circle is measured by one-half the sum, 
or one-half the difference, of the intercepted arcs, according 

as the vertex is inside or outside the circle. " What theorems are included 
in this statement ? 

9. In the figure suppose the points C and Z> are fixed 
while P moves nearer to the circle. What happens to "^^^ 
AB ? When P reaches the circle what about AB ? How 
may the statement of Example 8 be modified to in- 
clude the theorem of § 270 ? 

10. If in the figure AB is tangent to the circle 
andZl = 65° and Z2 = 25°, find ZB. Ja BC & 
diameter ? 

^ p 

11. In the figure, chords AB and DE are parallel. 
The center of the circle is joined to the extremities of 
the chords. Prove that ZACD = Z BCE, 

12. In the figure, AB is a diameter. If Je = EF* and ^p- 
/d = DB show that Z ECD is a right angle. 
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EXBRaSES 

1. Inscribe any quadrilateral in a circle and verify that the 
sum of its angles is four right angles. 

Suggestion. The measures of A A, B, C, D, are ^{BC + CD)^ 

i(CD + DA), i(DA + AB), and i{AB + BC) respectively. The sum 
of these measures is the whole circle, and hence the sum of the angles 

is30O^ 

« 

2. Inscribe any pentagon in a circle and verify that the sum 
of its angles is six right angles. 

Suggestion. Show that the sum of the arcs subtended by the angles is 
three times the circle. 

3. Inscribe any hexagon in a circle and verify that the sum 
of its angles is eight right angles. 

4. If the vertices of a trapezoid lie on a circle, its diagonals 
are equal and the trapezoid is isosceles. 

5. Ends of intersecting chords are joined as 
shown in the figure. Prove that the triangles 
formed are mutually equiangular. 

6. With a given segment as a diagonal to construct a square. 
Suggestion, Draw a circle on the diagonal as a diameter. 

7. On the sides of the equilateral triangle ABCsls diameters, 
semicircles are drawn, such as AEFB. Also arcs are drawn 
with Aj Bf C as centers 
and AB as radius, such as ^ 
AB, BC. Prove that the yf^\ 
arcs AEFB, BDEC, and /^^^ 
GFDA meet in pairs at the //f^ /^ 
middle points D, E, F of ['' \d/ m 
the sides of the triangle. ^^^'^^^^z^z^^B 

Suggestion. If the middle Fourth Presbyterian Church, Chicago, 
points of the sides of an equilateral triangle are joined, what kind of tri- 
angles are formed ? 

This figure occurs frequently in church windows and other 
decorative designs. 
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a The angle ABG is inscribed in a 
circle while Z ADC has its vertex D out- 
side the circle. Prove that Z ABC > 
ZADC. 

9. In the same figure Z AOC has its 
vertex inside the circle. Prove that 
Z AGC > Z ABC. 

10. The line I is tangent to the circle at 
the point A. Chords AB and AC are drawn 
so that Z 1 = Z 2. Prove that AB = AC. 

11. A circle is constructed 
on one side of an isosceles triangle as a diam- 
eter. Show that the circle bisects the base. 

12. A triangle is inscribed in a circle and the 
^ center C of the circle is joined -^ jT-^-^ 

to the extremity B of the base. CE is drawn 
perpendicular to BD. How are the angles 
BAD and BCE related : (a) if ^ and O lie 
on the same side of BD ; (6) if A and C lie 
on opposite sides of BD ? 

13. Circles C and C are equal and tan- 
gent to each other externally at 2>. The 
line AB is tangent to both circles. Prove 
that ADB is a right angle. 

^^,<^ 14. Two circles intersect at D and E and 

^--'^"'"^ ^ have a common tangent AB. Prove that 

angles ADB and AEB are supplementary. 







15. Through any point 
^ in a diagonal of a 
square lines are drawn parallel to the sides, 
meeting the sides in F^ ©, H^ and K, \i AO 
= 0(7, show that a circle with center at 
and radius OG will pass through the points 
F, H, and K, 
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TANGENT TO A CIRCLE PROM A POINT OUTSIDE 

277. Problem. From a given point outside a circle 
to draw a tangent to the circle. 



Given O C and an outside point R 

To constriAct a tangent from P to the circle, • 

Construction. Draw CP, On CP as a diameter construct a 
circle, cutting the given circle in the points A and B, 
Then PA and PB are both tangent to the circle. 

Proof : Draw the radii CA and CB, 

Then Zl = Z2 = art.Z. §272 

.-. PA and PB are tangents to © O. § 251 

Q. E. F. 

278. Corollary. The two tangents to a circle from a point 
outside are equal and make equal angles with the line joining the 
point to the center. 

279. Euclid's Solution of § 277. With C as center 
and CF as radius draw arc PQ, Draw BA ± CP meet- 
ing PQ in A, Draw AC and make PD ± AC. Then 
PD is tangent to the circle. 

Suggestion. Prove A PDC = l^ ABC and hence 
CD = CB. 

280. Inscribed Circle. A circle is said to be inscribed in a 
polygon if each side of the polygon is tangent to the circle. The 
polygon is also said to be drcum^scribed about the circle. 
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mSCRISmG A CIRCLE m A TRIANGLE 

281. Problem. To inscribe a circle in a given tri- 
angle. 



ytAr 




A T B 

Given a triangle ABC 

To inscribe a circle in it. 

Construction and Proof. Using § 198, find the point equally 
distant from the sides of the triangle. 

Draw OR ± AO, 0T± AB, and OS J. BC, 

Since OR = 0T= OS, a circle with as center and radius 
OR is tangent to the three sides of the triangle. § 251 

Q. B. F. 

282. Escribed Circle of a Triangle. A circle tangent to one 
side of a tariangle and to the other two sides produced is an 
escribed circle of the triangle. 

283. Problem. To construct an escribed circle of 
a triangle. 




A B 

Outline of Solution. Prolong two sides of the triangle forming 
two exterior angles as shown in the figure. Bisect these angles 
by lines meeting at 0. From draw perpendiculars to the 
lines AB, BC, and AC. Prove these perpendiculars equal as 
in § 281. 
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CIRCirMSCRIBING A CIRCLE ABOUT A TRIANGLE 

284. Problem. To circumscribe a circle about a 
given triangle. 




Giyen the A ABC. 

To construct a © passing through its vertices. 

Construction and Proof. Using the method of § 196, find the 
point equally distant from A, B, and C. 

With O as center and radius OA construct the circle. This 
is the required circle since OA = OB = 00. q. b. f. 



EXERCISES 

1. The lines AB, BO, and CD are tangent to 
a circle at the points A, E, and D respectively. 
Show that BO=BA-i' CD. 

2. Show that in a right triangle the hypote- 
nuse plus the diameter of the inscribed circle is 
equal to the sum of the two legs of the triangle. 

Suggestion. BE + AD=:AB. C2> -f CJ^ = diame- 
ter. 

3. Given three straight lines, l^, ^, Z,. Con- 
struct a circle tangent to li and ?2 and having its 
center on Z,. Is this construction possible in 
case the three lines meet in a point ? 
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VERTICES OF ALL RIGHT Ai ON THE SAME HYPOTENUSE 

285. Problem. To find the locus of the vertices of 
all right triangles having the same hypotenuse. 




Sttppose all possible rt A to be constructed on the hypotenuse AR 

To find the locus of the vertices P, P', etc. 

Construction and Proof : On AB as a diameter construct O (7. 

(1) Every point P on Q C is the vertex of a rt. A with 
hypotenuse AB. § 272 

(2) The vertex P' of every rt. A with hypotenuse AB lies 
onOC. 

For if P' is inside the O, then Z AP'B > rt. Z, § 274 

and if P' is outside the O, then Z AP'B < rt. Z. § 276 

Hence the required locus is the circle on the diameter AB. 

Q. E.F. 

286. Corollary. The middle point of the hypotenuse of a 
right triangle is equidistant from the vertices of the triangle. 

SIGHT WORK 

1. If a triangular ruler MNO, right-angled at 0, is 
moved about in the plane so that two fixed points, A and 
B, lie always on the sides MO and NO respectively, 
what path does the point trace ? M 

2. If a person walking in a field moves so that the lines from him to 
two houses always form a right angle, in what kind of a path does he 
move? 
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SUPPLEBIENTART PROBLEMS* 
SEGMENT OF A CIRCLE CONTAINING A GIVEN ANGLE 

287. Problem. On a given line as a chord to con- 
struct a segment of a circle which shall contain a given 
inscribed angle. 




Given a line AB and an angle such as Z 1. 

To construct on AB as a chord a segment of a Q which shaU 
contain an inscribed Z equal to A 1. 

Construction and Proof : Through B draw XF so as to make 
Z^SX=Z1. 

At B erect BK ± XF, and at (7, the middle point of AB^ erect 
CL ± AB, 

Then BK and GL meet at 0, equidistant from A and B, 

§§ 154, 191 

With as a center and OB as a radius draw a ©. 
Let Z P be any angle inscribed in the segment AMB, 

Then, measure AP^\ ANB and measure Z ABX = ^ ANB, 
.-. AP^Z. ABX=:Z 1. Q. ". F. 

* Pages 150-151 may be omitted without destroyiog the continuity. 
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CONSTRUCTING COMMON TANGENTS TO TWO CIRCLES 

288. Problem. To draw a common tangent to two 
circles neither of which lies wholly inside the other. 





Fig. 1. 



Fig. 2. 



Given (D and O' such that the radius of the first is the greater. 

Required to draw a tangent common to both circles. 

Construction. Draw an auxiliary circle with center and 
radius equal to the difference of the two given radii in figure 1 
and equal to the sum of these radii in figure 2. 

In each case draw a tangent O'D to this auxiliary circle. 

Draw the radius OD, thus fixing the point P. 

Draw OT II DP, thus fixing the point P'. 

Then PP is the required tangent. 

Outline of Proof: Show that, in each case, PPO'D is a rec- 
tangle, thus making PP perpendicular to the radii OP and 
O'Py that is, tangent to each circle. 

289. Definition. A common tangent to two circles is called 
direct if it does not cross the line-segment connecting the 
centers, and transverse if it does cross this segment. 

Thus, PP' is a direct tangent in Fig. 1, and transverse in Fig. 2. 

SIGHT WORK 

How many common tangents can be drawn to two circles, (a) if each 
lies entirely outaide the other ? (6) if they are tangent externsdly ? (c) if 
they intersect each other ? (d) if they are tangent internally ? (e) if one 
lies entirely inside the other ? . 
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REVIEW EXERCISES mVOLVING LOQ 

Describe without proof the plane loci which fulfill the oon- 
ditions in the following Exercises. 

Review §§ 189-191. 

1. All points equidistant from the sides of an an^e. 

2. All points equidistant from two points. 

3. All points at a given distance from a given point. 

4. All points equidistant from two parallel lines. 

5. Centers of all circles tangent to each of two parallel lines. 

6. Centers of circles tangent to both sides of an angle. 

7. All points equidistant from two intersecting lines. Does this locus 
Include more than one line ? 

8. Centers of all circles tangent to two intersecting lines. 

9. All points at a given distance from a given line. 

10. Centers of all circles of a given radius tangent to a given line. 

11. Centers of all circles through two fixed points. 

12. Centers of circles with a fixed radius and passing through a fixed 
point. 

13. Vertices of all isosceles triangles having the same base. 

14. Centers of all circles tangent to a line at a fixed point. Is the 
given point part of the locus ? 

15. Centers of all circles tangent to each of two con- 
centric circles. 

16. Vertices of all triangles having a common base and 
equal altitudes. 

17. The middle points of a set of parallel chords. Are 
the points P and Q in the figure part of the locus ? 

18. The middle points of all chords of equal length in 

a given circle. 

19. The vertices of triangles having a 
fixed base and equal medians on that 





20. An angle of 60° has its sides tangent to a fixed 
circle. What is the locus of the vertex of the angle ? 
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SOLUTION OF LOCI PROBLEMS 

290. General Suggestions. 

1. Endeavor to see directly what the required locos is. 

2. If necessary construct a number of points which have 
the given property. This may make the locus apparent. 

3. Make sure that all points on the supposed locus have the 
given property. 

Sometimes one or more isolated points on what is supposed to be the 
locus may not have the given property. Thus, the locus of the vertices 
of isosceles triangles having a fixed base is the perpendicular bisector of 
the base, except the middle point of the base, for this point is not the 
vertex of one of the specified triangles. 

Examine the locus in § 285 in this respect. 

4. Make sure that the supposed locus contains all points 
having the given property. 

Thus, the locus of all points at a given distance from a fixed line in- 
cludes two lines parallel to it, not one alone. 

5. Finally, give a formal proof of the two theorems which 
are necessary to establish a locus ; namely, 

(a) All points on the locus have the given property. 

(b) All points with the given property lie on the locus. 





EXERCISES 

1. A line of fixed length moves so that its 
end points touch two fixed lines at right angles 
to each other. Find the locus 
of the middle point of the 
moving line. 

2. Find the locus of the middle points of 
all chords through a fixed point on a circle. 

Use § 255 and then § 285. 

3. Through a fixed point A lines are drawn. 
Find the locus of the points in which perpen- 
diculars from a fixed point B meet these lines. 
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SOLUTION OF LOCI PROBLEMS 

291. Intersection of Loci. In general, one condition imposed 
on a point in a plane restricts it to some figure or locus. If 
two conditions are imposed, the point is restricted so that it 
must lie on each of two loci ; that is, it must be an intersection 
point of these loci. 

Example 1. To find a point equidistant from the 
points A and B and also equidistant from C and 2>, 
coDStruct perpendicular bisectors of AB and CD, The 
intersection point P of these perpendicalars is the re- 
quired point. 

Example 2. To find a point at a distance a from 
the point A and at a distance h from B^ construct a 
circle with center A and radius a and another with 
center B and radius h. The intersection points will 
be the required points. 

Example 3. To find a point equidistant from two intersecting lines 
and at a given distance from a given point, construct the bisectors of the 
angles formed by the lines; also a circle with the given point as its 
center and the given distance as its radius. The points at which these 
bisectors meet the circle are the required points. 

292. Discussion of Loci Problems. The discussion of a prob- 
lem consists in giving all the essentially different cases possible 
under the conditions specified. 

Thus, in Example 1, the perpendicular bisectors of AB and CD will 
meet unless AB and CD are parallel. In that case there is in general no 
point P satisfying the two requirements. If, 
however, AB and CD are so related that the 
perpendicular bisector of AB is also the ^" 
perpendicular bisector of (72>, then all points 
on this bisector satisfy the two requirements. 




293. Methods of Attacking Problems. Methods of attacking 
problems were explained in §§ 212-219. We may now add a 
most important method, the intersection of loci, as explained 
above and further illustrated in the exercises on the following 
page. 
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SIGHT WORK 

Give the method for finding the points required in each of the follow- 
ing. Discuss each. Give no proofs. 

1. A point 2 inches from P and 3 inches from Q. 

2 A point 4 inches from P and equidistant from Q and B. 

3. A point at a distance a from P and equidistant from the sides of 
an angle B. 

4. A point equidistant from P and Q and equidistant from two in- 
tersecting lines. 

5. A point equidistant from P and Q and equidistant from two 
parallel lines. 

6. A point equidistant from lines h and h and also from h and Z4. 
Give all cases according as h !l h or not and h II U or not. 

7. A point at a fixed distance from each of two lines. 

8. A point at a fixed distance from a line and equidistant from two 
points. 

9. A point at a fixed distance from a line and equidistant from two 
other lines. 

EXERCISES 

1. Construct a circle with its center in one side of a triangle 
and tangent to the other two sides (extended if necessary). 

2. Find a point equidistant from two concentric circles, 
measured along a common radius, and also equidistant from 
two given points. 

3. Construct a circle passing through two given points and 
having its center on a given line. 

4. Pind the center of a circle with radius r tangent to a 
given line ?, the center being on a given line Zi. 

5. Construct a circle having its center on a given circle and 
tangent to two given intersecting lines. 

6. Construct a circle having its center on a given line and 
tangent to two given parallel lines. 

7. Construct a circle with a given radius and tangent to two 
given intersecting lines. 
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GENERAL PROBLEMS ON LOCI 

1. Find the locus of the centers of all circles tangent to a 
fixed circle at a fixed point P, Is the fixed point P a part of 
this locus ? Is the center of the fixed circle a part of it ? 

2. Two circles are tangent to each other in- 
ternally, Find the locus of the centers of all 
circles tangent to both externally. 

,^ — , 3. Two circles are tangent to each other exter^ 

(fpY^^\ \ **^^2^' -^^^ *^® locus of the centers of all circles 

^v;-^^ / tangent to both, but external to ^^ ^^ 

^"-— -"' one and internal to the other. 




( 



/ 








4. Two equal circles are tangent to each 
other externally. Find the locus of the centers 
of all circles tangent to both. Is the conclu- 
sion altered if the circles inter- 
sect ? If they do not meet ? 

5. Find the locus of the points of intersec- 
tion of the diagonals of trapezoids formed 
by the sides of an isosceles triangle and lines 
parallel to its base. 

6. All possible parallelograms are constructed with a fixed 
line as base. Find the locus of the intersection points of the 
bisectors of its base angles. 

7. Find the locus of the points of contact of two varying 
circles tangent to each other, and each tangent to a given line 
at a given point. 

Suggestion. A and B are the fixed points, 
and P the point of contact of the circles. Draw 
the common tangent PD. Prove AB = BP and 
BB = BP, A D~ B 

Hence, B is the middle point of AB and BP is constant. That is, 
the locus is a circle of which AB is a diameter. 

8. Find the locus of the middle points of all segments con- 
necting two parallel lines. 
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FT7RTHER CONSTRUCTIONS INVOLVING CIRCLES 
294. Constructions. Besides the constructions already con- 
sidered the following examples show the most important types 
that are based on the theorems of Chapter II. 

Example 1. Given two intersecting lines and a point P on one 
of them, to construct a circle tangent to the two lines and pass- 
ing through P. 

Analysis, The center of the required circle must lie 
on the perpendicular to one of the given lines at P and 
also on the bisector of an angle formed by the lines. Why ? 
Is there more than one solution ? 

Example 2. Through a point on the bisector of an angle to 
construct a circle tangent to both sides of 
the angle. 

Construction. Through the given point P 
draw J^P±to AP. Lay off ED = EP and at D 
construct DC ± AD meeting the line AP in C. 
Then C is the center of the required circle. 
Prove CP = CD and discuss. 

Example 3. Given three parallel lines, to construct an equi- 
lateral triangle whose vertices shall lie on these lines. 

Solution. Let P be any point on the 
middle line I2' Draw PC and PA, each 
at an angle of 60° with h. Through the 
points Ai P, C construct a circle meeting l^ 
in B. Then ABC is the required triangle. 

Suggestion. Compare A BPA and BCA 
also A BPC and BAC. 

Example 4. On a given base construct a triangle having a 
given altitude and a given vertex angle. 

Suggestions, Let AB be the given base. Draw a line 
I II AB with distance from AB equal to the given altitude 
h. As in § 287 construct on AB as a chord a segment of 
a circle which shall contain an inscribed angle equal to 
the given vertex angle. Let the arc so constructed meet 
the line I in C and D, Then A ADB is the required triangle. 

Omit Example 4 if § 287 was omitted. 
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EXERCISES IN CONSTRUCTION 

1. Through a point P within an angle draw a 
segment terminated by the sides of the angle 
which shall be bisected by P, 

2. Construct a segment, equal to a given 
segment a, parallel to the base of a triangle 
and terminated by the other two sides of the 
triangle. ^ z> b 

3. Through a given point within a circle construct a chord 
equal in length to a given chord. 

4. Construct a rectangle having given one side and an 
angle between the diagonals. 

5. Construct a circle tangent to a given 
line at a given point and passing through nv 
another given point. 

6. Construct an equilateral triangle, given 
the radius of the circumscribed circle. 

7. Construct an equilateral triangle, given the radius of 
the inscribed circle. 

8. Construct a circle cutting off equal 
chords of given length on each of two parallel 
lines. 

Suggestion. The center of the circle must be on 
a line I parallel to the given lines and midway between 
them. Draw CA±l and lay ofE AB=i the given segment. 

9. Two non-intersecting line segments AB 
and CD are given. Without extending AB 
and CD construct a line JS?2^which would be 
the bisector of the angle formed by AB and 
CD if they were extended to meet. 

Suggestion. Through a point H on CD draw a line HO, parallel to 
AB, and construct the isosceles triangle HCG. Draw KL \\ CG. Then 
EF is the perpendicular bisector of KL. Prove. 
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EXERCISES IN CONSTRUCTION 

Copy the figures on this page and prove informally that the 
constructions are correct. 

1. In an equilateral triangle construct 
three equal circles, each tangent to the two 
other circles and to two sides of the tri- 
angle. 

Suggfistion. Construct the altitudes of the tri- 
angle and bisect angles as shown in the figure. 

2. Within a given circle construct three equal circles, each 
tangent to the other two and to the given circle. 

Suggestion. Trisect the circle at D, E, and F 
by making angles at the center each equal to 
120^ Draw tangents at D, E, and F, and 
prove that A ABC is equilateral. 

Construct the altitudes and bisect angles as 
shown in the figure and prove that the centers 
of the required circles are thus obtained. '^ 

The figure represents a so-called equilateral 
gothic arch. The arcs AC and BO are drawn 
from B and A as centers respectively, and with 
AB as a radius. 

The segment AB is called the span of the arch, 
and the point C its apex, 

3. In the figure ^ID = 2)5, 
lateral gothic arches. 

Construct the cir- 
cle with center ,0 
tangent to the four 
arcs as shown. 

Suggestion. Take 
X so that DX= XB. 
With centers A and B 
and radius AX draw '^ 
arcs meeting at O. 




ABG^ ADEy and DBF are equi- 




DooB, Union Pabk Church, Chicago. 
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EXERCISES mVOLVING MEASUREMENT OF ANGLES 

1. Two circles C and O are tangent at 
the point D, AB is drawn through D and 
terminated by the circles. Prove CA II C^B. 

Suggestion. Draw the common tangent at 2>. 

2. Two circles are tangent internally at a 
point A, Chords AB and AC of the larger 
circle are drawn meeting the smaller circle 
in D and E respectively. Prove BC II DE, 

3. Using the first figure, show that 
CE II FD. In the second fig- 
ure, show that the tangent at 
D is parallel to CE, 

Suggestion, In each case draw 
the chord AB. 

4. Two circles are tangent at A. 
A secant through A meets the circles 
at B and C respectively. Prove that 
the tangents at B and C are parallel. 

5. Prove that the segments joining one vertex of a regular 
polygon of n sides to the remaining vertices divide the angle 
at that vertex into n — 2 equal parts. 

6. Two circles are tangent externally at A. 
Lines are drawn through A terminated by the 
circles. Show that the lines joining the end 
points of these segments are parallel. 

7. Two circles intersect in points A and B, 
drawn through A terminated by the circles, 
is the same for all positions of CD. 

Analysis, We must show that CA + AD has a q^ 
constant number of degrees. Since the two arcs AB 
are fixed this involves proving that CB + DB has a 
constant number of degrees. How many degrees in 
the measure of /. CAD = Z. CAB + /.DAB^ 





A line CD is 
Show that Z CBD 




STRAIGHT LINES AND CIRCLES 
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MISCELLANEOUS EXERCISES 

1. If a triangle whose angles are 48°, B&^f and 76° is circum- 
scribed about a circle, find the number of degrees in the arcs 
into which the points of tangency divide the circle. 

2. A triangle ABC whose angles are 
45°, 80°, and 66° is inscribed in a circle. 
Find the angles of the triangle formed by 
the tangents at A, B, and C. 

3. In the first figure 5 is a point in the 
diameter FD produced. Prove that BF > BA 
and BE > BD. 

4. If in the second figure CE = AE, prove 
that CD = AB. 

5. Find the locus of points of contact of 
tangents from a fixed point to a set of con- 
centric circles. i 

6. Through two given points A and B 
construct a circle tangent to a given line ED 
which is perpendicular to the line AB. 

Is this construction possible if the given line passes 
through either of the points A ot B? If it meets AB 
between these points ? 

7. In kicking a goal after a touchdown in 
the game of football, the ball is brought back 
into the field at right angles to the line mark- 
ing the end of the field. The distance 
between the goal posts being given, and 
also the point at which the touchdown 
is made, find by a geometrical construction 
how far back into the field the ball must be 
brought in order that the goal posts may 
subtend the greatest possible angle. 

Is the largest angle subtended from the point 
figure ? Why ? 




Touch down Q°!Lg«5' 




D as shown in the 
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APPLICATIONS Iir ARTS AND INDUSTRIES 
Straight Lines Tangent to Circles 








Curved road joining two Figures from steel ceiling. Form de- 

roads of unequal width. termined by location of point P. 

Circles Tangent to Each Other 





From LiDcoln Cathedral, England. 
Circles Through Three Points 





A car wheel is broken, and it is 
required to determine its diameter 
by construction when only a frag- 
ment of it is given. 



A B 

To find other points in a circle 
which passes through A^ B, C. 
Measure Z C and find points D 
such that Z2>=ZC. 




Ren6 Descartes (1596-1650) was born near Tours in France, 
and died in Stockholm. On leaving school he went to Paris 
and gave two years to the study of mathematics. After spending 
some time in the army and in travel he finally settled in Paris 
and devoted himself to philosophy and mathematics. 

In the year 1629 Descartes moved to Holland, in order to pursue 
his studies without interruption. From that time he lived in seclu- 
sion, carrying on his correspondence with learned men through 
one or two trusted friends who kept his exact whereabouts a 
profound secret. 

Descartes may be regarded as the first of the modern mathe- 
maticians. His greatest work was in connection with geometry, 
and his contributions in this line have never been surpassed in 
importance. 



BOOK III 

MEASUREMENT. PROPORTION. SIMILAR 
PIQURBS 

295. Ideal Character of Geometry. The purely ideal character 
of the elements of geometry, such as pointy line, and planey is 
evident from the properties ascribed to them. Thus, a point 
which has position but no length, width, or thickness cannot 
have a material existence. 

The method of treatment is likewise ideal and the results 
obtained are eoMict propositions which can be verified only ap- 
proximately by construction and measurement. See § 63. 

This ideal character of geometry must be borne in mind in 
order to understand the treatment of measurement. 

IDEAL MEASUREMENT 

296. Exact Multiples of the Unit. To measure a line-segment, 
such as ABy a certain segment is selected as a unit, and this is 
applied successively along the given segment beginning at one 
end as A. If finally the end point of the unit exactly coincides 
with By then the unit is contained in AB an integral number of 
times and AB is an eosact multiple of the unit. 

Unit 

A^= '^ - * ■ » ■ ■ b B 

Numerical Measure. The numerical raeasure or simply the 
measure of a geometric quantity is the number of times it con- 
tains the unit of measure. 

Thus, 6 is the numerical measure, or the length of the segment ABy 
if the unit of length can be laid off on it 6 times in succession. 
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297. Multiples of Fractional Parts of the Unit In selecting a 
unit of measure it may happen that it is not contained an 
integral number of times in the segment to be measured. 

Thus, in measuring a linensegment the meter is often a convenient unit. 
Suppose it has been applied five times to the ^ „ ^S 

segment AB and at the fifth time the end falls on ? ?' ? JJ?^ 

Au AiB being less than one meter. ^ * 

Then, taking a decimeter (one tenth of a meter) as a new unit, suppose 
this is contained three times in AiB with a remainder A^B, less than, a 
decimeter. 

Finally, using as a unit a centimeter (one tenth of a decimeter), sup- 
pose this is contained exactly six times in AfB. 

Then, the length of AB is five meters, 3 decimeters, and 6 centimeters, 
or 6.36 meters. 

298. Segment Incommensurable with the Unit. It may also 
happen that, in continuing this ideal process of measuring, no 
fractional part of the unit can be found which exactly measures 
the given segment, that is, such that the final division point 
falls exactly on B, 

E.g. it is known that in a square whose sides are each one unit the 
diagonal is V2, and that this cannot be expressed exactly as an integer 
or as a fraction whose numerator and denominator are both 
integers. 

By the ordinary process of extracting square root we find 
V2 = 1.4142 •••, a process which never terminates. 

Hence, in attempting to measure the diagonal of a square 
whose side is one meter, we find, . as an approximation, 1 
meter, 4 decimeters, 1 centimeter, 4 millimeters, or 1.414 meters, with 
a segment less than a millimeter still left unmeasured. 

299. Commensurable and Incoihmensurable Segments. Two 
straight line-segments are commensurable if they have a com- 
mon unit of measure. Otherwise they are incommensurable. 

E.g. two line-segments whose lengths are exactly 5.27 and 8.42 meters 
respectively have one centimeter as a common unit of measure, it being 
contained 627 times in the first segment and 342 times in the second. 

But the side and the diagonal of a square have no common unit of 
measure. 
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• 

PRACTICAL llftASUREMENT 

300. Exact Measurement Impossible in Practice. If two dif- 
ferent measurements are made of the same distance they will 
usually fail to agree exactly. 

Thus, if the distance to be measured is approximately one thousand 
feet, the measurements may agree within one foot, but unless the work is 
very carefully done, they are not likely to agree within one inch, and much 
less likely to agree within ^ of an inch. 

Hence aU practical measurements are approximations, the 
closeness of the approximation depending upon the instruments 
used and the care with which the work is done. 

This is always understood in reading numbers representing measure- 
ments. Thus, if the distance between two railway stations is given as 
43.7 miles, this is understood to mean that the distance is greater than 
43.66 miles and less than 43.75 miles. That is, 43.7 is the nearest ap- 
proximation in tenths of a mile. 

Again, if the length of the meter is given as 30.37 in., this means that 
its length lies between 39.366 in. and 39.375 in. That is, 39.37 is the 
closest approximation in hundredths of an inch. 

301. Practical Measures Always Commensurable. The meas- 
ures of quantities obtained by practical measurement are always 
commensurable. This is true for the most exact measurement that 
has ever been made or ever will be made. Hence for practical 
purposes all quantities of the same kind muy be regarded as 
commensurable. 

The full significance of this statement should be clearly understood. 
Thus, theorems proved for commensurable quantities are sufficient for all 
practical applications. 

The existence of incommensurable quantities is proved by 
purely logical considerations, and such quantities are discussed 
only for the sake of logical completeness. 

The theorems of this book are proved for commensurable 
quantities only, the incommensurable cases being treated in the 
Appendix. 
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m 

RATIOS OF GEOMETRIC QUANTITIES 

302. The ratio of two commensurable quantities is the quotient 
of their numerical measures taken with respect to the same 
unit. 

E,g, if two segments are respectively 3 ft. and 4 ft. in length, the ratio 
of the first segment to the second is }. 

The ratio of two commensurable quantities is the saTiiey no 
matter what common unit of measure is used. 

E.g. two segments whose numerical measures are 3 and 4 if one foot 
is the common unit, have 36 and 48 as their numerical measures if one 
inch is the unit. But the ratio is the same in both cases; namely, Ji = j. 

303. The approximate ratio of two incommensurable quanti- 
ties is the quotient of their approximate numerical measures. 
It will be seen that this approximate ratio depends upon the 
size of the smallest measuring unit available, and that the 
approximation can be made as close as we please by taking the 
measuring unit small enough. 

E.g. an approximate ratio of the side of a square to its diagonal is 

1 100 1 1000 

—-— = —— Another and closer approximation is — -— = -^- In this 
1.41 141 1.414 1414 

case the numerical measure of one of the segments is exact. 

An approximate ratio of ^2 to VS, in which neither has an exact meas- 

1 41 141 1 414 1414 

ure, is -^ = Another approximate ratio is -^—— = 

' 1.73 173 ^^ 1.732 1732 

304. The numerical measure of a quantity is a number, as is 
also the ratio of two such measures. H is understood, how- 
ever, that such measures and ratios are all positive numbers. 

RATIO AND PROPORTION 

305. Ratio. A fraction is often called a ratio. Thus - may 



be read the ratio of a to b, and is often written a : b, 

306. Terms of a Ratio. The numerator is called the antece- 
dent of the ratio, and the denominator the consequent. The 
antecedent and consequent are called the terms of the ratio. 
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307. Proportion. An equation, each of whose members is a 
ratio, is called a propoHion, 

Thus, - = - is a proportion. A proportion is also written 
h d 

a :h = c : d, OT a : b : : c : d. 

It is read the ratio of a to b equals the ratio of c to d, or briefly, 
a is to b as c is to d, 

308. Proportional Numbers. The four numbers a, &, c, and d, 

when written ^=z^, ot a:b = c:d, are said to be in proportion 
b d 

or to be proportional. 

Means and Extremes. In the proportion aib = c:d the two 
end terms, a and d, are called the extremes, and the two middle 
terms, b and c, the means. 

309. Third Proportional. Mean Proportional. If a : 6 = 6 : a?, 
then X is called the third proportional to a and b, and b 
is a mean p^^oportional between a and x, 

310. Fourth Proportional If a : 6 = c : «, then x is called the 
fourth proportional to a, 6, and c. 

311. Continued Proportion. Ifa:&=&:c = c:d = d:6, then 
a, 6, c, dy e are said to be in continued proportion, 

HISTORICAL NOTE 

Theory of Proportion. The simple theory of proportion is of early 
origiD. Thus, it is believed that Pythagoras (560 b.c.) used it in proving 
the famous theorem known by his name. (See § 360.) Pythagoras also 
discovered the incommensurable number. But it remained for Eudozus, 
the teacher of Plato, to perfect a rigorous theory of proportion. 

However, the Greek theory of proportion was exceedingly complicated. 
Euclid, following his predecessors, dealt with ratios of magnitudes in gen- 
eral as well as of numbers. Later writers have frequently insisted that 
ratios in general are not numbers. But nothing is gained by this proce- 
dure, since they possess all the properties of numbers. In this book a ratio 
is treated simply sus the quotient of two numbers. 
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THEOREMS ON PROPORTION 

312. Theorem. If we have given ^ = §> 
Then(l) ad^hc. a-6_c- 

(2) ^ = ^ ^ ^ 



h c 



(3)? = ^. ^^a-6 c-d 



c d 






Proof : (1) Multiplying both members of the equation ^ = ^ 
by bd, we get 

ad = 6c. Ax. 3, § 71 

That is, if four numbers are in proportiony the product of the 
means equals the product of the extremes. 

(2) Dividing both members of the equation be = ad by aCy 

we get 5 = ^. Ax. 4, §71 

a c 

This process is called taking the proportion by inversion. 

(3) Dividing both members of the equation ad = be by cd, 

we get 5 = ^. Ax. 4, §71 

c d 

This process is called taking the proportion by alternation. 

(4) Adding 1 to each member of the equation ^ = ^> 

a 

we have « + l = £ + l or ?^±^ = i±^. Ax.l,§71 

b d b d 

This process is called taking the proportion by composition. 

a c 

(5) Subtracting 1 from each member of the equation t = ;;> 

we have 2- l = £- l or ?^::i^ = ^^. Ax. 2, § 71 

b d b d 

This process is called taking the proportion by division. 
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(6) Dividing the members of equation (4) by those of (5) 

we have: a±b c±d Ax. 4, § 71 

a— 6 c — d 

This process is called taking the proportion by composition 
and division. 

(7) Multiplying each member of the equation - = - by itself, 

That is, if all terms of a proportion are raised to the same 
power, the results form a proportion, q. b. d. 

313. Corollary 1. If tJie product of two numbers is equal 
to the product of tioo other numbers, then the first two are the ex- 
tremes of a proportion of which the other two are the means. 

Proof : If ad = he, then dividing both members by hd we have 

a c T 1 

- = - or a :6 = c:a. 

h d 

314. Corollary 2. If ^v=.^, then a±^^c-M ^^^ ^^^ 

^ h ^ ^ b d a c 

a—o _ c—a 

a c 

Proof: First take the given proportion by inversion, then 

proceed as in (4) and (5) above. 

315. Corollary 3. If in a proportion the antecedents are 
equal, then the consequents are equal and conversely. 

316. Corollary 4. The mean proportional between two 
numbers is the square root of their product, 

EXERCISES 

1. From a:b = c:d and m:n = r:s, show that am : bn = 
cr:ds. 

2. li a:b = c:d, show that ?/ia ^b:mc — d = a:c, 

3. If a :b = c:d, show that c + d:a + 6=d:6. 
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FURTHER THEOREMS ON PROPORTION 

317. Theorem. If three terms of one proportion are 
equal respectively to the three corresponding terms of 
another proportion, then the fourth terms are equal. 



Given 


b d b d 






To prove that 


a' = a". 






Proof: 


d d 




Why? 




.-. a' = a". 




Why? 


318. Theorem. 


In a series of equal 


ratios the 


sum of 



two or more antecedents is to the sum of the correspond- 
ing consequents as any antecedent is to its consequent 

Given ? = ^=t 

b d f 

To prove that a-^c-^e ^ a 

Proof: Let ?=2. = ? = r. 

b d f 

Then a=brf c — dr, e = fr. Why ? 

Adding, a + c + e = 6r + dr H-/r = r(6 -|- d +/). 

Dividing, 5L±^_±i = r. Butr = ?. 

b + d-^f b 

g -I- c-l- e __a 

'''b-^d-\'f'b' 

319. Nature of the Quantities in a Proportion. The terms of a 
ratio may represent geometric magnitudes, but in such cases they 
are the measures of these magnitudes and are therefore ordinary 
numbers. Hence all the ordinary operations of arithmetic may 
be performed on them. A proportion is, therefore, treated in 
all respects like any ordinary equation, though some of its sym- 
bols may represent the measures of lengths, others of areas, etc. 



Why? 
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SIGHT WORK 

1. Find X in the proportion x : 4 = 7 : 8. 

2. Find x in the proportion 3 : x = 2 : 3. 

3. Find x in the proportion 4 : 6 = a; : 10. 

EXERCISES 

1. Find the fourth proportional to 17, 19, aaid 187. 

2. Find a mean proportional between 6 and 64. 

3. Find the third proportional to 27 and 189. 

4. Find the unknown term in each of the following propor- 
tions : 

a?:42::27:126; 78:a?::13:3; 99:117 ::a?:39; 171 :27::67 :«. 

320. Segments Divided Proportionally. If D and E are points 
on the sides of the triangle ABO, and if m, w, p, and g, the 
numerical measures respectively of -4Z>, DBy AE, 

and EO, are such that — =2, then the points D 
n q 

and E are said to divide the sides AB and ACpro- 
portiondUyy that is, in the same ratio. For con- 
venience it is common to let AD, DBy AE, and EO stand for 
the numerical mea,8ures of these segments, and thus to write 
the above proportion, 

^^-^oiADiDB^AEiEG. 
DB EG 

EXPERIMENTAL GEOMETRY 

1. Construct a triangle and draw a line parallel to its base cutting the 
other two sides. Measure to see whether this line divides these sides 
proportionally. Try this with several triangles of different shapes. 

2. Draw three parallel lines and two transversals. 
Measure the intercepted segments to see whether they 

form a proportion. That is, is — equal to — ? 

BG EF 
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PROPORTIONAL DIVISION OF SIDES OF A TRIANGLE 

321. Theorem I. If a line is parallel to one side 
of a triangle and cuts the other two sides, then it 
divides these sides proportionally. 

Given A ABC in which DE II AB. 9^ 

To prove that !^ = ^. n/'XiP 
^ DA EB Y~^ T 

Proof : Suppose that AKy a common /-- -\ 

measure* of CD and DAy is contained K/~~~I'SIL a 

3 times in CD and 5 times in DA. ^ I Ji 

Then ^ = |. (1) 

Through the points of division on CD and DA draw lines 
parallel to AB^ cutting CE and EB. These lines divide CB 
into 8 equal parts, of which 3 lie on CE and 5 on EB, % 181 
{If II lines intercept equal segments on one transversal, etc.) 

Hence ^ = 1- (2) 

EB 5 ^ ^ 

From (1) and (2), ^ = g- Why? 

Q. E. D. 

322. Corresponding Segments. If a line cuts two sides of a 
triangle, the segments formed correspond in certain ways. 

Thus in the figure of § 323 : 

(1) CD and DA correspond to CE and EB. 

(2) CA and DA correspond to CB and EB. 

(3) CD and CE correspond to DA and EB. 

(4) CA and CD correspond to CB and CE. 
(6) CA and CB correspond to DA and EB. 
(6) CA and CB correspond to CD and CE. 

* For the case when CD and DA have no common measure, see § 526 in the 
Appendix. 
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323. Theorem II. If a line is parallel to one side 
of a triangle and cuts the other two sides, then any 
two pairs of corresponding segments form a proportion. 



Given A A6C with DE 11 AB. 

To prove that (1) ^ = j^, (2) ^ = ^, (3) ^ = ^' 

^ ^ CD CE' ^ ^ OB EB' ^ ^ CB CE' 
Proof: (1) CD:DA::CE: EB. § 321 

(2) From (1) we have 

CD±GA^CE±EB ^^ CA^CB . ..^ ^ 
DA EB DA EB' '^ ^ 

(3) From (1) we have ^ = ||. §312,(3) 

(4) From (1) we have 

CD-\-DA CE-tEB _ CA CB « qia 

—cd-=-ce—^'''cd^ce' §^^^ 

(5) From (2) we have ^ = ^. Why ? 
^ ^ ^ ^ CB EB ^ 

(6) From (4), ^=§?- Why? 

324. Corollary. If a line cuts two sides of a triangle so as 
to make two pairs of corresponding segments proportional j then 
any other two pairs of corresponding segments form a proportion. 
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SEGMENTS INTERCEPTED BY PARALLEL LINES 

325. Theorem III. Three or more parallel lines in- 
tercept proportional segments on any two transversals. 




To prove that 



(Hyen parallel lines l^, I2, 4 cut by the transyersals ti and fj. 

AB^DE 

BC EF' 

Proof : Through A draw a transversal ^3 II t^. 
Then AE' = DE and E'F' = EF. Why ? 

AB AE' 



But 



BO E'F[ 

(^Ifa line is II to one side of a A and cuts the other two sides, etc.) 

AB^DE 
" BC EF' 



§321 



Why? 

Q. E. D. 



EXERCISE 

If in A ABC DEW BC, compute the segments left blank 
from those given in the following table : 



AD 


DB 


AE 


EC 


AB 


AC 


20 


24 


15 








4 


66 




42 








102 


12 


408 






25 




18 


342 
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DIVIDING A SEGMENT PROPORTIONALLY TO GIVEN SEGMENTS 

326. Problem. To divide a given line-segment into 
parts proportional to given segments. 




Given segment AB and segments a, b, c. 

To divide AB into parts proportional to a, 6, c. 

Construction. Through A draw any convenient line AK. 

On AK lay off segments AG = a, CD = 6, DE = c. Draw 
EB, and through D and C draw lines parallel to EBy thus 
dividing AB into the parts a\ b', c'. 



c' c 
'6 



6 
a' 
a 



c 



Then ^ = ?and^ = ^. §§323,325 

Why? 

Q. B. F. 

327. Problem. To divide a given segment into a 
given number of equal parts. 

Construction. The construction is an immediate application 
of § 326, when a = 6 = c. q. b. f. 

EXERCISE 

5 is a point visible from A but inaccessible. 
Required to compute the distance from -4 to JB. 

Suggestion. Select some accessible point G from 
which A and B are both visible. Through E, a point 
near A and on the line of sight from -4 to C, draw 
ED II CB and meeting the line of sight from A to B 
atD. 

Now AE, EC, and AD can be measured. Then DB and hence AB 
can be computed by § 823. Show how. 
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CONSTRUCTION OF A FOURTH PROPORTIONAL 

828. Problem. To construct a fourth proportioned 
to three given line-segments. 




Given three segments a, b, c. 

To construct segment d, such that j==-j' 

Construction. On a line AFT lay off segments AB and BB^ 
equal to a and b respectively. 

Through A draw a line AK, and on it lay off a segment 
AC=c. 

Draw BC and through JB' draw B'C II BC. 

Then CC is the required segment d, such that 

Q. E. F. 

329. Problem. To construct a third proportional to 
two given segments. 

Construction. The construction is an immediate application 
of § 328, when 6 = c. Q. b. f. 

SIGHT WORK 

1. If a = 6, 6 = 10, c = 18, construct the fourth proportional to a, 
5, and c. 

2. If a = 6 and & = 10, construct the third proportional to a and 5. 

3. A line parallel to the bases of a trapezoid divides I \ 
its non-parallel sides proportionally. Prove. / — -i 
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PROPORTIONAL DIVISION OF SIDES OF A TRIANGLE 

830. Theorem IV. If a line divides two sides of a 
triangle proportionally y it is parallel to the third side. 



Given A ABC with points D and E on AC and BC such that 

DA EB 

To prove that DE II AB. 

Proof: Draw DW II AB. 

We need to prove that E^ coincides with E, 

Now ^^£R. §312(4) 

DA EB ^ K J 



i^M 



a 



Also 9A = ^. §323 

DA E'B 

{Jfa line is \\ to one side ofa^ and cuts the other two sides ^ then any two 
pairs of corresponding segments form a proportion.) 

.'. EB = E'B and E* coincides with E. § 317 

(ff three terms of one proportion are equal respectively to the three cor- 
responding terms of another proportion, then the fourth terms are 
equal. ) 

Q. E.D. 

831. Corollary. If a line cuts tioo sides of a triangle so that 
any two pairs of corresponding segments form a proportion, then 
the line is parallel to the third side. 

Apply § 324 and then use the theorem. 
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EXERCISES 

1. In the figure, the horizontal lines are par- 
allel. If ^B = 8 in., BC=7 in., CD = 6i in., -^ 
and EF^ 10 in., find the lengths of FG and 
GH. 

2. In the triangle ABC, lines DE and DF are 
drawn so that DEW AC and DFWBC. Prove 
that AF:FC=CE: EB. 

3. If in the figure DE is parallel to BCy com- 
pute the segments indicated by the blanks in 
the accompanying table. 




AD 


AB 


DB 


AE 


AC 


EC 


8 


12 




6 






6 


9 








7 


10 




8 




18 




240 






200 


880 




120 








100 


50 




40 


16 




30 






90 




40 


70 






800 






300 


300 






30 


20 




60 



EXPERIMENTAL GEOHETRT 

Construct two triangles ABC and A'B'C so that ZA = ZA', ZB = 
ZB', and ZC = ZC, Measure the sides with care and compare the three 

AB BO CA 

ratios -^— 7, -^^^, and -^r^' This experiment should be repeated with 
A'B' B'C CA' 

a number of different pairs of triangles of different shapes and sizes. 
Are the triangles in each pair similar ? See § 334. 



SIMILAR FIGURES 
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332. Mutually Equiangular Polygons. Two polygons in 
which the angles of one are equal respectively to the angles 
of the other, taken in order, are said to be mvtually equiangular. 




MuTUALLT Equianqulas. Mutuallt Equianoulab. 

333. Corresponding Parts of Polygons. Equal angles of mu- 
tually equiangular polygons are called corresponding ayigles. 

Sides included between corresponding angles are called 
corresponding sides. 

334. Similar Polygons. Two polygons are called similar if 

(1) they are mutually equiangular j and if 

(2) their corresponding sides are proportional. 





SiHILAB. 



Similar. 



Two polygons may have property (1) but not (2). See 
of page. Or they may have proi)erty (2) but not (1). See 



at top 
below. 




Sides Proportional. 



Sides Proportional. 



Hence any proof that two polygons axe similar must show that both 
(1) and (2) hold concerning them. 

In the case of triangles it will be proved that either property (1) or (2) 
is sufficient to make them similar. 

335. Ratio of Similitude. The ratio of two corresponding 
sides of similar polygons is called their ratio of similitude. 
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EQUIANGULAR TRIANGLES ARE SIMILAR 

336. Theorem V. Two triangles are similar if they 
are mutually equiangular. 

o c 




Given A ABC and ASC in which Z A = Z A!, /.B^ AB, 
ZC=ZC. 

^ AB EC CA 

Proof: Place AA'B'O' on A^BO with Z C upon its equal 
Z (7, making CJB' fall along CB and CA' fall along CA. 
Then -4'JB' will take the position DE. 
ACDE:=zA(JA'B' (Why?) .-. ZCDE = ZA'= ZA. 

.'. DE II AB. § 148 (1) 

. CD^CE 
" CA Cb' 

In like manner, placing Z J.' upon its equal Z -4, show that 
CA' A'B 



Why? 



CA " ^J5 
AB' ^BC ^CA' 
AB BO CA' 



Why? 



.'. in A ABC and A'B'C the pairs of corresponding sides 
are proportional. 
Hence the triangles are similar. § 334 
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337. Corollary 1. Two triangles are similar if two angles 
of one are equal re&pedively to two angles of the other, 

338. Corollary 2. Two right triangles are similar if an 
acute angle of one is equal to an acute angle of the other. 

339. Corollary 3. If each of two triangles is similar to a 
third triangle, they are similar to eo/ch other, 

340. Corollary 4. If two sides of a triangle are cut by a 
line parallel to the third side, d triangle is formed which is simi- 
lar to the given triangle. 



CORRESPONDING ALTITUDES OF SIMILAR TRIANGLES 

341. Theorem VI. In two similar triangles cor- 
responding altitudes are proportional to any two cor- 
responding sides. 





Given the similar A ABC and A'BfC with h and h' correspond- 
ing altitudes. 

h AG BC AB 



To tyrove that _ _ _ 

^ h' A'C B'C A'B' 

Proof : Since A ABC - A A'B'C, /.A=^Z,A\ 

.'.AADG^AA'D'C. 

. h^AO 

" h' A'O' 

h^AC ^BC ^AB 

A' A'C B'C^ A'B'' 



Hence, 



§ 334, (1) 
§338 

Why? 
§334,(2) 



{In similar polygons corresponding sides are proportional.) 



Q. B. D. 
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CONDITIONS FOR 8IHILARITT OP TRIANGLES 

342. Theorem VII. Two triangles are similar if an 
angle of one is equal to an angle of the other and the 
pairs of adjacent sides are proportional. 



Given A ABC and A'B'C in which Z C= Z C and ^ = ^. 

To prove that A ABC and A'B'C are similar. 

Proof : Place A A'B'C on A ABC with Z C on its equal Z C, 
making CB' fall along 'OB and C'A' along CA. Then A'B' 
will take the position DE, 

Tlien g5=g|. Why? 

CA CB 

.-. DE II AB. § 331 

{If a line cuts two aides of a A so that any two pairs etc.) 

.-. Z A= Z CDE 2Lnd ZB== Z CED. Why? 

.-. A ABC and DEC are similar. § 336 

( Two ^ are similar if they are mtUwilly equiangular.) 

.-. A ABC and A'B'C are similar. § 339 

{ff each of two ^ is similar to a third A, they are similar to each other,) 

Q. B. D. 

SIGHT WORK 

1. Give a definition of similar polygons. 

2. Are polygons necessarily similar if they are mutually equiangular ? 
Are triangles ? 

3. Are polygons necessarily similar if their corresponding sides are 
proportional ? Are triangles ? See next page. 

4. Are equal triangles similar ? Why ? 
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CONDITIONS FOR SIHILARITT OF TRIANGLES 

343. Theorem VIII. Two triangles are similar if 
their corresponding sides are proportional. 



A B A' B' 

Given A il5C and A'^cr, in which irf =^ = ;^- 

To prove that A ABC and A^B'O are similar. 

Proof: On CA and CB respectively lay off CD=C^A^ 

and CE = CB', and draw BE. 

mi. CA CB • -4. • • i.1. i. CA CB 
Then ^ = ^ since it is given that -^=- = ^—- . 
CD CE ^ OA' CB' 

Hence A DEC is similar to A ABC. § 342 

••• ^ = ^- §334 

AB DE 

But CD = CA', .-. ^ = ^ . (1) Ax. 14, § 71 

Now it is given that ^, = ^,, Hyp. 

from which ^ = Si>' (^) ^^^^ 

.-. from (1) and (2), 2>^ = ^'J5'. § 317 

.-. ADEC=AA'B'C. 
(Since CD= OA^ CE= CB', andDE= A'B'.) 

.-. A ABC is similar to A A'B'C. 
(Since A A'B' C = A DEC and A DEC is similar to A ABC) 

Q. B.D. 
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EXERCISES 

1. Show by similar triangles that the segment joining the 
mid-points of two sides of a triangle is equal to one half the 
third side. b 

2. In the figure, DE II AB and -^= -. If V\^--.^ 
Z>^ = 4 in., find AB. ^^ ^ ad^<^ 

3. In the above figure, if -40= 14 in., CD = 10 in., BE^=^ 
6 in., CE = 15 in., is DE II AB? Why ? 

4. In similar triangles the ratio of the bisectors of corre- 
sponding angles equals the ratio of similitude of the triangles. 

5. A median upon one side of a triangle bi- 
sects all segments parallel to that side and' 
terminated by the other two sides. 

6. In similar triangles the ratio of the medians upon corre- 
sponding sides equals the ratio of similitude of the triangles. 

7. If two circles are tangent internally then 
all chords of the larger circle through the point 
of tangency are divided in the same ratio by 
the smaller circle. 

Suggestion. Draw the diameter AC and connect points as shown in 
the figure. Prove DEW EC, Compare Example 2, page 160, for the 
proof that DB II ^0. 

8. To measure indirectly the distance from an accessible 
point u4 to an inaccessible point B, 

Suggestion. Construct AD ± the line of sight -^j ^^-^'^^ 

from A to B, and ED ± AD, Let C be the pomt ^-^^f'" 
on AD which lies in line with E and B. 

Now show that ^ EDC and BAC are mutually equiangular and hence 
similar. What segments need to be measured in order to compute AB ? 

9. Through a point P within an angle to construct a seg- 
ment terminated by its sides which shall be divided in a given 
ratio by the point P. 

Suggestion. From the vertex A lay off AB and BCso that AB : BC = 
the given ratio. Then the segment through C and P is the one required. 
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TRIANGLES WITH SIDES PERPENDICULAR OR PARALLEL 

344. Theorem IX. Two triangles are similar if 
the sides of one are respectively parallel, or respectively 
perpendicular, to the sides of the other. 





(1) Given A ABC and A'ffC in which AB II A'ff, BC II B'C, 
and CA II CA\ 

To prove that A ABC and A!B'G' are similar. 

Proof : A A and A' are either equal or supplementary. 
Likewise ^ JB and B\ C and (7. § 161 

(Two angles whose sides are II each to each are equal or supplementary.) 

Suppose that two pairs of these angles are suppleinentary, 
as Z -4, Z A' and A B, Z B and only one pair equal. 

Then Z ^ + Z ^' + Z JB + Z J5' = 4 rt. A Why ? 

But this is impossible, because the sum of all the -^ of A 
ABC and A'B'C is only 4 rt. A. 

.'. at least two pairs of these angles must be equal. 

.-. A ABC is similar to A A'B'C § 337 

(Two A, are similar if two A in one are equal, etc.) 

(2) Given A ABC and A'BC' in which AB ± A!ffy BC ± BC, 
CA ± a A!. 

To prove that A ABC and AB'C are similar. 
Proof: Using § 162 instead of § 161, the proof is exactly 
like that in (1) above. 

Q. B. D. 



186 PLANE GEOMETRY: BOOK III 

ALTITUDE ON THE HYPOTENUSE OF A RIGHT TRIANGLE 

345. Theorem X. If in a right triangle the altitude 
on the hypotenuse is drawn, then 

(1) the altitude is a mean proportional between the 
segments into which it divides the hypotenuse ; and 

(2) ea^h side of the triangle is a mean proportional 
betioeen the whole hypotenuse and the adjacent segment 




Given rt. A ABC with altitude h, sides a, b, c, and x, y segments 
of the hypotenuse. 

To prove that Q) f = ^; (2) 5 = ^ a7i(« 2 = ?5. 
h y 'he a c 

Proof : (1) A ADC ^ A ABC and A BDC ^ A ABC § 338 
( Tujo rt. ^ are similar if an acute Z of one etc.) 

.-. A ADC is similar to A BDC. § 339 

{If each of two ^ is similar to a third A, etc.) 

,\x:h::h:y. § 334 

(Corresponding sides of similar ^ are proportional.) 
(2) Since A ABC is similar to A ADC, 

.\x:b::b:c. Whj ? 

Also since A ABC is similar to A BDC, 

,\ y : a:: a: c. Why? 

Q. B. D. 



SIMILAR FIGURES 



187 




346. Corollary 1. If in a right triangle the altitude on the 
hypotenuse is dravm, then 

(a) the square of the altitude equals the product of the seg- 
ments of the hypotenuse ; and • 

(5) the square of either side equals the product of the whole 
hypotenuse and the adjacent segment, C 

From - = 5:, we have h^ = xy, and from ? = ^ we 
h y be 

have 62 = ex. Likewise a^ = cy. 

347. Corollary 2. If in a right triangle the altitude on the 
hypotenuse is drawn, then the squares of the two sides are in the 
same ratio as the adjacent segments of the hypotenuse. 

Since a^ = cy and b^ = ex, we have — = ^. 

348. Corollary 3. If from a point on a circle a pe7pen- 
dicular is drawn to a diameter, then 

(a) the perpendicular is a mean proportional between the seg- 
ments of the diameter ; and 

(b) each chord is a mean proportional 
between the whole diameter and the adjacent 
segment. 

Suggestion, Z. ACB is a right angle because it 
is inscribed in a semicircle. § 272 




A D 



SIGHT WORK 

1. In the figure of § 346, if x = 8 and y = 18, find h. 
Suggestion. A^ = xy = 8 x 18 = 144. 

2. If , in the same figure, a =S and 6 = 4, find the ratio of x to y. 

3. If, in the same figure, c = 6 and 6 = 8, find x. Also find y if 
c = 5 and a = 4. 

4. In the same figure find a if c = 10 and y = 8. 

5. If, in the figure of § 348, AD = i and CD = 6, find DB, 
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CONSTRUCTING A MEAN PROPORTIONAL 

849. Problem. To construct a segment which shall 
be a mean proportional between two given segments. 




Given segments a and b. 

To construct a mean proportioned between them. 

Construction. On a line lay off AB = a and BO = 6. On AC 
as a diameter construct a semicircle. 

At B draw a perpendicular to AO meeting the circle in D. 
Then BD is the required mean proportional. § 348 

{Jf from a point on a O a ± is dravm to the diameter^ etcJ) 

Q.E. F. 

SIGHT WORK 

1. In the figure, A ABC is right angled at C and q 
CD ± AB. Pick out three pairs of similar k.. 

2. In ^ ^CD and ACB of the same figure yrhat y 
are the pairs of equal angles ? What are the pairs J' ^ 
of corresponding sides ? 

3. What are the pairs of equal angles and the pairs of corresponding 
sidesin^C2>£and^C^? in ^^C2> and (72>£? 

4. Read all the proportions derivable from this figure. 

5. In two ^ ABC and A^B^C, /.A^Z.A\ A5 = 12, ^(7=14, 
A^W = 16, and A^ C" = 18f Are the ^ similar ? Why ? 

6. Show that two isosceles triangles are similar if the vertical angle of 
one is equal to the vertical angle of the other. 

7. Are two ^ ABC and A^Wa similar, if ^5 = 10, 50=14, 
CA = 16, and A'B^ = 15, J3'C = 21, C'^' = 24 ? Why ? 
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PYTHAGOREAN PROPOSTION 

860. Theorem XI. In a right triangle the square 
of the hypotenuse is equal to the sum of the squares of 
the other two sides. 



Given the rt. A ABC with sides a, 5, c. 

To prove that a' -f 6* = A 

Proof: We have a^^cy and b* = cx. § 346 

(-(jT in a rt. A the altitude on the hypotenuse he dravon, tAen tAe square 

etc.) 

Adding, a^ + b^^cy -^cx= c(x+y) = C'C=:c^, 

or a2 + 62 = c«. q.b.d. 

361. Corollary 1. The square of one side of a right triangle 
equals the square of the hypotenuse minus the square of the other 
side. 

That is, in the above figure, a'^std^ ^ b^ and b^ = c^ -- aK 

362. Corollary 2. If a, b, c, and a\ b\ c' are the sides of 
two right triangles, c and c' being the hypotenuses, and if c^d 
and a < a', then b > b'. 

For by § 860, c^ = a^ + b^ and c'2 = a'« + b'^. 

Also c2 = c'2 as given. 

Then a« + 6* = a'^ -f b'^. Ax. 6, § 71 

But it is given that a^ < a'^, 

.•.6^>6'a, Ax. 13, §71 

and.-. 6 > 6'. 

Q. B. D. 
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UNEQUAL CHORDS UNEQUALLY DISTANT FROM THE CENTER 

853. The proof of the theorems in §260 follows directly 
from the preceding corollary. 

In the same circle or in equal circles, (1) if two choi'ds are 
unequal, the greater chord is nearer the center; and (2) conversely, 
if two chords are unequdUy distant from the center, the one 
nearer the center is the greater. 




(1) Given O C = O C and chord A^Ef > chord AB. 

To prove that A'B' is nearer to G' than AB is to C ; that is, 
b^<b,orh> b\ 

Proof ; In the rt. A CBD and OB'D^ 

r == r\ and a' > a, or a < a'. (Hyp.) 

.\h>V, §352 

(2) In the converse we notice that the hypothesis is 

r = r', and 6' < h, and we are to prove a' > a. 

Complete the proof. q. e. d. 

SIGHT WORK 

1. Find the square of the hypotenuse of a right triangle if its sides are 
3 inches and 4 inches, respectively. Also find the hypotenuse. 

2. Find the square of the hypotenuse of a right triangle whose sides 
are 4 inches and 5 inches. Using the square root sign, express the length 
of the hypotenuse. 

3. One right triangle has sides 5 inches and 8 inches, and another 
has sides 6 inches and 7 inches. Which haa the greater hypotenuse ? 
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EXERCISES 

1. The radius of a circle is 5. What is the distance from 
the center to a chord whose length is 6 ? 

2. In the same circle, what is the length of a chord whose 
distance from the center is 4 ? 

3. Find the diagonal of a square whose side is 5 ; whose side 
is a. 

4. What is the side of a square whose diagonal is 8 ? whose 
diagonal is d ? 

5. The hypotenuse of a right isosceles triangle is 12 inches. 
Find the lengths of its sides. 

6. The diagonals of a rhombus are 14 and 10 inches respec- 
tively. Find the length of its sides. 

Suggestion, Show that the diagonals are perpendicular to each other. 

7. What is the radius of a circle if a chord 12 inches long is 
9 inches from the center ? 

EXPERIMENTAL GEOMETRY 

1. Construct a large circle and draw chords AB and DE meeting 
in a point P. Measure PA, PB, PD, and PE with great care. Then 
find the products PA x PB and PD x PE, How nearly equal are these 
products ? 

Repeat this experiment several times. What statement does this 
experiment seem to justify ? 

Note. — Bear in mind that all practical measurements are only approxi- 
mations. If the circle were absolutely perfect and if the measurements 
were exact, the products obtained in this experiment would be exactly 
equal. See § 354. 

2. From a point P outside a circle draw two secants meeting the circle 
in A, B and in D, E respectively. Measure PA, PB, PD, and PE. 
Then find the products PA x PB and PE x PD, By how much do 
these products differ ? 

3. From a point P outside a circle draw a tangent PB and a secant 
meeting the circle in A and B. Measure and compare the products 
PA X PB and PD x PD = P&, By how much do they differ ? 

4. What statements seem to be justi^ed by Experiments 2 and 3 ? 
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PRODUCT OP SEGMENTS OP A CHORD 

864. Theorem XII. If two chords of a circle inter- 
sect, the product of the segments of one chord is equal 
to the product of the segments of the other. 




Given O C with chords AB and DE meetins; in P. 
To prove that PA x PB=PD X PE. 
Proof: Draw the chords AD and BE. 
In A DP A and BPE 

Z4 = Z3andZl = Z2. Why? 

.-. A DPA is similar to A BPE. § 337 

.-. ^ = ^. Why? 

PD PB ^ 

.-. PAxPB=:PDx PE. § 312, (1) 

Note. — This proves the exact equality which was approximated in the 
experiment on page 191. q. e. d. 

355. Corollary 1. If in a fixed cirde a choiH AB w made 
to awing about the fixed interior point P as a pivot y the product 
AP X PB remains fixed. 

856. Corollary 2. If two chords meet within a cirde, their 
segments form a proportion, in which tJwse of one chord are the 
means and those of the other the extremes. 

357. Secant and External Segment. If a secant 
of a circle is drawn from a point P outside it, 
meeting the circle in the points A and B, then 
PB is called the whole secant and PA the external 
segment, provided A lies between B and P. 
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THE SQUARS OP A TANGENT 

368. Theorem XIII. If a secant and a tangent to a 
circle meet in a pointy then the square of the tangent 
from this point is equal to the product of the whole 
secant and its external segment. 




Given O C with secant PAB and tang^ent PR 
To prove that PBxPA=^ PD\ 

Proof: Draw jBZ> and -4Z>. 

JnAPAD and PBD, Z P=z ZP, Zl=: Z2. §§ 270, 275 
.-. A PAD is similar to A PBD, Why ? 

. PB^PD 
' ' PD PA' 
and PBxPA = PS^. Why? 

Q. E. D. 

359. CoBOLLARY 1. If fvom a pdint outside a circle two 
secants are draivn, the product of one whole secant and its ex- 
ternal segment equals the prodvxst of tJie other secant and its 
external segment. 

Proof: The product of each secant and its external seg- 
ment is equal to the square of the tangent from their point of 
intersection. 

360. Corollary 2. If in a fixed circle a secant PAB is made 
to revolve abouU a fixed exterior point P as a pivot, then the prod- 
uct PB X PA remains fixed. 
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SIGHT WORK 

1. If the diameter AB of a circle is prolonged and a point P is taken 
on this line, the product of the distances' PA and PB is sometimes called, 
in higher mathematics, the power of the point P with respect to the circle^ 

What is P^ X PB, if the point P is at -4 or 5 ? 
What is P-4 X PB, if P is at C? 
How does the value of PA x PB change as P moves 
from the center toward the circle ? 

How does PA x PB change as P moves away outside the circle ? 

2. What theorems are included in the following statement : " From a 
point P in a plane a line is drawn cutting a circle in AandB. Then the 
product PA X PB is the same for all such lines throxigh P" ? 

3. If, in the figure of § 358, a square is constructed on PD as a side, 
and a rectangle with PB as base and PA as altitude, compare their areas 
as the secant revolves about P as a pivot. 

4. A chord 12 in. long is 8 in. from the center. Find the diameter. 

5. A chord AB is 6 in. long. It is produced through 5 to P so that 
PB is 18 in. Find the length of the tangent to the circle from P. 

EXERCISES 

1. The lengths of the tangents to two 
intersecting circles from a point on the 
common chord extended are equal. 

Suggestion. ~PA^ = PC x PD and ppa = 
PC X PB. 

2. The common chord (extended) of 
two intersecting circles bisects the common tangents. 

3. If two segments AB and CD intersect in P and if 
PA X PB = PC X PD, then a circle may be passed through 
the four points A, B, C, D. 

4. If each of three circles cuts the other two, then the three 
chords, each of which is common to two circles, meet in a 
point. 

Suggestion. Let AB and CD meet in 0. 
Draw PO, and prolong it to meet CD in E' and 
AB in E" . Now show that E' and E" must coin- 
cide with E, the point common to the two arcs. 
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EXERCISES IN COMPUTATION 

1. A point P is 8 in. from the center of a circle whose 
radius is 4 in. Any secant is drawn from P, cutting the circle. 
Find the product of the whole secant and its external segment. 

2. From the same point without a circle two secants are 
drawn. If one whole secant and its external segment are 14 
and 5, respectively, and the other external segment is 7, find 
the other whole secant. 

3. A point P is 10 in. from the center of circle whose radius 
is 6 in. Find the length of the tangent from P. 

4. A tangent from P to a circle is 7 in., and the external 
segment of a secant is 4 in. Find the length of the secant. 

5. A point P divides the diameter of a circle 
into two segments of 9 in. and 12 in., respectively. 
Find the length of the chord perpendicular to the 
diameter at P. 

6. A point P on a diameter divides it into segments of 

4 in. and 16 in., respectively. What is the length of a chord 
through P perpendicular to this diameter ? 

7. In a fragment of a circle a chord 20 in. 
long is drawn. If the greatest perpendicular 
distance from a point on the arc to the chord is 

5 in., find the diameter of the circle. 

8. The height BP of a mountain on the 
moon is found as follows : the distance PC is 
measured as the top of the mountain catches 
the light from the rising sun. The distance 
AB is known. If AB is 2163 miles and CP is 
found to be 85 miles, what is the length of BP? 

This method was first used by Galileo about 1610. 

' 9. A mountain on the earth can just be seen at a distance 
of 100 miles at sea. What is its height if the diameter of 
the earth is 8000 miles? 




lifj dT iTEfct. 
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RATIO OF PERIMETERS OP SIMILAR POLYGONS 

361. Theorem XIV. The perimeters of two similar 
polygons are in the same ratio as any two corre- 
sponding sides. 




Given the similar polygons ABODE and MS COW with per- 
imeters p and if. 

To prove that ^ = -— — • 

Proof : By definition of similar polygons § 334 (2) 

AB EC CD DE EA 



318 



A'B' B'C CD' D'E' E'A 

. AB-\-BC'\-CD'\-DE'\-EA ^ AB 
A!B + B'C 4- on -h UE' +■ E'A' A!B* ' 
(In a series of equal ratios the sum of the antecedents is to the sum of etc.) 

Q. B. D. 

That is, P=A^. 

' p' A'B 

SIGHT WORK 

1. If in the above figure AB = 6 inches and A'S = 4 inches, and the 
perimeter of the smaller polygon is 18 inches, find the perimeter of the 
larger. 

2. If the perimeters of the above figures are 47 and 72, respectively, 
and if ^5 = 12, find ABf, 
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TRIANGLES FORMING SIMILAR POLYGONS 

382. Theorem XV. If two polygons are composed 
of the same number of triangles^ similar each to each 
and similarly placed^ then the polygons are similar. 

B 




Given polygons P and P^ composed of A I, II, III, and I', II', 
III', such that A I -^ A I', A II -^ A II', A lU -^ A III'. • 

To prove that P^P*. 



A'B' B'O CA' 
GA^ CD 
CA' CD'' 

. AB ^BC ^CD 
' ' A'B' B'C CD'' 
Gontiniiing thus, we prove 

AB BC CD DE EA 



(A II ~ All*) 
Ax. 6, § 71 

(1) 



A'B B'C CD' D'E' E'A' 
Also Z BCA = Z. WCA', Z ACD = Z A' CD'. Why ? 
.-. Z BCA 4- Z ACD = Z B'C A' + Z A'CD', Why ? 
or AC^Z.C. 

Continuing thus, we show that 
ZA=AA',AB=ZB, Z C=AC,ZD=Z D',ZE=ZE'. (2) 
From (1) and (2) 

ABCDE ~ A'BCD'E'. § 334 

<t. B. D. 
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THE DECOMPOSITION OF SIMILAR POLYGONS 

363. Theorem XVI. Two similar polygons can 
he divided into the same number of triangles^ similar 
eaxih to each and similarly placed. 




Given similar polygons P and P' with diagonals drawn from the 
vertices A and A\ 

To prove that A I -. A I', A II ^ A II', A III -^ A III', 
A IV - A IV'. 

^'^'' ii'=l§^^^^=^^'- (^'^^'^ 

.-. A I is similar to A I'. § 342 

(Two ^ are similar if an Z. of one is equal to an Z of the other, etc.) 

Then .^=^, (A I -AT) 

and ^ = ^r i^-n 

B'C CD' ^ ^ 

,,OA^OD ^^ , 

CA' CD' ^ 

Also Z BCD = ZB'CD' and Z BCA = Z B'CA'. Why ? 

.-. Z ACD = A'CD', Ax; 2, § 71 

.-. A II is similar to A II'. Why ? 

In like manner prove A III ^^ A III' and A IV '^ A IV'. 

Q. B. D. 
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CONSTRUCTION OF SIMILAR POLYGONS 

364. Problem. Upon a given segment as a side to 
construct a polygon similar to a given polygon. 




Given polygon P and segment A'ff^. 

To comstruct polygon P' ^ P on A^B' corresponding to AB. 
Construction. At B* construct ^B' = Z B, 

AB BC 



Lay off B'C so that — 

•^ A'B' B'C 

Then A I' -^ A I. 

At C construct Z A'C'D' = Z ACD, 

and lay off O'D' so that 

AC CD 



§328 

Why? 



A^C CD' 
Then A 11'^ AIL Why? 

Proceeding in this manner we construct A III' and IV' so 
that A III' - A III and A IV' - A IV. 

.-. A'B'C'D'E'F' - ABCDER § 362 

{If two polygons are composed of the same number of ^, similar each to 

each^ etc) 



SIGHT WORK 

1. How are theorems XV and XVI related ? 

2. Is it possible to construct a polygon similar to a given polygon if 
the ratio of their perimeters is given ? How ? See § 361. 
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SUPPLEMENTARY THEOREMS AND PROBLEMS 
INTERNAL DIVISION OP A SIDE OF A TRIANGLE* 

366. Theorem. The bisector of an angle of a trian- 
gle divides the opposite side into segments whose ratio 
is the same as that of the adjacent sides. 




A D 

Given AiLBC with CD bisectins: /. C. 

To prove thai 4^=4P. 

BC BD 

Proof : Draw BK II DC. Prolong AG to meet BK at E. 

Then Z2 = Zl = Z4 an(iZ2 = Z3. Why? 

. •. Z 4 = Z 3 and GE = Ci5. Why ? 

But :^=4?. . 4^^4R. '^^y^ 

CE DB' " BC BD' Q. b. d. 

366. Internal and External Division. A line-segment AB is 

said to be divided intenudly in a given ratio — by a point G 

n 

lying on the segment, if^=--^ c B (T 
BG n " ^ 



A line-segment is said to be divided externally in a given 

AC 
BG' 



ratio - by a point C lying on AB produced, if ^^ = -. 



•Pages 200-219 inclusive contain supplementary matter, some or all of 
which may be omitted without destroying the continuity. 
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EXTERNAL DIVISION OP A SIDE OF A TRIANGLE 

867. Theorem. A line which bisects an exterior an- 
gle of a triangle divides the opposite side externally into 
two segments whose ratio is the same as that of the ad- 
jacent sides of the triangle. 



Given A ABC with CD the bisector of the exterior ang^le at C. 

To prove that ^ = ^. 

BD BO 

Proof : Draw BE \\ DO. Then — = ^. Why ? 

BD EO "^ 

Now show Z 3 = Z 2, Z2 =Z 1= Z 4, and EO^BO. 
Complete the proof. 

368. Harmonic Division. A line-segment AB is said to be 
divided harmonically if the points D and D\ lying respectively 

AD AD* 

on AB and on AB produced, are such that — - = — — - • 
^ ' BD BD' 

369. Problem. To divide a given segment har- 
monically. 

Suggestion, On the given segment AB as a base construct a triangle 
ABC not isosceles. Let CD and CD' be the bisectors of the internal and 
external angles at C. 

Prove AD^^O^AD^. 

BD BC BDf 



202 PLANE GEOMETRY: BOOK III 

DIVISION IN EXTREME AND MEAN RATIO 

370. Extreme and Mean Ratio. A segment is said to be di- 
vided in extreme and mean ratio by a point on it, provided the 
ratio of the whole segment to the 

larger part equals the ratio of the -4 c 5 

larger part to the smaller. 

E.g. the segmenf AB is divided in extreme and mean ratio by the point 

Cif^ = ^. 
AC CB 

371. Problem. To divide a given line-segment in 
extreme and mean ratio. 

Solution. At one end B erect BO ± ^ ^^-^ 

AB and make B0=^\ AB. Draw OA. 

On OA take OD = OB and on AB ^^^' 

take AC = AD. Then C is the re- a 

quired point of division. 

Proof : Let a be the length of AB. Then OB^^- 

Hence M = A^ +0& = a^ +^ = -a\ox AO^'i^. 

4 4 i 

Then ^a=^lD = ^0-Z>0=|V5-| = |^V5-l\ 

and JB(7= AB-AG^a- 1( V5 - l)= |(3 - VSY 

AB AC 

Substituting these values in -— and -— , and simplifying, 

we have and — — ^^• 

V5-1 3-V5 

Prove these equal by rationalizing denominators. 

Hence 41 =^- Ax. 6, § 71 

■^^ ^" Q. E. F. 
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CONSTRUCTION OP THE ANGLES 86° AND 72'' 

372. Problem. To construct vnth ruler and com- 
passes angles of 36° and 72°. 




Construction. On a given segment AB, determine a point 

such that 4^ = 4^. §371 

AC BC 

Construct A ABD so that AD == AB, BD = AC, 

Then Z 1 = 72° and Z 4 = 36°. 

Proof : Draw DC Then in A ABD and CDS, Z 1 is com- 

-, AB BD T^T^ An A AB AC 

mon and -=r=r = -=r7;, since BD = AG, and -7-^ = ^=77; as given. 
5Z) BC AC BC ^ 

.-. A ^jBZ) is similar to A CDS, Why ? 

Hence A (75Z> is isosceles, since A ABD was made so. 

Then BD:=DC=AC 

and Z1 = Z2,Z3 = Z4. 

Also Z2 = Z3H-Z4 = 2Z4 = Z1. §160 

Hence in A ABD, Zl = 2Z4andZ ADB ^2/.L 

Then 2Z4 + 2Z 4 + Z4 = 2 rt. A 

That is, Z4 = |of 2rt.^ = 36°, 

and Z1 = 2Z4=72°. q.b.f. 

373. Angle Subtended by an Object. An ob- 
ject AB is said to subtend an angle APB from 
a point P if the lines PA and PB are sup- 
posed to be drawn from P to the extremities 
of the object. 
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EXERCISES 

1. A triangle has a fixed base and a con- 
stant vertex angle. Show that the locus of 
the vertex consists of two arcs of equal circles 
whose end-points are the extremities of the 
base. See Examples 8 and 9, page 145, and 
also § 287. 

It follows that if a segment AB subtends the same angles from D and 
from 2>', D and D' being on the same side of the segment AB^ then a 
circle may be passed through J., B, D, Z>'. 

2. Not having any instruments, an engineer proceeds as 
follows to obtain approximately the distance from an accessi- 
ble point jB to an inaccessible point A. 
Walking from B along the line AB he 
takes 50 steps to F, Then he walks in a 
convenient direction 50 steps to O, and 
notes that AB subtends a certain angle, 
Zl. He then proceeds along the same 
straight line until he reaches a point 2> at " "^-^ 
which AB again subtends the same angle as at C. That is, 
Z 1 = -^ 2. Does he conclude correctly that DC = AB? 

Suggestion, Use Example 1 and then § 369. Zl and Z2 can be 
measured roughly by sighting across a pencil held at arm's length. 

374. Projection of a Segment on a Line. A segment AB is 
said to be projected on a line I if perpendiculars from A and B 
are drawn to Z. If these perpendiculars meet I in C and 2>, 
then CD is called the projection of AB on I 



,^> 





*-^ 



In case one end-point of segment ABy as A^ is on Z, then the 
points A and C coincide. 
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SQUARE OP SIDE OPPOSITE AN ACUTE ANGLE 

876. Theorem. The square of the side opposite 
an acute angle of a triangle is equal to the sum of the 
squares of the other tioo sides minus twice the product 
of one of these sides and the projection of the other 
upon it 

c c 



Outline of proof. In either figure let Z jB be the given acute 
angle, and in each case BD is the projection of BC upon AB. 
Call this projection m. 
We are to prove that &* = a' + c* — 2 cm. 
In the left figure, ¥ = h^-\-{c- my. (1) 

In the right figure, 6^ = A* + (m - c)«. (2) 

In either case h^= a^-^ m*. (3) 

Substituting in (1), 5* = a* — m' 4- c* — 2 cm + m* 

= a* -h c* — 2 cm. 
Substituting in (2), 5' = a' — m* -|- m^ — 2 cm + c* 

= a^-\-c^ — 2 cm. q. b. d. 

SIGHT WORK 

1. If a segment AB is perpendicular to a line ?, what is the length of 
the projection of AB on I ? What if AB II I ? 

2. If in the above figure Z B were a right angle, what would the equa- 
tion 6* = a* + c^ — 2 cm reduce to ? Explain this and compare the result 
with the theorem of § 360. 

3. If in the right-hand figure above a = 10, c = 8, and m = 9, find b. 
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SQUARE OF SIDE OPPOSITE AN OBTUSE ANGLE 

376. Theorem. The square of the side opposite an 
obtuse angle of a triangle is equal to the sum of the 
squares of the other two sides plus twice the product 
of one of these sides and the projection of the other 
upon it 




Outline of proof. Let Z 5 be the given obtuse angle and 
BD the projection of BG upon AB. Call this projection m. 
We are to prove that 6* = a* -h c* -h 2 cm. 
In the figure 6» = ^^ + (c + mf and ^» = a* — m*. 

/. 62 — ^2 — m*+c*-h2cm + m* = a*-hc*-h2cm. 

Q. B. D. 

EXERCISES 

1. To find the distance from an accessible point -4 to an 
inaccessible point B by means of § 367. j, . 

Suggestion, Through C, a point where A and B 
are both visible, draw CK making Z 1 = Z2. Pro- jy^>^.JL 
duce KC to a point D on the line BA extended. '^ 

What lines must now be measured in order to compute AB ? 

2. Find the length of the projection m of 
a segment AB on a line through A^ using the 
figure shown to the right. 

Measure AB, AC, and BC. Put AB -c,AQ- 6, 
BO = a, Fi-om § 876 a^ = b^ + c^ + 2 mb, whence 

m = ■» 

26 

UBCt= 16, AC= 8, and AB = 9, find m. 



\ 
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SUM OF SQUARES OF TWO SIDES 

377. Theorem. The sum of the squares of two sides 
of any. triangle is equal to half the square of the third 
side plus twice the square of the median drawn to that 
side. 




Outline of proof. In the figure, 



m(| 



■(l)'--(l> 



a« = d»+r|j +2m( 



(1) 
(2) 



Why? 
Why? 



Adding (1) and (2), a^ + 6^ ^ 2 c? + ^ . 
State the proof fully. 

378. CoBOLLABT. The difference of the squares of ttoo sides 
of a triangle equals twice the product of the third side and the pro- 
jection of the median on it. 

Subta^cting equation (1) from (2) in §377, 



EXERCISE 

Find the locus of a point such that the sum of the squares 
of its distances from two given points is a constant. 

Solution. Let the vertex of the triangle in the above figure be the 
moving point and the extremities of the base the fixed points. Then 

a^ -^ b^ = 2 cP -\-- = k (& constant). But c is a constant and d is, there- 
fore, a constant. Hence, the locus of the point is a circle with radius d. 
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THE SQUARE OF' THE ANGLE BISECTOR 

379. Theorem. The square of the bisector of an 
angle of a triangle is equal to the product of the two 
adjacent sides minus the product of the segments of 
the opposite side. 




Outline of proof : Produce the bisector CD of the given angle 
to meet the circumscribed circle in E. 
We are to prove that 

CD^ = AC X CB^ AD X DB. 
Give reasons for each of the following : 

ABDC^AAEC. • (1) 

AC'BC=CD' CE. (2) 

But CD^CE= CD(CD + DE)=: C&^ CD • DE, (3) 

and CD ' DE = AD' DB, (4) 

From (3) Cl? = CD - CE - CD • DE. 

Substituting from (2) and (4), 

C&=:AC' BC-AD' DB. q.b.d. 

EXERCISES 

1. Find the length of the bisector of Z ^ in the triangle ABC 
iiAB = 10, BC=: 12, and CA = 14. 

Suggestion. First find the segments into which the bisector ol ^A 
divides the side BC, using § 365 and § 314. Finally use § 379. 

2. Find the lengths of the three bisectors of the angles of a 
triangle whose sides are 40, 50, and 60, respectively. 
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PRODUCT OF TWO SIDES OF A TRIANGLE 

380. Theorem. The product of two sides of a tri- 
angle is equal to the product of the altitude from the 
vertex in which these sides meet and the diameter of 
the circumscribed circle. 




Outline of proof : Using the figure, show that : 

(1) A AOD is similar to A EBO. 

(2) AO'BC=CE ' CD. q. b. d. 

EXERCISES 

1. If the diagonals of a quadrilateral are perpendicular to 
each other, the sums of the squares of the pairs of opposite 
sides are equal. 

2. The sum of the squares of the sides 
of a quadrilateral is equal to the sum of 
the squares of the diagonals plus four times / ^^/^^^Z^o 
the square on the line connecting their 
middle points. 

Suggestion, AE, CE, EF are medians of A ABD, BCD, and CEA^ 
respectively. Then by § 377 

ZD* + Zb^ =:?^+ 2l^* and :bc" + 55^ = M. + 2 C^. 
2 2 

Apply the same theorem to A AEC and complete the proof. 

3. In any parallelogram the sum of the squares of the 
diagonals is equal to the sum of the squares of the four sides. 
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SINES, COSINES, AND TANGENTS 
381. Sine. Cosine. Tangent. In a right A ^50, right angled 

at O, the ratio ^^ is called the sine of Z Ay the ratio — - is 

^^ BC 

called the cosine of Z A and the ratio-— is called the tangent 

oiZA. ^^ 

The sine, cosine, and tangent oi ZA are written 

sin A, cos ^. tan A. 
These definitions are also written : 
, J _ side opposite 
hypotenuse 
J _ side adjacent 
hypotenuse 
J _ side opposite 
side adjacent 
In the adjoining figure, show why 




. . BC B'C 
'"^"^^AB^AB'" 

cos^ = 4£=^^' 



^"O" 



■ AB'' ' 

AC 



AB 



AB' 
B'a 



tan A = — = 

AC AC 



AB"' 
B"C" 

" AC ' 




Hence, we see that the sine, cosine, and tangent of an angle 
depend only upon the size of the angle and not upon the length 
of its sides. 

382. The table on the opposite page gives the sine, cosine, 
and tangent for angles of whole degrees from 1° to 89°. 

If an acute angle is given, the sine, cosine and tangent can be read at 
sight from this table. Thus, sin 35*" = .674, cos 47°=. 682, tan 63° = 1.327. 



EXERCISES 

From the table find sin 37°, cos 44°, tan 73°, sin 81°, cos 67°, 
tan 14°. 
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TABLE OF SINES. COSINES. AND TANGENTS 



Angle 


Sin 


Cos 


Tan 


Angle 


Sin 


Cos 


Tan 


1° 


.017 


.9998 


.017 


45° 


.707 


.707 


1.000 


2° 


.035 


.9994 


.036 


46° 


.719 


.696 


1.036 


8° 


.052 


.9986 


.062 


47° 


.731 


.682 


1072 


4^ 


.070 


.9976 


.070 


48° 


.743 


.669 


1.111 


6° 


.087 


.996 


.087 


49° 


.765 


.656 


1.160 


6° 


.105 


.996 


.106 


60° 


.766 


.643 


1.192 


7° 


.122 


.993 


.123 


61° 


.777 


.629 


1.235 


8° 


.139 


.990 


.141 


62° 


.788 


.616 


1.280 


9^ 


.156 


.988 


.168 


68° 


.799 


.602 


1.327 


10° 


.174 


.986 


.176 


64° 


.809 


.688 


1.376 


11° 


.191 


.982 


.194 


65° 


.819 


.674 


1.428 


12° 


.208 


.978 


.213 


66° 


.829 


.559 


1.483 


18° 


.226 


.974 


.231 


67° 


.839 


.645 


1.640 


14° 


.242 


.970 


.249 


68° 


.848 


.630 


1.600 


16° 


.259 


.966 


.268 


69° 


.857 


.515 


1.664 


16° 


.276 


.961 


.287 


60° 


.866 


.600 


1.732 


17° 


.292 


.956 


.306 


61° 


.876 


.485 


1.804 


18'^ 


.309 


.951 


.325 


62° 


.883 


.469 


1.881 


19° 


.326 


.946 


.344 


68^ 


.891 


.454 


1.963 


20° 


.342 


.940 


.364 


64° 


.899 


.438 


2.050 


21° 


.358 


.934 


.384 


66° 


.906 


.423 


2.145 


22° 


.375 


.927 


.404 


66° 


.914 


.407 


2.246 


28° 


.391 


.921 


.424 


67° 


.921 


.391 


2.366 


24° 


.407 


.914 


.445 


68° 


.927 


.375 


2.475 


26° 


.423 


.906 


.466 


69° 


.934 


.368 


2.605 


26° 


.438 


.899 


.488 


70° 


.940 


.342 


2.747 


27° 


.454 


.891 


.510 


71° 


.946 


.326 


2.904 


28° 


.469 


.883 


.532 


72° 


.951 


.309 


3.078 


29° 


.485 


.875 


.554 


78° 


.956 


.292 


3.271 


80° 


.500 


.866 


.577 


74° 


.961 


.276 


3.487 


81° 


.615 


.867 


.601 


75° 


.966 


.269 


3.732 


82° 


.630 


.848 


.625 


76° 


.970 


.242 


4.011 


88° 


.645 


.839 


.649 


77° 


.974 


.225 


4.331 


84° 


.669 


.829 


.675 


78° 


.978 


.208 


4.705 


85° 


.674 


.819 


.700 


79° 


.982 


.191 


5.145 


86° 


.588 


.809 


.727 


80° 


.985 


.174 


5.671 


87° 


.602 


.799 


.764 


81° 


.988 


.156 


6.314 


88° 


.616 


.788 


.781 


82° 


.990 


.139 


7.115 


89° 


.629 


.777 


.810 


88° 


.993 


.122 


8.144 


40° 


.643 


.766 


.839 


84° 


.996 


.105 


9.514 


41^ 


.656 


.765 


.869 


85° 


.996 


.087 


11.430 


42° 


.669 


.743 


.900 


86° 


.9976 


.070 


14.300 


48° 


.682 


.731 


.933 


87° 


.9986 


.052 


19.081 


44° 


.695 


.719 


.966 


88° 


.9994 


.036 


28.636 


45° 


.707 


.707 


1.000 


89° 


.9998 


.017 


57.290 
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FINDING HEIGHTS AND DISTANCES 
383. Formulas used in Finding Parts of Right Triangles. 

From sin ^ = :^ we have BC=ABsm A, and AB=^^^, 
AB ' 8mA 

AC AC 

From cos A = — — we have AC = AB cos A. and AB = -. 

AB cos^ 

From tan^ =:^ we have BC= ^(7tan.4, and AC-- ^^ 



/ 
/ 



AC ' tan^ 

These formulas may be used to solve a number of important 
problems. 

Example 1. Find the height of the ^ 

flagpole shown in the figure. / 

Solution. BC = AC'XAnA, / 

We now measure the line AC and A A, The / 

angle can be measured by a surveyor's instrument 
called the transit. Suppose J.(7 = 60 feet and / 

/ ^ = 49°. From the table tan -4=1. 15. / 

Hence 50 = 60 x 1.16 = 69. /.-_. 

That is, the flagpole is 69 feet high. ^ ^ 

Example 2. In the figure, A and B are two points on a hill- 
side and it is required to find the horizontal 
distance AC and also the vertical distance 
BC. 

Solution. Measure AB and /. A, Suppose AB 
= 245 ft. and Z^=37°. 

Then BC = AB - sin 87° = 245 x .602 = 147.49, 
and AC=AB'Q08A = 2^6x .799 = 195.755. 

This sort of problem occurs very frequently in surveying land. Obvi- 
ously it would be very difficult to measure directly either ^C or BC, 

EXERCISES 

1. Find AB in the above figure if CB = 40 and Z ^ = '60^. 

2. Find^jBif ^(7=:84andZ^ = 18°. 
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THE RATIO OF THE SINES OF TWO ANGLES 

384. Theorem. The ratio of the sides opposite two 
acute angles of a triangle is eqiml to the ratio of the 
sines of these angles. 

a 



Given A ABC with Z A and Z B both acute angles. 

To prove that sin^^a 

sin^ b 

Proof : Draw the perpendicular p. 

Then sin A =^ and sin JB = ^« 
b a 

Hence, ?HL4=£^£-i q.b.d. 

sin^ b a b 

385. Problem. Given tioo angles and the included 
side of a triangle to find the other two sides. 

Solution. In the A ABC we suppose ZA, ZBy aud side c are given. 

Then Z C may be obtained by subtracting the sum ot ZA and Z B from 

180°. 

T\M>r^ ^ 8i^-4^^^ csin-4 ^ 

men - = -; — - or o = — ; — — - • 

c sm C sin C 

And & = ?HL^or6=l?l5^. ^ 

c sinC sinC A B 

Q. E.F. 

EXERCISES 

1. Find a and 6 if Z ^ = 64^ Z5 = 52* and c= 46. 

2. Find a and 6 if Z ^ = 80°, Z S = 74% and c = 192.5. 
This method is available only when among the parts given there is an 

angle and a side opposite it. Thus, we could not use this method to find 
parts of a triangle when two sides and the included angle are given. 
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INDIRECT MEASUREMENT 

886. Surveying. The theorem of §384 is of great impor- 
tance in finding certain parts of a triangle when other parts 
are known. In land surveying on an extensive scale, processes 
similar to that used on the preceding page are constantly em- 
ployed in finding the sides of triangles. 

To begin with, a level piece of ground is selected and a line 
AB measured with great care. Then a point C is selected, and 
Z ABC and Z BAC measured very 
accurately with an instrument. Sides -^ 



AC and BC may now be computed 
by means of the theorem, § 384, and a 
table of sines (see page 211). By 
measuring Z DAC and Z ACD^ CD 
and AD may be computed. ^ 

By this process, called triangulating, it is possible to survey a 
large territory without directly measitringsiiiy line except the first. 

387. Labor Saving by Indirect Method. The saving of labor 
afforded by this indirect method of measuring is very great, and 
especially so in a rough and mountainous country, since meas- 
uring the straight line distance from one mountain peak to an- 
other by means of a measuring chain is impossible. 

In practice, tables of logarithms are used and the sines are carried out 
to farther decimal places, but the general process is as described above. 

388. Distances to Inaccessible Objects. By this method, the 
distance to an inaccessible object may be measured with ease 
and accuracy. In the triangle ABC above, it is not at all 
necessary to be able to reach the point C, in order to find the 
distance from A to C. In a similar manner the distances from 
the earth to the moon, to the sun, and even to some of the fixed 
stars are measured. Of course, many refinements are intro- 
duced in making such measurements, but the general outline 
of the method is indicated above. 
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MAP MAKING 

389. Map MaMng. After surveying a tract of land the sur- 
veyor makes a map of it. The map must be of the same shape 
as the tract it represents. That is, the tract and the map 
must be similar. 

In measuring a four-sided figure denoted by ABCD the surveyor finds 
that -4B=97 rods, 50=69 rods, CD 
= 100 rods, Z 5 = 94°, AC= 82°.* 

To make the map let 1 inch represent x gjo 

100 rods. Construct in order A'B' = .97 in., 
Z B'= 94°, B'C = .69 in., Z C = 82°, CD' 
= 1 in. Draw D'A'. 

Prove th&tA'B'C'D' is similar to ABCD. 

Since 1 rod = 16^^ feet, 
100 rods = 19,800 inches. 
Hence the ratio of similitude of 
ABOD and A'B'C'D' is y^\^. The map is said to be drawn 
to the scale 1 : 19800. 

390. Mapping Irregular Figures. To map an irregular figure 
likeABCDEFG, construct a polygon ^'5' 0'Z)'^'i^'G^' similar 
to the polygon ABCDEFO and then sketch in the remaining 
parts of the boundary. 





What is the scale of a map if one inch represents 30 rods ? 



* When AB, BC, CD and /. B, Z C are determined, the whole figure is de- 
termined. Hence it is not necessary to measure DA, L D or L A unless it is 
done to check the other measurements. 
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MAP MAKING 

391. Copying Maps. The following method is used to copy 
maps without changing their size : 

Make a graduated ruler swing about 
a fixed point as a pivot. Fasten the 
map on the drawing board and by means 
of the ruler construct a figure symmetrical 
to the given map with respect to the 
pomt 0. 

This involves the theorem : If two 
figures are symmetrical with respect to a point they are equal. 

Prove this proposition for two triangles ; also for two poly- 
gons in general. 

392. To Enlarge or Reduce a Map. The following method is 
used to enlarge or reduce a map. 

In the figure, ABCD is a parallelogram whose sides are of constant 
length. The point A is fixed, while the re- 
mainder of the (solid line) figure is free to 
move. Show that the points P and P trace 
out similar figures and that their ratio of simili- 

AP BP 

This shows the essential parts of an 
instrument called the pantograph, which is much used by 
engravers to transfer figures and to increase or decrease their 
size. The point P is made to trace out the figure which is to 
be copied. Hence P traces a figure similar to it. The scale or 
ratio of similitude is regulated by adjusting the length of CP, 

This method is based on the following proposition : 

If two polygons have their cor- 
responding vertices on lines which 
all pass through one point, and if 
they cut off proportional distances 
on these lines from the fixed point j 
then the polygons are similar. 
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MAP MAKING 

393. The Plane Table. The Plane Table consists essentially 
of a drawing-board mounted on a tripod. The board is pro- 
vided with sights by means of which a ruler may be placed in 
any desired direction. Drawing paper is fastened to the board. 

This table may be used in making maps of small areas where 
only moderate accuracy is required. 





Drawing a map of a region may always be made to depend on the 
constraction of triangles similar to triangles in the region to be mapped. 
Suppose we are to construct a triangle representing 
one whose vertices are three points A, By C in the 
field. Take the plane table to the point A and by 
means of the ruler and sights draw lines A'X and 
A'Y in the directions ^C *and AB, respectively. 
Any point of A'Y may be marked B', Take the 
table to B and place it so that the line YA' passes through B and points 
toward A. Draw a line B'C in the direction BC^ cutting A'X at C. 
The triangle B'A'C thus constructed is similar to the original triangle 
BAC, Why? jr « 

Q Av A 

In the accompanying figure, (7, E, f-^^^/ \y \ q 
Fy O are points in the field as viewed I ,' ^^y( ^^^^-"'^'^ , 
from the points A and B, while C, i / /.-''^"^^*?^^^^ 
E\ JF", O' are corresponding points \!/i-"'^ j/.>>'xx^ 

on the map referred to A! and B, a j! b 

A simple plane table can be made by the boys of the class in 
the manual training department of any high school. 
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8IMILARITT OF FIGURES USED IN CONSTRUCTION 

394. Problem 1. To construct a triangle haviug given two 
angles and the median m from one angle. 

Construction. Constract any triangle ABC hav- 
ing the required angles and draw a median AD, 
Prolong AD to D', making AD'= m. Extend AB 
and ^Cand through D' draw B'C'WBC, making 
A AB^ C Prove that B'D' = D'C. 

395. Problem 2. To inscribe a square in a given triangle. 
Construction. Let ABC be the given triangle. 

Draw CD parallel to AB, making CD = CO. 
Complete the square CDEO. 

Draw AD meeting CB in F. Draw FO II AB, 
OHW CO, and FKW CO, Then FQHK -^ CDEO 
and hence is the square required. 

396. Problem 3. To construct a circle through a given point 
and tangent to two given straight lines. 

Construction. Let a and h be the given 
lines and P the given point. (1) Construct 
any circle O tangent to a and h. (2) Draw 
AP meeting the circle in C and D. 

(3) Draw OC and OD and through P draw 
lines parallel to these meeting the bisector of 
the angle formed by a and h in 0' and C/'. 

(4) Prove that O' and O" are centers of the 
required circles. 

397. Problem 4. On a line to find a point equidistant from 

a given point and from a given line. .'"**>. 

Construction. Let h be the line on which 
the point is to be found, P the given point, 
and h the other line. Let h and h meet in 
the point 0. Construct a circle tangent to h 
with the center at A, any point on ^i, and let 
the circle meet OP in C. Draw CA and PQ II CA. 
required point. Prove. Discuss all possibilities. 





Then Q is the 



SIMILAR FIGURES 



219 



Other Examples. Following are other instances of the use 
of this very important device in constructing figures that 
resist other methods of attack. It consists essentially in first 
constructing a figure similar to the one required and then con- 
structing one similar to this and of the proper size. 






From Westminster Abbey. 

398. Problem 5. Given a circle with radius OE, To con- 
struct within it the design shown in the figure. 

Construction. Construct an angle 0' equal to one sixteenth of a peri- 
gon. Through any point D' in the bisector of this angle draw a segment 
EF perpendicular to the bisector and termi- 
nated by the sides of the angle. On EF as B^ 
a diameter construct a semicircle. Make ^''^^<!Z^-^' 
I>fB'= EF=B'A'= D'C. Draw C'A' and 
construct the small figure. ^-^ 

Now draw radii of the given circle OE 
dividing it into sixteen equal parts and bisect one of the central angles by 
a radius OA. Construct /.DAB = ^D'A'B', Then AB is twice the 
radius of the required arcs and circles. 

399. Problem 6. To construct a triangle similar to a given 
triangle A'B'C with its vertices on the sides of a given equi- 
lateral triangle ABC. 

Suggestign. Construct any equilateral triangle A"B" C" such that its 
sides pass through the points A', B', C, Then l^A"B"C'' '>^ l^ABC, 
and points may now be constructed on the sides of A ABC to form the 
vertices of the required triangle. Give the proof in full. 
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THEOREMS TO BE PROVED* 

1. The line joining the middle points of two sides of a tri- 
angle is parallel to the third side. Compare § 184. 

Prove by the methods of Book III. 

2. The square on the hypotenuse of a right triangle is equal 
to four times the square on the median to the hypotenuse. 

3. A segment bisecting the two bases of a 
trapezoid bisects every segment which joins 
its other two sides and is parallel to the bases. 

Prove EF = HG and FK= KH, using § 340. 

4. At the extremities of a chord AB tangents 
are drawn. From a point in the arc AB per- 
pendiculars PO, PD, PF are drawn to the 
chord and the tangents. Prove that PC is a 
mean proportional between PD and PF, 

Suggestion, Draw chords AP and BP and prove 
A APF -^ ^BCP and A APC - A BPD, 

5. In the figure AD and BE are tangents at 
the extremities of a diameter. If BD and AE 
meet in a point C on the circle prove that AB is 
a mean proportional between AD and BE, 

6. If a triangle is inscribed in another by join- ^ 
ing the middle points of the sides, then the 
inscribed triangle is similar to the original. 




v^ 



7. The line bisecting the bases of any trape- 
zoid passes through the point of intersection 
its diagonals. 

Suggestion, Let ^bisect Z>(7, and draw EO meet- 
ing AB in F, Prove AF = FB, 



)e- D E C 

A F B 



* The supplementary matter od pages 200-219 is not required for the solu- 
tion of any problem on pages 220-224. 
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PROBLEMS INVOLVING COMPUTATION 

1. A point P is 16 inches from the center of a circle whose 
radius is 10 inches. Find the length of the tangent from P to 
the circle. 

2. The length of a tangent from P to a circle is 10 inches, 
and the external segment of a secant is 6 inches. Find the 
length of the whole secant. 

3. In two similar polygons two corresponding sides are 3 
and 7. If the perimeter of the first polygon is 45, Y^hat is the 
perimeter of the second ? 

4. The perimeters of two similar polygons are 32 and 84. 
A side of the first is 11. What is the corresponding side of 
the second polygon ? 

5. The shortest distance from a point P to a circle is 8 
inches and the greatest distance 20 inches. Find the length 
of the tangent from P, v 

6. The goal posts on a football field are 
18^ feet apart. If in making a touchdown 
the ball crosses the goal line 25 feet from 
the nearest goal post, how far back should 
it be carried so that the goal posts shall sub- 
tend the greatest possible angle from the 
place where the ball is placed ? See Ex. 7, page 161, and § 358. 

7. Solve the preceding problem if the touchdown is made a 
feet from the nearest goal post, and thus obtain a formula by 
means of which the distance may be computed in any case. 

8. A building is 130 feet high, and a flagstaff on the top of 
it is 60 feet high ; 130 feet from the base of the building in a 
horizontal plane, the flagstaff subtends a certain angle. How 
far from the building along the same line is there another 
point at which the staff subtends the same angle ? At what 
distance does it subtend the same angle as it does at 300 feet? 

Suggestion, Use § 859. Compare with Example 2, page 204. 
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PROBLEMS FOR ALGEBRAIC SOLUTION 

1. Find the altitude of an equilateral triangle whose side is 
8 ; whose side is a. 

2. If the altitude of an equilateral triangle is h, find its 
side. 

3. Find the altitude on the longest side of a triangle whose 
sides are 6, 8, and 10. 

4. In a circle of radius 10 a point P divides a chord into 
two segments 4 and 6. How far from the center is P? 

5. In the figure ACB is a semicircle. Arcs 

DE and DF are constructed with B and -4 as j^ 
centers and radii equal to half AB, If AD = 4 
feet, find the radius of O OC. 

Suggestion. Show that the value of r is derived from 
the equation (4 + r)^ = (4 - r)'-* + 42. 

6. ABC is an equilateral arch. AD 
= DBy AF=EB = ^AB, Semicircles 
are constructed with E and F as centers, 
and radius FB, 

If AB = 8, find OH and construct the 
figure. 

Suggestion. Let OH-r. Then 50=«— r, 
FB-. 




-.t,VF=l,FO = t + r. 




From A OBB, OD^ = 05^ - Bff = (« - r)a - 1^. 
From A ODF, 0& = OF^ - BF^ =^- + rV - (-Y 



(1) 
(2) 



a 



'^}i 



From (1) and (2) find r in terms of s. 

7. Between two parallel lines a 
design is constructed as shown in the 
figure. If HE =^r and OQ = /, find 
r' in terms of r. 

a A segment of length 9 is divided into two segments 
whose ratio is 1 : V2. Find the length of each. 




E 



H 
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PROBLEMS ON LOa 

1. Find the locus of the middle points of the chords of 
a circle drawn through a fixed point within it. 

2. If in the A ABO a segment Cy connects 
the vertex to any point y of the base, find the 
locus of the point x on this segment such that 
the ratio Cx : Cy is the same for all points y, 

3. If on the base AB all A having equal al- 
titudes are drawn, find the locus of the point x on the median 
Cy such that Cx : Cy is the same for all the medians. 

4. ABCD is a O whose diagonals meet in 0. 
If 2/ is a point on any side of the O, find the 
locus of a point x on the segment Oy such that 
Oyixy is the same for every such point y. 

5. Through a fixed point on a circle chords are drawn and 
each extended to twice its length. Find the locus of the end- 
points of these segments. Compare Example 2, p. 163. 

6. A circle of constant radius 



D y 



■^ 




through a fixed point A, A line tangent 
to it at the point P remains parallel to a 
fixed line BD, Find the locus of P, 

Suggestion. Prove AC PC a parallelogram. 
Show that the locus consists of two circles. 

7. The same as the preceding except that ^ 
the circle of constant radius remains tan- y^'^T^Z" 
gent to a fixed circle instead of passing 
through a fixed point. 

Suggestion, On that diameter of the fixed 
circle which is perpendicular to the fixed line lay 
off AC = C'P. Prove AC PC a parallelogram. 
Show that the locus consists of two circles. 

8. Find the locus of a point P such that PA x PB is a con- 
stant, PA being a secant which meets the circle in A and B. 
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PROBLEMS ON CONSTRUCTION 

1. If in the figure m = 3, n = 5f show that 

p=V3ir5=vi5. ^^—^ 

2. Show how to construct a segment jj = V5; ac^b 
alsoj? = V3; andj? = V2. 

3. Divide a line-segment 6 inches long into three parts pro- 
portional to 2y 3, and 4. 

4. Divide a segment 11 inches long into parts proportional 
to 3, 5, 7, and 9. 

5. Given a segment 8 inches long, to divide it into two parts 
proportional to 2 and V3. First construct a segment whose 
length is equal to V3. 

6. Given three parallel lines Zj, I2, Is and a triangle ABO, 
Construct a triangle A'B'O similar to ABC with its vertices 
on the lines ^, I2, I9. Compare Example 3, 
page 157. 

7. Construct circles with their centers at 
the vertices of a given triangle such that each 
circle is tangent to the other two. 

8. On each of two sides of a given triangle ABC as chords 
construct arcs in which an angle of 120** may be inscribed. If 
these arcs meet in a point inside the triangle, show that the 
three sides of the triangle subtend the same angle from the 
point 0. 

Problems 8, 9, 10 require the use of the supplementary 
problem in § 287. 

9. If Z 1 + Z 2 -f Z 3 = 4 rt. ^, show how to find a point 
within a given triangle ABC such that Z AOB = Z 1, 
Z.BOC = Z 2, and Z COA=Z.S. 

10. Given any two segments AB and CD and any two angles 
a and b. Find a point such that Z AOB = Z a and 
Z COD — Ah, Discuss the various possible cases and the 
number of points in each case. 
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ARCS AND CIRCLES IN ARCHITECTURAL DESIGNS 
The construction of the figures on this page requires compu- 
tations based mainly on §§ 251, 254, 262, 263, and 350. 




E B 




Ospedale Maggiore, Milan. 



I.ii.lLiLii ii 



The Doge's Palace, Venice. 




From a Church in Chicago. 



BOOK IV 

AREAS OF POLYGONS 

400. Heretofore certain properties of plane figures have 
been studied, such as equality and similarity, but no attempt 
has been made to measure the surface contained in such figures. 
For this purpose we first consider the rectangle. 

401. Measuring a Rectangle. The surface of a rectangle is 
said to be exactly measured when we find how many times it 
contains a square unit. 

E.g. if the base of a rectangle is five units long and | 
its altitude is three units, its surface contains fifteen « 
square units. 



.-I — I. — ♦-_ , 
! j ! 

6 units 



402. Area of a Rectangle. The number of times which a unit 
square is contained in a rectangle is called its numerical measure, 
or its area. 

We distinguish three cases. 

403. Case 1. If the sides of the given rectangle are integral 
multiples of the side of the unit square, then the area of the 
rectangle is determined by finding how many unit squares 
it contains. 

Thus, if the sides of a rectangle are m and n units respectively, then it 
can be divided into m rows of unit squares, each row containing n squares. 
Hence the area of such a rectangle is m x n unit squares, that is, in this 

^^^ area = base x altitude. (1) 

404. Case 2. If the sides of the rectangle are not integral 
multiples of the side of the chosen unit square, but if the side 
of this square can be divided into equal parts such that the 
sides of the rectangle are integral multiples of one of these 
parts, then the area of the rectangle may be expressed inte- 
grally in terms of this smaller unit square, and fractionally 
in terms of the original unit. 
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For example, if the base is 3.4 deci- 
meters and the altitude 2.6 decimeters, 
then the rectangle cannot be exactly di- 
vided into square decimeters, but it can be 
exactly divided into square centimeters. 
Each row contains 34 square centimeters 
and there are 26 such rows. 

Hence, the area is 34 x 26 = 884 small 
squares or 8.84 square decimeters. 

But 3.4 X 2.6 = 8.84. Hence, in this case also, 

area = base x altitude. 




a4o,m. 



(2) 



405. Case 3. If a rectangle is such that there exists no 
common measure whatever of its base and altitude, then there 
is no square surface unit in terms of which its area can be exactly 
expressed. But by choosing a unit sufficiently small we may 
determine the area of a rectangle which differs as little as we . 
please from the given rectangle. 

E.g. it the base is 5 inches and the altitude is \/5 inches, then the 
rectangle cannot be exactly divided into equal squares, however small. 

But since VE = 2.2361 •••, if we take as a unit of area a square whose 
side is one one-thousandth of an inch, then the rectangle whose base is 5 
inches and whose altitude is 2.236 inches can be exactly measured as in 
cases 1 and 2, and its area is 6 x 2.236 = 11.18 square inches. 

The small strip by which this rectangle differs from the given rectangle 
is less than .0002 of an inch in width, and its area is less than 
6 X .0002 = .001 of a square inch. 

By expressing \/5 to further places of decimals and thus using smaller 
and smaller units of area, successive rectangles may be found which 
differ less and less from the given rectangle. _ 

Similar reasoning would apply if the base were V7 inches and the al- 
titude V6 inches. 

An area thus obtained is called an approximate area of the 
rectangle. 

In case the dimensions of the rectangle are incommensurable, 
then one or both can be measured only approximately. 

We then have : 

approximate area = approximate base x approximate altitude. 
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AREA OF A RECTANGLE 

406. Theorem I. The area of a rectangle is equal 
to the product of its base and altitude. 

Proof. In case the sides of the rectangle are commensurable, 
the theorem is proved in cases (1) and (2), page 226. 

If the sides are incommensurable, the argument used in case 
(3), page 227, shows that the theorem holds for all rectangles 
used in the process of approximation, however small the unit 
square may be. Hence, the theorem applies to all practical meas- 
urements of the areas of rectangles/'^ 

407. Corollary. If two rectangles have equal bases, their 
areas are in the same ratio as their altitudes; and if they have 
equal altitudes their areas are in the same ratio as their bases. 

For itb, h and &', h' are the bases and altitudes, respectively, of the 
rectangles whose areas are A and A'^ 

then, ^ = -M.. 

A' b'h' 

Hence, ^ = ^ if 6 = 6' and 4=^ if ^ = V. 

A' h' A' b' 

408. Areas of Polygons. From the formula for rectangles, 

area = base X altitude, 
we deduce formulas for the areas of other rectilinear figures by 
means of the following principle : 

Two rectilinear figures are equivalent (that is, have the same 
area) if they are equal (that is, have the same shape and size), or 
if they can be divided into parts which are equal in pairs. 

E.g. the two figures here shown are equiva- Aiv7 

lent since A I and III are equal respectively to y^\m^ 1^1 

II and IV, but the figures are not equals since ^_»jy^ I \l 
they are not of the same shape. 

There are figures of equal area which cannot be thus divided. Thus a 
rectangle with base 2 and altitude 1 is equal in area to a square whose side 
is V2, though these figures cannot be divided in the manner stated above. 

* For a theoretical proof see § 528 in the Appendix. 
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AREA OF A PARALLELOGRAM 



409. Theorem II. The area of a parallelogram is 
equal to the product of its hose and altitude. 



D E 






c 


F 


\ 


h 


m 


b 


\ 


1 



Given the O ABCD whose base is AB= b and whose altitude 
is AE=h. 

To prove that area O ABCD = hh. 
Proof : Draw BF ± DC (produced), forming the rectangle 
ABFE, whose base is AB and altitude AE, 

In the rt. A I and II, AD = BC and AE= BF. Why ? 

.-. AI = AIL Why? 

Now O ABCD is composed of A I and trapezoid III, while 
□ ABFE is composed of A II and trapezoid III. 

.-. Area O ABCD = area □ ABFE. § 408 

(Being composed of equal parts.) 
But area □ ABFE =ABxAE:= hh. § 406 

.-. Area O ABCD = hh. q. ». d. 

410. Corollary. Iftwo parallelograms have eqiuHhases, their 
areas are in the same ratio as their altitudes ; and if they have 
equal altitudes, their areas are in the same ratio as their hoses. 



EXERCISE 



Prove the above theorem using the ad- 
joining figure. 

Suggestion. Show that □-45^1?' is composed of '^ — ^ 
A ABQ + A AFD - A EDO, and that O ABCD 
is composed of the equal parts A ABG + A BEG — A EDO. 



E D 
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AREA OF A TRIANGLE 

411. Theorem III. The area of a triangle is equal 
to one half the product of its base and altitude. 



Given A ABC with base ii8= ft and altitude CE^h. 
To prove that area A ABC = ^bh. 

Proof: Draw CDWAB and BDWAC, thus forming the 
O ABDC. 

Then A ABC = A BDC § 177, (1) 

(A diagonal divides a O into two equal A^,) 
.-. Area A ABC = \ area O ABDC. 
But area O ABDC = bh. § 409 

.-. Area A ABC = ^ bh. q. b. d. 

412. Corollary 1. If two triangles Jiave equal bases, their 
areas are in the same ratio as their altitudes ; and if they have 
equal altitudes, their areas are in the same ratio as their basses. 

413. Corollary 2. The product of the legs of a right triangle 
is equal to the product of the hypotenuse and the altitude upon the 
hypotenuse. 

414. Corollary 3. If a parallelogram and a triangle have 
equal bases and equal altitudes, the area of the triangle is one hxdf 
that of the parallelogram. 

415. Corollary 4. Two triangles have equal areas if they 
have the same base and if their vertices lie on a line parallel to the 
base. 

416. Corollary 5. If ai, Oj, a^ are the sides of a triangle^ 
and if h^ h^, h^ are tJie corresponding altitudes upon them, then 
Oj X ^1 = Oj X ^ = as X ^a. 
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AREA OF A TRAPEZOID 



417. Theorem IV. ^ The area of a trapezoid is equal 
to one half the product of its altitude and the sum of 
its bases. 



Given the trapezoid ABCD with bases b and 1/ and altitude h. 
To prove that area ABCD = J A(& + ^O- 
Proof ; Draw the diagonal AC, forming the two A ABC and 
ACD with the common altitude h. 

Then area A ABC + area A ACD = J &A + ^ b'h, § 411 

.-. Area ABCD = ^ &A + i 6'^ = i ^(& 4- &')• ^- "' ""• 

418. Corollary. The area of a trapezoid is equal to the 
product of its altitude and its median. 
Suggestion. Use § 187. 

EXPERIMENTAL GEOMETRY 

1. In the figure, the two triangles are similar and their ratio of 
similitude is 6 : 3. Count the 

small equal triangles to find 
the ratio of their areas. How 
does the ratio of the areas 
correspond to the ratio of the 
squares of the lengths of the 
corresponding sides ? 

2. Construct a triangle ABC and divide each of its sides into four 
equal parts. Then construct a triangle A'B'C such that A'B' contains 
seven of the four equal parts of AB, B' C contains seven of the equal parts 
of BG, etc. Connect division points in these triangles as in Example 1 
and* count the small triangles to compare the areas of ^ ABC, A'B'C. 
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RATIO OP THE AREAS OF SIMILAR TRIANGLES 

419. Theorem V. ITie areas of similar triangles 
are in the same ratio as the squares of any two cor- 
responding sideSy or as the squares of any two correr 
sponding altitudes. 





cTd' 



Given similar A ABC and A'BfC^ with altitudes h and hf. 
To prove that 

Area A ABC a« h^ 



AiesiAA'B'O' 



&'« 



K 
h'^' 



Area, A ABC ^ jbh ^b h 
Area. A A'B'C ib'h' b' w' 

A = A 
(In similar ^ corresponding altitudes are in the same ratio ^ etc,) 



Proof 
But 



§411 
§341 



" V h' 6'2 h''^' 
AreaA^BC ft* h^ 



But 



and 



AreaA^'B'C" 


6" 


A" 




a 


c 
c'' 


alygons have their c 


orreg, 


pondi 


" b'*' 


a* 
"a" 


<? 


Area A ABO 


a* 


V 



AreaA^'B'O' 



b"^ c^ 



h^ 



Why? 

Why? 

§ 334, (2) 
tional.) 
§ 312, (7). 

Why? 

Q. E.D. 



AREA 8 OF POLYGONS 233 

SIGHT WORK 

1. Find the area of a parallelogram whose base and altitude are 8 and 
7, respectively. 

2. The area of a parallelogram is 63 and its base is 9. Find its alti- 
tude. 

3. The area of a parallelogram is 48 and its altitude is 6. Find its 



4. Find the area of a triangle whose base and altitude are 10 and 6, 
respectively. 

5. The bases of a trapezoid are 8 and 6 and its altitude is 6. Find the 
area. 

6. Corresponding sides of two similar triangles are 3 and 6. What is 
the ratio of their areas ? 

7. The ratio of similitude of two similar triangles is 1 : 3. The area 
of the smaller is 25. Find the area of the larger. 

8. The areas of two similar triangles are 25 and 144. Find their ratio 
of similitude. 

EXPERIMENTAL GEOMETRY 

1. Construct similar rectangles A BCD and A'B'C'D', making the 
dimensions of ABCD 3 inches and 5 inches, and those of A'B'C'D' 
6 inches and 10 inches. 

How does the ratio of the areas correspond to the ratio of the squares 
of the corresponding sides ? 

2. The figures to the right are similar regular hexagons. It may easily 
be verified that the ratio of similitude is 6 : 9 by using one side of a small 
hexagon in each figure as a 
unit, and noticing that the 
diagonal of a regular hexagon 
is twice its side. Count the 
small hexagons inside each 
figure. This may be done 
most easily by drawing the 
diagonals and thus dividing 
each hexagon into six equal 
parts. 

Compare the ratio of the 
areas with the square of the ratio of similitude. 

Compare these experiments with that on similar triangles on page 231 
and with the theorem on page 282. 
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RATIO OP THE AREAS OF SIMILAR POLYGONS 

420. Theorem VI. ITie areas of tioo similar poly- 
gons are in the same ratio as the sqicares of any two 
corresponding sides. 




Given two similar polygons whose areas are P and P'. 



To prove that ^^ = - ^ 



BC^ CL^ 



A'B' B'C" C'ly 

Proof ; Let I, V ; II, II' ; III, III' represent the areas of the 

corresponding similar triangles formed by drawing the diagonals 

from ^ and ^'. §363 

Iff ^1 ^ AC^ _II _ AL^ ^III 

I' 



Then 



III' 



(The areas of similar ^ are in the same ratio as the squares, etc.) 

I ^11 ^IIII 
I' II' III'' 

p_ i 4-n -t-iii _I _ Aff 

'pi- - — 



§419 



That is, 



But 



I'+ir + iii' I' 

AB BC CD 



A'B'^ 



P' 



A'B' 
A& 



B'C 
BC" 



C'ly 
Off 



§318 
Why? 



§ 312, (7) 

Q. E. D. 



A'B'^ B'C'^ C'ly^ 

421. Corollary. The areas of two similar polygons are in th>e 
same ratio as the squares of any ttvo corresponding line-segments. 
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SIGHT WORK 

1. The ratio of similitude of two similar triaDgles is VS : \/5. What 
is the ratio of their areas ? 

2. Corresponding sides of a series of similar polygons may be repre- 
sented by 1, 2, 3, 4, 6, 6. If 1 represents the area of the first polygon, 
what numbers will represent the areas of the others ? 

3. The area of the smaller of two similar polygons is 9 and their ratio 
of similitude is 1 : 4. Find the area of the larger polygon. 

4. The ratio of the areas of two similar polygons is 3 : 8. A side of 
the smaller is 3 inches long. Find the length of the corresponding side of 
the larger. 

5. The ratio of the perimeters of two similar polygons is 3 : 11, and the 
area of the smaller polygon is 74. Find the area of the larger polygon. 



EXPERIMENTAL GEOMETRY 

1. In the first figure the heavy triangle is an isos- 
celes right triangle. Squares are constructed on the 
hypotenuse and on the two sides. Show by counting 
small squares that the square constructed on the 
hypotenuse is equal in area to the sum of the squares 
on the two legs. 

2. In the second figure the right triangle is scalene. 
Show that the square on the hypotenuse 
equals 40 of the small squares. Note that 
here also the square on the hypotenuse is 
equal in area to the sum of the squares on the 
other two 6ides. * 

3. Using the third figure, show that the 
same theorem holds for any right triangle. 

Hint, Call the legs of the given triangle 
a and h. Tell how the dotted lines are drawn 
and give the explanation in full. 

This is the Pythagorean theorem which 
was proved in § 350 and will be proved again 
in § 422. The proof just given is due to 
BhSskara (bom 1114 a. d.), who constructed 
the figure and simply said * ' Behold I " 
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THE PYTHAGOREAN THEOREM 



422. Theorem VII. The square on the hypotenuse 
of a right triangle is equivalent to the sum of the 
squares on the other two sides. 




Given the rt. A ABC with squares I, II, and III on the hjrpot- 
enuse and two sides respectively. 

To prove that area D J= area D 7/4- area D IIL 
Proof : Draw CD and 5^ and let faU CL ± DE. 
In A ABK2JA ACD, Zl =Z3. 

{Since each equtiU art,Z+Z.2.) 
Also AC = AK and AB = AD. 

.-. A ABK= A ACD. 
Now area A ACD = ^ area □ ADLM. 

{Having the same base AD and same altitude DL.) 
Also A ABK and D II have the same base AK and same 
altitude AC. 

(Since Z ACH =ZACB-rt, Z, therefore BOB is a straight line. ) 
Hence Area A ABK= ^ area D II. Why ? 

.-. area D II = area □ ADLM. Why ? 



Given. 

Why? 

§414 




Pjrthagoras (569-500 b.c). born on the Island of Samos, was 
the first of the great Greek niatheniaticians. He studied in Egypt, 
where no doubt he learned the practical geonnetry of the Egyp- 
tians. Later he returned to Samos to teach, but soon nnigrated 
westward to Sicily, and finally settled in the Greek colony of 
Croton in Southern Italy. 

Ball, the historian, says of him : " It was Pythagoras who gave 
to geometry that rigorous character of deduction which it still 
bears, and made it the foundation of a liberal education; and 
there is good reason to believe that he was the first to arrange 
the leading propositions of the subject in logical order." 
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In like manner by drawing OE and AFy we may show that 

area D III = area □ LEBM. 
But area □ ADLM-\- area □ LEBM= area D I. 

.-. area D I = area D II + area D III. q. b. d. 

423. Corollary 1. Tlie square on either leg of a right tri- 
angle is equivalent to the square on the hypotenuse minus the square 
on the other leg. 

424. Corollary 2. The area of a square w eqv^ to one 
half the area of the square on its diagonal, 

425. Corollary 3. If similar polygons are constructed on 
the hypotenuse and legs of a right 
triangle, then the polygon on the 
hypotenuse is^equivalent to the sum 
of the other two polygons. 

Suggestion. | = ^\nd ^ = ^. § 420 

( The areas of two similar polygons are 
in the same ratio as the squares etc.) 
. M ■ Q^a^ , h^^ a^+h^ ^c^^^ 
" P P c^ c'^ d^ c2 ' 

and :^±-2 = 1 or iJ + § = P. 

HISTORICAL NOTE 

The Pythagorean Theorem. The theorem of § 422 is one of the most 
famous in all mathematics. It is now fairly certain that the general theorem 
was first stated and proved by Pythagoras, though the story that he sacri- 
ficed 100 oxen to the gods on the occasion may be questioned. Special 
cases of the theorem were known to the Egyptians as early as 2000 b.c, 
as for example, that a triangle whose sides are 3, 4, 6 is right-angled. Such 
special cases were also know to the Chinese and Babylonians at an early date. 

In this connection the Pythagoreans also discovered the irrational num- 
ber, that is, that there are numbers such as V2 which cannot be expressed 
exactly as integers or as ordinary fractions. 

It is not known what proof Pythagoras used for his theorem, though 
it was probably similar to the one given in § 350 of this text. The proof 
given in § 422 is the one used by Euclid. Many other forms of proof 
have been worked out. 
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REDUCING A POLYGON TO A TRIANGLE 

426. Problem. To construct a triangle equivalent to a 



given polygon. q 




Given the polygon ABCDE, 

To constrvAst A FCQ equivalent to ABODE. 

Construction and proof. Draw AC and CE. D|;aw BP II AO 
and DQ II CE to meet EA extended at F and Q. Draw CP 
and CQ. 

Then area A APC = area A ABO. § 415 

Hence PODE is equivalent to ABODE, since 

area PODE = area AODE + area APO and 
area ABODE = area AODE + area ABO. 

In like manner we may show that area POQ = area PODE. 

Hence A POQ is equivalent to polygon ABODE. Q- e. f. 

EXERCISES 

1. Draw a line from a vertex of a triangle to a point in the 
opposite side which shall divide the triangle into two triangles 
whose areas are in the ratio 2 : 1. 

2. Divide a parallelogram into three equivalent parts by 
lines drawn from one vertex. Use the construction in Ex. 1. 

3. The sides of two equilateral triangles are 8 and 6 respec- 
tively. Find the side of an equilateral triangle whose area 
is equal to the sum of their areas. 

4. Corresponding sides of two similar triangles are a and 6. 
Find the side of a third triangle similar to these whose area is 
equal to the sum of their areas. 
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ADDING AND SUBTRACTING SQUARES 

427. Problem. To construct a square equivalent to 
the sum or difference of two given squares. 




II 














III 


n 




r 




(1) Given squares II and III with sides n and r. 

To construct square I such that area I = a^-ea II -\- area HI. 

Construction. Construct a rt. A with legs n and r equal to 
the sides of squares II and III respectively. 

Then square I with the side m equal to the hypotenuse of 
the triangle is the square sought. Why ? 

(2) Given squares I and II. 

To construct a square III such that area 111= area /— area II. 

Construction. Construct a rt. A with hypotenuse m equal 
to a side of square I, and with a leg n equal to a si&e of square XL 

Then square III with side r equal to the 
other leg of the triangle is the square 
sought. Why ? 

Q. B. F. 

428. Corollary. To construct a square 
equivalent to the sum of three squares whose 
sides are m, w, r. 

The square on BC equals m^ + n^ and the 
square on BD equals (w^+n^) + r^ = m^ + n^^ H. 




EXERCISE 
Find a side of a square field which contains the same area 



as three city lots each 10 rods square. 
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SQUARE EQUIYALEHT TO A PARALLELOGRAM 

429. Problem. To construct a square equivalent to a 
given parallelogram. 





Given the parallelogram P. 
To construct a square «• equivalent to P. 
Construction. Upon a diameter 5 + A, equal to the sum of 
the base and altitude of P, construct a semicircle. 

At the division point between b and h erect 5 ± diameter. 
Then the square erected on the side a is the square required. 

§348 
{If from a point on aQa ±is drawn to a diameter, etc) 
Complete the proof. q. b. p. 

430. Corollary 1. To construct a square equivcUent to a 
given triangle, ' 

Suggestion, Use A + J 6 for the diameter. 

431. Corollary 2. To construct a square equivalent to a 
given polygon. 

Suggestion. First reduce the polygon to a triangle. { 426 



EXERCISES 

i. Using the method § 429, construct a square whose area 
shall be twice that of a given square. 

2. Construct a square whose area shall be three times that 
of a given square. 

3. Construct a parallelogram equivalent to a given square s^. 
Suggestion. With any diameter greater than 2 s find a point in the cir- 
cumference from which the perpendicular to the diameter is equal to a. 
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RECTANGLE EQUIVALENT TO A PARALLELOGRAM 

432. Problem. To construct a rectangle on a given 
bctse and equivalent to a given parallelogram . 

Given b and h the base and altitude of 

the given parallelogram, 1/ the base of the 

required rectangle, and x the unknown 
altitude. 

Construction. We are to determine 
X so that Vx = bh ; that is, so that 
b':b = h:x. 

Hence, x is the fourth proportional to 6', b, and h. Con- 
struct this fourth proportional, showing the complete solution. 
(See §328.) q.b.f. 

This constraction is attributed to Pythagoras. It represents a much 
higher achievement than the discovery of the Pythagorean proposition 
itself. 

433. CoBOLLABY. To construct a rectangle on a given base 
and equivalent to a given triangle, 

EXERCISES 

1. Construct a rectangle on a given base equivalent to a given 
irregular quadrilateral. First use § 426. 

2. Construct a rectangle on a given base equivalent to an ir- 
regular hexagon. 

3. On a side of a regular hexagon as a base construct a rec- 
tangle equivalent to the hexagon. 

4. Construct a parallelogram on a given base equivalent to a 
given triangle. Is there more than one solution ? 

5. Construct a square wLose area shall be four times that of 
a given square ; five times ; one half the area ; one fifth. 

6. Construct an isosceles triangle, with a given altitude h, 
equivalent to a given triangle. 
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SUPPLEMENTARY THEOREMS AND PROBLEMS* 

434. Theorem VIII. If an angle of one triangle 
is equal to an angle of another, their areas are in the 
same ratio as the products of the sides including the 
equxil angles. 

g c 




Given A ABC and A'B'C with Z A = Z A'. 

rt, ,, . area A ABC AB - AC 

To prove that — 



area A A'B'ff A'ff • A'C 
Proof : Represent area A ABC by I and area A A'B'C by II. 
Place A A'B'C on A ABC so that ZA' coincides with ZA, 
and draw the altitudes h and h'. 



Then I = | A • ^B and II =^A' • A'B'. 


Why? 


.1 ih -AB h AB 
"11 ^h'.A'B! h' A!B' 


Why? 


But h' II h. 


§149 


{Two lines ± to the same line, etc. ) 




Then A ACD' ~ A ACD and therefore 




h AC 
h' A'C 


§341 


.1 AC AB AB-AC 
' ' II A'C A'B' A'B" . A'C 


Why? 




Q. E. D. 


SIGHT WORK 




Find the ratio of the areas of two triangles ABO and A'B'G if 


ZA = ZA',AG = 6,AB = 10, A'C = 6, and A'B' = 7. 





* Pages 242-249 contain supplementary matter some or all of which may be 
omitted without destroying the continuity. 



ABEAS OF POLYGONS 



243 



AREA OP A TRIANGLE IN TERMS OP ITS SIDES 

435. Problem. To express the area of a triangle in 
terms of its three sides. 

c 




Solution. The area of A ABO = ^ABxOD=^hc 

We first find m in terms of a, 6, c. 

We have ^^ = a* - m« and ^^ ^ 6« - (c- m)«. §423 



and 



a» + c» - 6« 

m= — —- • 

2c 



Hence ;^« = a^ - ^ «^ + ^- ^' ^' = ^^'^- K+ ^ - ^T 
V 2c y 4c* 

_ (2 ac + a'+ C - 6^)(2ac - g* - c* + 6') 

4c« 
_ [(g + cy - 6*1 [6' - (g - c)g1 

4c* 
_ (g + c + 6)(a + c - h){h -\-a- c)(b - a -h c) 
4c2 
Now call g + 64-c = 2s, or g + c — 6 = 25 — 2 6. 
Then g + c - 6 = 2 (5 - 6), 6 + g - c = 2 (5 - c), 

and 6 + c — g = 2 (5 — g). 

Hence ;^.^2. . 2(. ^ 6) » 2(. - c) » 2 (.-g) 

4c* ' 



or 



hs=- Vs(5 — g)(s — b)(s — c). 
c 



Area A ABG= ^ Ac = V«(« — a)(« — b)(s — c). q. b. p. 
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AREA IN TERMS OP RADIUS OP CIRCUHSCRIBED CIRCLE 

436. Problem. To express the area of a triangle in 
terms of the three sides and the radius of the drcum' 
scribed circle. 



Solution. In the figure CE = 2 r, where r is the radius of the 
circumscribed circle. 
Then ab=2r'h. §380 

( The product of two sides of a A is equal to the product of the altitude 
from the vertex in which these sides meet and the diameter of the cir- 
cumscribed 0.) 

But h ^^■y/8{8-~a)(8-'h){8-^c). § 435 

c 

Hence oft = — V«(« — a)(« — h){s — c), 

c 

abc 



or ^ = V«(« - a){s - h){8 - c). 

4r 



But area of A ABC = V«(«- a)(5- 6)(«-c). § 436 

.-. area of A ABG=^ ^ • q. b. p. 

4r 

EXERCISES 

1. The sides of a triangle are a, 6, c. Find the radius of the 
circumscribed circle, using the results obtained in § 436. 

2. Find the radius of a circle circumscribed about a triangle 
whose sides are 8, 10, and 12. Give the result correct to two 
places of decimals. 
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GEOMETRIC COHSTRUCTIOn OP ALGEBRAIC FORMULAS 



To construct geometrically the 



b ab 



ab 
I b 



6* 



To construct geometrically the cdger 



-o^ 



437. Problem 

formula : 

(a + 6)2 = a2 + 2a64-6*. 

Construction. Let a and b represent the nu- 
merical measures of two line-segments. Then, 
the square erected upon the segment a + 6 may 
be subdivided as shown in the figure, giving 

(a 4- 6)2 = a2 + 2a5 + &2. Q. »•». 

438. Problem. 

hraic formula : 

(a-6)2 = a2-2a&4-62. 

Construction. In this case the whole figure consists of the 
square on the segment a, together with the 
square on the segment b added at the upper 
left comer. 

When the two rectangles ab are sub- 
tracted from the whole figure, there is left 
the square on the segment a — 6. That is, 

a2 4.62_2a6=(a-6)2. q.b.f. " 

439. Problem. To construct geometrically the alge- 
braic formula : 

Construction. In the upper left cor- 
ner of the square on a construct the 
square on 6. Draw dotted lines form- 
ing the rectangles I and II, each hav- 
ing the dimensions b and a — 6. 

Then the rectangle with base a + b 
and altitude a — 6 is equivalent to 
a2 + II - I - 62or a2- 62. That is. 



Orb 

(a-6)« 
a-6 



a& 





a-b 




6' 


I 


b 


b 




II 




a 


..A_. 



a-h6 



Q. B. F. 
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GEOMETRIC SOLUTION OP THE EQUATIONS | ^ . "^^ . 

440. Problem. To find two line'segments, b and hy 
such that b + h equals a given segment Z, and such that 
the rectangle bh equals a given square s^. 




Given the square ^ and the segment /. 
To divide I into two parts b and h, such that bh = 8^. 
Construction. On ^ as a diameter draw a semicircle. 
At one end of I erect a perpendicular equal to s and through 
the top of it draw a line parallel to I cutting the circle at C. 
From C let fall a perpendicular to I 

This perpendicular is equal to s. Why ? 

Then h and b are the segments sought. 
For b + h = lajidbh = s\ Why? 

Q. E. F. 

441. CoROLLABY. To construct a parallelogram equivalent to 
a given square and having the sum of its base and altitude equal 
to a given line-segment. 

EXERCISES 

1. Construct a rectangle whose area is 36 square inches and 
whose perimeter is 26 inches. (The sum of base and altitude 
is 13 inches.) 

2. Construct a rectangle whose area is 32 square inches and 
whose perimeter is 20 inches. 

Suggestion, First construct a segment whose length is \/82. 
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GEOMETRIC SOLUTION OP THE EQUATIONS j u^, ;l^ t 

442. Problem. To find two line'segments, b and A, 
siich that b — h equals a given segment Z, and such that 
the rectangle bh equals a given square s^. 





Given the square s? and the segment /. 

To find two segments b and h such that b — h=sl and bh = a*. 

Construction. On Z as a diameter draw a circle. At one end 
of I erect a perpendicular* equal to s. 

From the upper extremity draw a secant through the center 
of the circle, terminating in the circle. 

Then the whole secant is the segment b sought and the ex- 
ternal segment is h. 

For . 6 - A = i and 6^ = 5*. § 368 

Q.E. F. 

443. Corollary. To construct a parallelogram equivalent 
to a given square and having the difference of its ba^ and alti- 
tude equal to a given Une-segimnt. 

EXERCISES 

1. Construct a rectangle whose area is 49 square inches and 
whose length exceeds its width by 3 inches. 

2. Construct a rectangle whose area is 27 square inches and 
whose length exceeds its width by 1 inch. 
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SQUARES IN A GIVEN RATIO 

444. Problem. To construct a square having a given 
ratio mi n to a given square. 




-22L 




Given the square ^ and segments m and n. 
To construct a square 7? suck that aj* : «* = m : n. 
Ck)n8truction. Construct k a fourth proportional to 5, n, and 
m as in § 328. 

Upon the segment 5 4- A; as a diameter construct a semicircle. 
At the division point between s and k erect a perpendicular x. 
Then the square on a? as a side is siich that a:^ : «* : : m : n. 
Proof: a^ = A:«. Why? 

Hence, dividing both sides by 5*, 

^ s 

But - = ^. Why? 

s n 

.-. ^ = ^. Why? 

S^ f^ Q. B. P. 

445. Corollary. To construct a polygon similar to a given 

polygon and having a given ratio, min^to it. 

Suggestion, If s is a side of the given polygon, fhid «' such that ^ = — . 

r n 

EXERCISE 

Given a square whose side is s. Construct a square whose 
area is to «2 as 3 : 2. Compare Examples 1 and 2, page 240. 
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EQUIVALENT AND SIMILAR POLYGONS 

446. Problem. To construct a polygon similar to 
a given polygon and equivalent to another given 
polygon. 



a' 



Given polygons P and Q, 

To construct a polygon R similar to Q and equivalent to P, 

Construction. Reduce P and Q to equivalent triangles ; § 426 
and reduce these triangles to equivalent squares. . § 430 

Call the sides of these squares p and q respectively. 

Now find a segment a' such that 

p:q = a':a. §328 

Construct polygon R similar to Q on the side a' correspond- 
ing to a. 

Then polygon R is the required polygon. 

Proof : Since p:q = a* la. 



we have 



p^:q^=z a'« : w 



But /)* and q^ are the areas of P and Q respectively, 



§ 312, (7) 



and 



RiQ 



= o'2 



a'* ; a^ 



... P:Q = R:Q. 

That is, R is equivalent to P. 



Why? 
§316 

Q. E.F. 

EXERCISES 

1. Construct an equilateral triangle whose area is equal to 
that of a square whose side is 4. 

2. Construct a triangle whose sides are proportional to 2, 3, 
and 4 inches, and whose area is 36 square inches. 

3. Construct a regular hexagon whose area is 25 square inches. 
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EXERCISES IN COMPUTATION* 

1. Given two concentric circles whose radii are r and r'. 
Find the length of a chord of the greater which is tangent to 
the smaller. 

2. Show that the altitude of an equilateral triangle with 
sides is ^V3. 

3. if two equal circles of radius r intersect so that each 
passes through the center of the other, find the length of the 
common chord. 

4. In a right triangle the hypotenuse is 10 feet and the dif- 
ference between the other sides is 2 feet. Find the sides. 

5. The sides of two equilateral triangles are a and b re- 
spectively. Find the side of an equilateral triangle whose 
area is equal to the sum of their areas. 

6. Draw a line parallel to the base of a triangle and cutting 
two of its sides. How will the resulting triangle and trapezoid 
compare in area, (a) If each of the two sides of the given tri- 
angle is bisected ? (6) If each of the two sides of the new 
triangle is three times the corresponding side of the trapezoid ? 

Suggestion. First compare the two triangles using § 419, then use 
§ 312, (6). 

7. The sides of a triangle are 6, 8, 9. A line parallel to the 
longest side divides the triangle into a trapezoid and a triangle 
of equal areas. Find the ratio in which the line divides the 
two sides. 

8. Draw a line parallel to the base of any triangle, and cut- 
ting two of its sides. How do the altitudes of the resulting 
triangle and trapezoid compare, (a) If they are equal in area ? 
(6) If the area of the new triangle is three times that of the 
trapezoid ? 

* The supplementary matter, pages 242-249, is not required for any of the 
examples on pages 250-254. 
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THEOREMS TO BE PROVED 

1. The area of a rhombus is one half the product of its 
diagonals. 

2. The area of an isosceles right triangle is equal to the 
square on the altitude let fall upon the hypotenuse. 

3. If the angles of a triangle are 30°, 60°, 90°, and if the 
side opposite the 60° angle is a, find the other sides. 

4. If in a parallelogram ABCD, any point E on the diagonal 
BD is joined to A and (7, then A BE A and BEO are equiva- 
lent, and also A DEA and DEC are equivalent. 

5. If E is any point within a parallelogram ABOD, then 
A ABE + A ODE equals one half the area of the parallelo- 
gram. 

6. If the middle points of the sides of a quadrilateral are 
connected, then a parallelogram is formed whose area is half 
the area of the quadrilateral. 

7. The square on a diagonal of a rectangle is equal to half 
the sum of the squares on the diagonals of the squares con- 
structed on two adjacent sides of the rectangle. 

8. The diagonals of a trapezoid form with the non-parallel 
,sides two triangles which have equal areas. 

Suggestion. Make use of Example 7, page 220. Then prove that in 
the figure of that example area AFED = area FBCE, area AFO = area 
FBO, area DEO = area EOC, 

9. If AD and BE are medians of the triangle ^ 
ABC, AD meeting BE in F, then the area of ^/ .\t) 
AABF equals the area of the quadrilateral /^^^^\!\ 
CDFE. A B 

10. If the middle points of adjacent sides of any parallelo-; 
gram are joined, the four triangles thus formed are equal in 
area. 




252 PLANE OEOMETBT: BOOK IV 

PROBLEMS IN CONSTRUCTION 

1. Inscribe a square in a given semicircle. 

Construction. Let AB be the diameter of the given 
semicircle. At B construct a perpendicular to AB, 
making BD = AB. Connect D with the center O, meet- 
ing the circle at E. Let fall EF perpendicular to AB. 
Then EF is a side of the required square. Complete the 
figure and make the proof by showing that EF = 2 CF. 

2. Inscribe a square in a semicircle and another in a quadrant 
of the same circle. Compare their areas. 

3. On a given line-segment AB as a hypotenuse 
construct a right triangle such that the altitude _ 
upon the hypotenuse shall meet it at a given '^ 
point D. 

4. By means of Example 3, and § 347, construct two seg- 
ments HK and LM such that the ratio of the squares on these 
segments shall equal a given ratio. 

Tg2 2 

5. On a given segment AB find a point D such that = - • 

Alf 1 

6. Divide a given segment into two segments such that the 
areas of the squares constructed upon them shall be in a given 
ratio. 

7. Construct a line parallel to the base of a triangle such 
that the resulting triangle and trapezoid shall be equivalent. 

Suggestion. Draw the altitude and find a point on it as in Example 5. 
Prove that the parallel through this point is the one sought. 

Another solution of Example 7 is as follows : 

Analysis. Suppose EF is the required line ; draw the median BD. 
Since A BCD is equivalent to one half the original triangle, 
it follows that ^ CEF and CDB have equal areas. Hence, 
CEx CF=CDx CB (§ 434), i.e. CD:CE= CF: CB R/ 
— CE: CA. Therefore, C^ is a mean proportional between ^ 
CD and CA. (This alternative solution depends on one of ^ 
the supplementary theorems of this chapter.) 
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PROBLEMS IN CONSTRUCTION 
a Draw a line parallel to the base of a triangle so that the 
resulting trapezoid shall contain one-wth of the area of the tri- 
angle. 

Suggestion. Suppose the altitude CD of the given A is divided into 
two parts, CE and ED, so that CE^ : ED^ =: n — 1 : 1. Then the A cut off 
by a line II to the base through E will contain (n — l)wths of the given A. 
Construct a figure accurately for n = 3. 

9. Through a point on a side of a triangle 
draw a line dividing it into two equivalent parts. 

Construction, Let P be the given point. Draw the 
median BD. Draw BE II PD and draw PE. This is 
the required line. Prove. 

Suggestion. Notice that area A DPE = area A DPB 
by § 416, and hence that area A CEP = area A CBD. 

10. Through a given point on a side of a triangle draw a line 
which divides it into two figures whose areas are in the ratio ^. 

11. A border is to be constructed 
about a given square with an area equal 
to one half that of the square. B}^ geo- 
metrical construction find the outer side 
of the border if the side of the square 
is given. 

Suggestion. The ratio of the areas of the 
given square and of the large square is 1 :}. 
Let s\ and S2 be sides of any two squares whose 
areas are in the ratio 1 : f (see Example 
4), and let sz be the side of the given small 
square. Then find S4 so that si'.sz^szi s^. 

12. A border is to be constructed 
about a given regular octagon, such that 
its area is equal to that of the octagon. 
If a side of the given octagon is a given 
segment AB, find by geometrical con- 
struction a segment equal to an outer 
side of the border. CBiLiNa Pattern 
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mSCELLAlTEOUS EXERCISES 

1. Given two lines at right angles to each other. Find the 
locus of all points such that the sum of the squares of the dis- 
tances from the lines is 25. 

2. Two equal circles move so as to remain tangent to each 
other and also tangent respectively to two lines perpendicular 
to each other. Find the locus of the points of tangency of the 
two circles. 

Suggestion. Note that the point of tangency bisects their line of cen- 
ters and that the centers move along lines which are parallel to the given 
lines and hence at right angles to each other. 

3. If tangents are drawn to a circle at the extremities of a 
diameter and if another line tangent to the circle at P 
meets these two tangents in A and B respectively, show that 
AP • PB = r^, where r is the radius of the circle. 

Suggestion. If C is the center of the circle, show that Z.ACB is a 
right angle. Then apply § 346 (1). 

4. J.', B\ O are the middle points of the sides of the equi- 
lateral triangle ABC. The sides of the triangle ABO are tri- 
sected and segments drawn as shown in the figure. 





A D 



E B From Chxtbch of Ob San Michblb 



(a) Prove that A"B"(y' is an equilateral triangle. 
lb) If the area of A AB(7= a, find the area of A A'B^'OJ' 
(c) Construct the whole figure showing that the conditions 
given fix the figure. 
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BBGULAB POLYGONS AND CIRCLES 

447. Regular Polygons. A regular polygon is one whicli is 
both equilateral and equiangular. 





Kegulab Polygons • 

According to this definition, determine whether each of the 
following polygons is regular or not and state why : 

An equilateral triangle, an equiangular triangle, a rectangle, a square, 
a rhombus. Draw a figure to illustrate each. Draw a triangle which ful- 
fills neither condition of the definition, also a quadrilateral. 

It is proved in §§ 453, 454 that a circle may be circum- 
scribed about, and also inscribed in, a regular polygon, and 
that these circles have the same center. See §§ 250, 280. 

448. Center. The center of a regular 
polygon is the common center of its in- 
scribed and circumscribed circles. 

449. Radius. The radius of a regular 
polygon is the distance from the center to 
one of its vertices. 

450. Apothem. The apothem of a regu- 
lar polygon is the perpendicular distance from its center to a 
side. 

Clearly, the apothem is the radius of the inscribed circle. 

265 
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REGULAR POLYGONS 

451. Angle at the Center. The angle formed by 
joining two adjacent vertices of a regular polygon 
to its center is called the angle at the center or the 
central angle of the polygon. 

452. Construction of Regular Polygons. The general problem 
of constructing a regular polygon depends upon the division 
of a circle into as many equal parts as the polygon has sides. 

The problem of dividing the circle into equal parts can be 
solved in some cases by the methods of elementary geometry, 
and some of these methods will be considered in this book. 
In most cases this problem cannot be solved by elementary 
methods. 

E.g, the circle may be divided into 2, 3, 4, 5, 6, 8, 10, 12, 15, equal 
parts, but not into 7, 9, 11, 13, 14, equal parts by these methods. 

If a circle has already been divided into a certain number 
of equal parts, it may then be divided into twice, four times, 
eight times, etc., that number of parts by repeated bisection 
of the arcs. 

The division of the circle into equal parts depends upon the 
theorem (§ 244) that equal central angles intercept equal arcs 
on the circle, and hence it involves the subdivision of angles 
into equal parts. 

SIGHT WORK 

1. What is the angle at the center of a regular triangle ? a regular 
quadrilateral ? a pentagon ? a hexagon ? 

2. How may the angle at the center of any regular polygon be found ? 

3. Show how a regular hexagon may be formed by placing six regular 
triangles together about a point. 

4. How many degrees in each angle of a regular triangle ? of a regular 
quadrilateral ? a pentagon ? a hexagon ? 

5. How may the number of degrees in an angle of any regular 
polygon be found ? 
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CIRCLE CIRCUMSCRIBED ABOUT A REGULAR POLYGON 

463. Theorem I. If a polygon is regular^ a circle 
may he circumscribed about it 

D 




A''^ Z^^ 



Given a regular polygon ABODE, 
To prove that a point can be found such thaJt 
AO=:BO==CO = DO = EO. 
Construction. Bisect Z A and Z B and let the bisectors meet 
in a point 0. Then is the center of the required circle. 
Outline of proof. Give reasons for each of the following : 
(1) Z1 = Z3, (2) AO^zBO, 

(3) AABO = AGBO, (4) ^O = OCand Zl = Z 6. 

(6) Since Z ^ = Z Oand Z 1 = Z 6. .-. Z 2 = Z 6. 
(6) Z6 = Z6. (7) ABOO=:ADCO. 

Continuing this process prove A OCD = A EDO, etc. 
.-. AO = BO=^00 = DO = EO. 

464. Corollary 1. If a polygon is regular, a cirde con- 
centric with the circumscribed circle may be inscribed in it. 
For the sides are equal chords of the circumscribed circle and hence are 
equally distant from the center of that circle. The same point is, 
then, the center of both the inscribed and circumscribed circles. 

466. Corollary 2. An equilateral polygon inscribed in a 
circle is regular. 

Suggestion. Show that the angles are measured by halves of equal arcs. 
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EQUIAHGULAR POLYGON CIRC17MSCRIBED ABOUT A CIRCLE 

456. Theorem TI. If an equiangular polygon is cir- 
cumscribed about a circle, then the polygon is regular. 



A M B 

Given polygon ABCDEF with Zil=:Z5 = ZC, etc., and cir- 
cumscribed about O 0. 

To prove that AB = BC= CD, etc. 

Proof : Draw the radii OA, OB, OC, etc., to the vertices, and 
OMy ON, etc., to the points of tangency. 

Then Z 2 = Z 3. § 278 

(^Two tangents to aO from a point outside are equal, etc.) 

.*. Z 1 = Z 2, being halves of the equal A A and B. 

Now A AMO = A BMO. § 166 

.-. AM = BM, and similarly BN ^ ON. 

But BM=BN. §278 

.'.AB = BC, Why? 

By joiniiffe the center to the other vertices and points of 
tangency, we prove similarly that 

BC= CD = DE=EF=FA, 
.-. ABCDEF is a regular polygon. § 447 

Q. E. D. 

457. CoEOLLARY. Tangents drawn at the vertices of a 
regular inscribed polygon form a regular circumscribed polygon. 
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EXERCISES ON 'EQUILATERAL CIRCUMSCRIBED POLYGONS 

1. Points A and B are taken on a diameter extended such 
that AC = BC. Segments AD, BD, AE, BE are tangents 
meeting in D and E on the diameter perpen- 
dicular to AB. Prove AD =s BD = BE == AE. 

Note. — It is clear that the angles of this circumscribed 
quadrilateral are equal only in case AC ^ DC. Since 
AC need not be equal to DC, it follows that an equi- 
lateral circumscribed polygon may not be equiangular. 
Compare the theorem of § 456. 

2. In the figure, is the center of the arc MON, and 
Z DO A = Z BCA. AD and AB are tangents to arcs OM and 
ON drawn from any point A in 00 ex- 
tended. Prove AB = AD. 

Suggestion. In ^ACD and ACB we have 
Z CAB = jL cad. § 278 

3. Problem. Construct an equilateral circumscribed poly- 
gon of six sides which shall not be equiangular. 

Suggestion, Divide the circle into three equal parts, 
by making angles of 120° at the center. In connection 
with each arc construct a figure like that in Example 2. 
This will form the required polygon. Note that this 
construction leads always to a polygon with an even 
number of sides. 

4. If an equilateral polygon of an odd number of sides is 
circumscribed about a circle, it is equiangular. 

Suggestion. BC + CD = DE + EF. .-. BC = EF since DC = DE. 
Likewise we prove AB = GF. Now prove ZB = ZF by using 
^ OBC and OEF and § 278. Alternate angles are thus proved equal. 

If the number of angles is odd, this proves that all 
the angles are equal. For, suppose the angles are 1, 2, 
3, 4, 5, 6, 7. Then the above proof shows that Z 1 = 
ZS = Z6 = Z7 = Z2 = Z4: = ZQ. Notice that if the 
number of angles were even, we should get two sets of 
angles equal among themselves but we should not know 
whether those of one set are equal to those of the other. 
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468. Theorem III. If a circle is divided into any 
number of equal parts, then 

(1) the chords joining the division points^ taken in 
order, form a regular polygon ; and 

(2) the tangents at the division points, taken in 
order-form a regular polygon. 




Given a O divided into equal parts by points A, B, C, Dy E 
with chords and tangents drawn as shown in the figure. 

To prove that (1) ABODE is a regular polygon^ and (2) 
MNR8T is a regular polygon. 

Proof : (1) Chords AB, BO, OD, etc., are equal. § 247 (2) 
.-. ABODE is a regular polygon. § 455 

(^An equilateral polygon inscribed in aOis regular.) 
(2) This follows immediately from § 457. , Q- »• »• 

459. Corollary 1. If a regular polygon is inscribed in a 
cirdey a regular inscribed polygon with double the number of sides 
will be formed by joining the midpoints of the equal arcs to the 
vertices of the given polygon. 

460. Corollary 2, If a regular polygon is circumscribed 
about a circle, a regular circumscribed polygon with double the 
number of sides will be formed by drawing tangevUs at the mid- 
points of the equal arcs. 
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461. Uses of Circttmscribed and Inscribed Polygons. An im- 
portant use of inscribed and circumscribed polygons is in con- 
nection with finding the circumference and. the area of a 
circle. (See pages 266 and following.) 

If the processes indicated in Corollaries 1 and 2 on page 260 be re- 
peated indefinitely, the perimeters and the areas of the inscribed polygons 
will continually increase and those of the circumscribed polygons will 
continuaUy decrease. 

This is easily seen by using the fact that the sum of two sides of a tri- 
angle is greater than the third side. 

INSCRIBING A SQUARE IN A CIRCLE 

462. Problem. To inscribe a square in a circle. 

D 




Construction. Through the center draw two diameters 
perpendicular to each other, meeting the circle in the points -4, 
B, Cy and D. 

Then ABCD is the square required. 

Proof: Show that ABCD is both equilateral and equi- 
angular. Q- B. F. 

463. Corollary 1. To construct a circumscribed square. 

464. Corollary 2. To construct a regular inscribed polygon 
of eight sides, of sixteen sides, etc, 

466. Corollary 3. To construct a regular circumscribed 
polygon of eight sides, of sixteen sides, etc. 



262 PLANE GEOMETRY: BOOK V 

INSCRIBING A REGULAR HEXAGON 

466. Problem. To inscribe a regular hexagon in 
a circle. 




Construction. Draw a chord AB equal to the radius 0-4, 
and draw the radii OA and OB. 

Then A AOB is equilateral and therefore equiangular. 
.-. Z AOB = 60° = I of 360^ 

That is, arc AB is ^ of the circle. 

Then if with the compasses, using the chord AB as a radius, 
chords ABy BO, CD, DE, EF, FA are stepped off, these chords 
will intercept equal arcs of 60° each, and the last division point 
will fall on A. 

Then ABCDEF is a regular hexagon. § 455 

{An equilateral polygon insctibed in a O, etc.) 

Q. E. F. 

467. Corollary 1. To circumscribe a regular hexagon. 
Suggestion. Find the vertices of the regular inscribed hexagon and 

draw tangents at these vertices. See § 458 (2) . 

468. Corollary 2. To inscribe and circumscribe regular 
polygons of twelve, twenty-four, forty-eight sides, etc. 

Suggestion. To construct the circumscribed polygons, use the method 
suggested in Corollary 1. 

469. Corollary 3. To inscribe a regular triangle. 
Suggestion, Draw chords connecting alternate vertices of the regular 

hexagon, as Ay C, and E. 

470. Corollary 4. To circumscribe a regular triangle. 
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Why^ 



REGULAR POLYGONS OF FIVE, TEN, AND FIFTEEN SIDES* 

471. I. To inscribe in a circle a regular pentagon. 
Each central angle is 72°. Why? ^ 
Using § 372, construct at a cen- 
tral angle of 72°, intercepting the 
chord AB. 

Using AB as a side, step off five 
equal chords, AB, BC, OD, etc., 
each intercepting an arc of 72°. 
Hence the last division point will 
fall on A 

Then ABODE is a regular pentagon. 

472. II. To inscribe in a circle a 
regular decagon. 

Each central angle is 36°. Why? 

Either bisect the central angles 
of the regular pentagon just found, 
or using § 372, construct at O an 
angle of 36°, intercepting the chord 
AB, Then with AB as a side, step 
off ten equal chords as before. 

Then ABCDEFGHIJis a regular 
decagon. 

473. III. To inscribe in a circle a 
regular fifteen-sided polygon. 

Let CB be the side of a regular 
hexagon, and CA the side of a regular 
decagon. 

Then OB = 60° and OA = 36°. 

... i^ = 60° - 36° = 24° = tV of ^60°. 
Then AB is a side of the regular 
inscribed polygon of 16 sides. 

* Tbis page may be omitted without destroying the continuity. If taken, 
then also § 372 must be studied. 




Why? 
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SIMILAR REGULAR POLYGONS 

474. Theorem IV. Two regular polygons of the 
same number of sides are similar. 




Giyen polygons ABCDEFGHeind A'BCffE'F'G'H' both regular 

and each haying n sides. 

To prove that they are similar. 

Proof: 

Z ^ = Z ^', Z 5 = Z 5', etc., since each is ^^"^ rt. A 

n 

( The sum of the A of a polygon having n sides is, etc.) § 194 

AB = BC= CD, etc., and A'B'= B'O = CD', etc. § 447 

" AB' B'C CD' D'E' WF'"' ^* 

Hence the two polygons are similar. § 334 

Q. £. F. ' 

475. Corollary 1. The ratio of the radii and also of the. , 
apothems of two regular polygons of the same number of sides is I 
eqiial to the ratio of similitude of the two polygons, ' 

476. Corollary 2. TJie perimeters of two regular polygons \ 
of the same number of sides are in the same ratio as their radii ' 
or as their apothems. I 

477. Corollary 3. The areas of two regular polygons of the ' 
same number of sides are in the same ratio as the squares of \ 
their radii, and also as the squares of their apothems. I 
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AREA OF A REGULAR POLYGON 

478. Theorem V. The area of a regular polygon 
is equal to one half the product of its apothem and 
perimeter. 




Given a regular polygon P with apothem a, perimeter p^ and 
side 5. 

To prove that area F= ^ap. 

Proof : The polygon is divided by its radii into equal isos- 
celes triangles each with altitude a and base «. Why ? 
The area of one such triangle is ^ as. Why ? 

.'. area P = ^ a(« + « + s +•••) = i op* ^'^' ^' 

479. Corollary. The area of any polygon circumscribed 
about a circle is equal to one half the product of the perimeter of 
the polygon and the radius of the circle, 

SIGHT WORK 

1. A polygon whose perimeter is 48 inches is circumscribed about a 
circle of radius 4 inches. Find the area of the polygon. 

2. The radii of two regular polygons of the same number of sides are 
3 and 7 inches. Find the ratio of their perimeters. Also find the ratio 
of their areas. 

3. Regular polygons having the same number of sides are circum- 
scribed about circles whose radii are 2 and 6 inches. Find the ratio of 
the perimeters of these polygons and also of their areas. 
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REGULAR POLYGONS 

451. Angle at the Center. The angle formed by 
joining two adjacent vertices of a regular polygon 
to its center is called the angle at the center or the 
central angle of the polygon. 

462. Construction of Regular Polygons. The general problem 
of constructing a regular polygon depends upon the division 
of a circle into as many equal parts as the polygon has sides. 

The problem of dividing the circle into equal parts can be 
solved in some cases by the methods of elementary geometry, 
and some of these methods will be considered in this book. 
In most cases this problem cannot be solved by elementary 
methods. 

E.g. the circle may be divided into 2, 3, 4, 6, 6, 8, 10, 12, 15, equal 
parts, but not into 7, 9, 11, 13, 14, equal parts by these methods. 

If a circle has already been divided into a certain number 
of equal parts, it may then be divided into twice, four times, 
eight times, etc., that number of parts by repeated bisection 
of the arcs. 

The division of the circle into equal parts depends upon the 
theorem (§ 244) that equal central angles intercept equal arcs 
on the circle, and hence it involves the subdivision of angles 
into equal parts. 

SIGHT WORK 

1. What is the angle at the center of a regular triangle ? a regular 
quadrilateral ? a pentagon ? a hexagon ? 

2. How may the angle at the center of any regular polygon be found ? 

3. Show how a regular hexagon may be formed by placing six regular 
triangles together about a point. 

4. How many degrees in each angle of a regular triangle ? of a regular 
quadrilateral ? a pentagon ? a hexagon ? 

5. How may the number of degrees in an angle of any regular 
polygon be found ? 
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CIRCLE CIRCUMSCRIBED ABOUT A REGULAR POLYGON 

453. Theorem I. If a polygon is regular^ a circle 
may he circumscribed about it. 




^^^ 



Given a regular polygon ABODE, 
To prove that a point can be found such thai 
AO = BO=CO = DO^ EO. 
Construction. Bisect Z A and Z B and let the bisectors meet 
in a point 0. Then is the center of the required circle. 
Outline of proof. Give reasons for each of the following : 
(1) Z1 = Z3, (2) AO^BO, 

(3) A ABO = A GBOy (4) ^0 = OC and Z 1 = Z 5. 

(5) Since Z ^ = Z (7and Z 1 = Z 5. .-. Z 2 = Z 6. 

(6) Z5 = Z6. (7) ABOO==ADCO. 
Continuing this process prove A OCD = A EDO, etc. 

454. CoROLLABY 1. If a polygon is regular, a circle con- 
centric with the circumscribed circle may be inscribed in it 

For the sides are equal chords of the circumscribed circle and hence are 
equally distant from the center of that circle. The same point is, 
then, the center of both the inscribed and circumscribed circles. 

455. Corollary 2. An equilateral polygon inscribed in a 
circle is regular. 

Suggestion. Show that the angles are measured by halves of equal arcs. 



r^ 
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EXERCISES 

1. Is every equiangular polygon inscribed in a circle regu- 
lar ? Does it depend on whether the number of sides is even 
or odd? ^ 

Compare the examples on page 269. /" ^^\e 

2. Show that the radius of a regular polygon A ^''"v"^^ 
bisects the angle at the vertex to which it is drawn. >^> — ^ 

Suggestion, Inscribe a circle in the polygon. 

3. Show that the perimeter of a regular 
polygon of a given number of sides is less 
than that of one having twice the number of 
sides, both being inscribed in the same circle. 

4. Show that the perimeter of a regular b 
polygon is greater than that of one having v^\d 
twice the number of sides, both being circum- S^ ^v^ 
scribed about the same circle. ' ^ 

Suggestion. Show that AB + BC>AD + DE + EG. 

5. Compare the areas of the two polygons in Example 3. 

6. Compare the areas of the two polygons in Example 4. 

7. Show that the area of a square inscribed in a circle of 
radius r is 2 r*. How does this compare with the area of the 
circumscribed square ? 

a Compute the apothem and area of a regular inscribed 
hexagon if the radius of the circle is r; also of the regular 
circumscribed hexagon. 

9. A regular triangle is inscribed in a circle of radius 10. 
Find the apothem and a side of the triangle. 

10. Find the locus of the vertices of all regular polygons of 
the same number of sides which can be circumscribed about 
the same circle. 

11. Find the locus of the middle points of the sides of all 
regular polygons of the same number of sides which are in- 
scribed in the same circle. 
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SIDES OP SUCCESSIVE INSCRIBED POLYGONS 

486. Problem. To compute a side of a regular 
insmbed polygon of 2n sides in terms of a side of a 
regular inscribed polygon of n sides. 




Given O in which AB is a side of a r^;alar inscribed polygon 
of n sides. 

To find the length of AC, a aide of a regular inscribed polygon 
of2n sides. 

Solution. AD = DB and Z ADC = rt. Z. 

Denote AB by S„ and AC by Sin- 

Then (/S2„)2 = Jo' = ZD' + ^2 = (^ ^^)2 +^. (i) 

But hxDE = h(2r-'h)=ADxDB=^AD\ §354 

That is, AS^=(iS:)^ = h(2r-h). (2) 

Solving equation (2) for h, we have 

.2r ±V4?-2-/S; 
2 

Taking the negative sign, since h < r, squaring and trans- 
posing, A2 +(^^ j2 = 2 r2 - rV4r2 - SI 
Hence, from (1), (Sz^y = 2 r^ - r^/4:r^-Si, 
and /Sjn = V2r2-rV4r2-^i 



fe = - 



(3) 

Q.E.F. 



487. CoROLLABY. 7/" ^^6 radius of the circle is unity, then 

5f2,=V2-V4^^ 
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PERIMETERS OP INSCRIBED AND CIRCUMSCRIBED POLYGONS 

488. If the first inscribed polygon in § 486 is a regular hexa- 
gon, and if r = 1, then S^ = 1. 

In this case, substituting in the formula of § 487, we have, 

Si2 = V2-V4^^ = 0.51763809 .... 
Denoting the perimeter of a regular inscribed polygon of n 
sides by P„, we have, 

Pi2= 12(0.51763809) = 6.21165708 .... 
Computing ;S24) Puj 'S'48, P48, etc., in a similar manner, we have, 
;Si2=V2-Vr=l =.51763809 .-.Pig =6.21165708 

Su = V2 _ V4:^51763809)2= .26105238 .-. P24 =6.26525722 

-.Pis =6.27870041 
.•.P96 =6.28206396 
•.Pi92= 6.28290510 
•.P384= 6.28311544 
•.P768=6.28316941 

489. Perimeters of Successiye Circumscribed Polygons. By a 

formula similar to that of § 486, if circumscribed polygons of 
4, 8, 16, etc., sides are used, the following results are obtained : 



S4» = V2 - V4:^(.26105238)2= .13080626 
/S96 = V2- V4=(.13080626)2=.06543817 
/Si92 = V2 - V4^06543817)2= .03272346 
;S384 = V2- V4-(.03272^^=.01636228 
Sits = V2- V4^01636228)2= .00818121 



NUMBXK OF SIDX8 


Length of Each Side 


Pekimetbs 


4 


2.000000 


8.000000 


8 


0.828428 


6.627418 


16 


0.397824 


6.365196 


32 


0.196984 


6.303450 


64 


0.098254 


6.288236 


128 


0.049078 


6.284448 


256 


0.024644 


6.283500 


512 * 


0.012272 


6.283264 


1024 


0.006136 


6.283206 


2048 


0.003068 


6.283190 
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VALUE OP PI AND AREA OP THE CIRCLE 

490. Approximate Length of the Circle. From the tables in 
§§ 488, 489, we know that the circumference of a circle whose 
radius is 1 is greater than 6.283169 and less than 6.283190. 
Hence, the nearest approximation to four places of decimals is 
6.2832. 

491. The Approximate Value of «. Since in the above compu- 
tations the diameter of the circle is 2, the approximate ratio of 
the circumference to the diameter is 

6.2831694^3^^ ^^ 6.283190 ^ 3^^^^^^ 

2 ' 2 

according as the inscnbed or circumscribed polygons are used. 
That is, these approximations of w agree to four decimal places. 
The nearest 5-place approximation is 3.14159. 

492. The Areas of Circumscribed Polygons. By § 479 the area 
of each circumscribed polygon is half the product of the 
perimeter and the apothem, which in this case is the radius of 
the circle. That is, for every such polygon the area is 

where p is the perimeter of the polygon and r is the radius 
of the inscribed circle. 

We now assume that a circle contains a definite area which can 
be approximated as closely as we please by taking the areas of the 
successive circumscribed polygons, 

493. The Area of the Circle. Since the perimeters of the cir- 
cumscribed polygons can be made to approximate the length c 
of the circle as nearly as we please, and since c = 2 ttt, this con- 
stitutes an informal proof of the following : 

494. Theorem VII. The area of a circle is one 
half the circumference times the radius, or in symbols 

area of circle = 4 . 2 irr • r = itt®. 
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RATIO OF THE AREAS OP TWO CIRCLES 

495. Theorem VIII. The areas of tioo circles are 
in the same ratio as the squares of their radiiy or as 
the squares of their diameters. 

Proof. Since the area of a circle is ttt*, if we have two given 
circles whose radii are r and / and whose diameters are d and 
d\ then the ratio of their areas a and a' is 

496. The area of a sector bears the same ratio to the area of 
the circle as the angle of the sector does to the perigon. 

E.g. the area of the sector whose arc is a quadrant is one fourth of the 
area of the circle, that is, ^- The area of a semicircle is ^ • 

497. The area of a segment of a circle is known if that of the 
sector having the same arc, and of the central triangle on the 
same chord, can be determined. 

E.g. the area of a segment made by the chord of a quad- 
rant is found as follows : 

The area of the sector ^OB is ^. 
The area of the A AOB is i r • r = — • 

_m2 m2 m2 

Hence the area of the segment Jfis — — ir = T(''""2) 

4 2 4 




3C- 

pe A A A A A A A A A A A A A 
ti- /vv\/\/v v\/vvv\/\/\ 



Note, — The accompanying figure shows a circle cut into sectors by a 
series of radii. Each sec- 
tor approximates the shape 
of a triangle, whose alti- 
tude is the radius of the 
circle, and whose base is an arc of the circle. Since the sum of the areas 
of these triangles is the product of the altitude and the sum of the bases, 
we obtain a verification of the theorem that the area of the circle is one 
half the product of the circumference and radius. 




Archimedes (287-212 b.c ) was without doubt the greatest 
mathematician of his time. His standing in the old world was 
comparable to that of Newton in the modern world. 

His work is known not through any extended treatise, like that 
of Euclid, but through a series of monographs on practically every 
mathematical subject then known ; including physics, mechanics, 
astronomy, and many phases of geometry, such as works on 
parallel lines, right-angled triangles, inscribed polygons, and sys- 
tems of tangent circles. 

Of special interest is his mensuration of the circle, in which he 
found the value of TT to lie between 3} and 3\^ by the use of in- 
scribed and circumscribed polygons of ninety-six sides. 
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PROBLEMS INVOLVllrG NUMERICAL COMPUTATION 

Note. — In the following problems, unless otherwise specified, use the 
value T = 3|, which differs from 3.14169 by about ^ of one per cent. 

1. The diameter of a circle is 8 inches. Find the circum- 
ference' and area. 

2. The circumference of a circle is 10 feet. Find its radius 
and area. 

3. The area of a circle is 24 square inches. Find its radius 
and circumference. 

4. ABO is a Gothic arch based on the equilateral triangle 
ABC. Find the area of the whole arch, if 
AB = 3 feet. 

Suggestion, Find the area of the sector with center 
A, arc BCy and radii AB and AC, and add to this the 
area of the circle-segment whose chord is ^C A 

5. Find the ratio of the sides of squares inscribed in, and 
circumscribed about, the same circle. If a side of an inscribed 
square is 3 in., find the perimeter of a circumscribed square. 

6. Find the ratio of the perimeters of regular hexagons 
inscribed in, and circumscribed about, the same circle. If a 
side of an inscribed regular hexagon is 6 in., find the perimeter 
of a regular circumscribed hexagon. 

7. Find the ratio of the perimeters of regular triangles 
inscribed in, and circumscribed about, the same circle. If a 
side of a regular circumscribed triangle is 10 in., find the 
perimeter of a regular inscribed triangle. 

8. Find the ratio of the areas of regular triangles inscribed 
in, and circumscribed about, the same circle. Also find the 
ratio of the areas of such squares and such hexagons. 

9. Find the area of a regular triangle inscribed in a circle 
whose radius is 6 inches ; also of a regular hexagon. 

10. Find the area of a regular triangle circumscribed about 
a circle whose radius is 6 inches ; also of a regular hexagon. 
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PROBLEMS nryOLVING ALGEBRAIC COMPUTATION 

1. Find the area of a regular triangle inscribed in a circle 
whose radius is r inches. 

2. A regular triangle is circumscribed about 
a circle of radius r. Find its area. 

3. A regular triangle of area 36 square inches 
is inscribed in a circle. Find the radius of the 
circle. a 

4. One half the area of a regular hexagonal plot of ground 
is occupied by a walk of uniform width extending around it. 
Find by algebraic computation the width of the walk if a side 
of the plot is 12 feet. 

5. The difference between the areas of the squares circum- 
scribed about two circles is 50 square inches and the difference 
of the diameters of the circles is 4 inches. Find each diameter. 

6. Two equal circles of radius r intersect 
so that their common chord is equal to r. 
Find the area of the figure which lies within 
both circles. 

7. Two circles of radii r and r' are tangent internally. 
Find the length of a chord of the larger circle tangent to the 
smaller if the chord (a) is parallel to the line of centers, (6) is 
perpendicular to the line of centers, (c) meets the larger circle 
at the same point as the line of centers. 

8. In the figure, ABCD is a square and 
EFGHKLMN is a regular octagon, (a) If 
EF^ a, find AB. (b) If AB = 8, find EF. 
(c) li AB = 8, find the apothem. (d) If AB 
= 8, find the radius of the octagon. 

9. Find the radius of a circle if the area of its regular in- 
scribed triangle is a. 

10. Find the radius of the circle if the area of the regular 
circumscribed triangle is A. 
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PROBLEMS INVOLVING REGULAR POLYGONS 

JP_ 

1. The figure GHKLMP-- is a regular 

twelve-sided polygon (dodecagon). The fig- 
ures ABHG, BCLK, etc., constructed on its 
sides are squares. Prove that a regular hex- 
agon, ABCDEF, is thus formed. 

2. By means of the above figure find the 
area of a regular dodecagon whose sides are 
6 inches. Notice that the dodecagon consists 
of the regular hexagon in the center, the six 
equilateral triangles, and the six squares. 

Note how this figure enters into the accompanying 
tile design. 

3. Find an expression for the area of a regular dodecagon 
whose sides are each a. 

4. Find the apothem of a regular dodecagon by dividing its 
area by half the perimeter. Also find it by finding the 
apothem of the hexagon and then adding a to this. 

5. Find the area of a circle inscribed in a regular dodecagon 
whose side is 4 ; one whose side is 9. 

6. If the inscribed and escribed circles and 
0' of an 'equilateral triangle are constructed as 
shown in the figure, find the ratio of their 
radii. Does this ratio depend upon the size of 
the triangle ? 

7. The middle points, A, B, 0, Z>, 
of alternate sides of a regular octa- 
gon are joined as shown in the fig- 
ure. AH is perpendicular to AE 
and equal to it. EG, CK, and DL 
are constructed in the same manner. 

Prove that ABCD and HGKL 
are squares. 
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MISCELLANEOUS PROBLEMS AND THEOREMS 

1. Chords are drawn through a fixed point on a circle. 
Find the locus of points which divide them in a fixed ratio. 

2. Two concentric circles are such that one divides the area 
of the other into two equal parts. Find the ratio of the radii 
of the circles. 

3. In a given circle two diameters are drawn at right angles 
to each other. On the radii thus formed a'S diameters semi- 
circles are constructed. Show that the four figures thus 
formed are equal in all respects. 

D 






4. Let C be any point on the diameter AB of a circle. • 

(a) Compare the length of the arc ADB with the sum of 
the lengths of the arcs AEC and CFB, 

(b) Show that if AB = SCBy then the area of the figure 
AECFBD is one third the area of the circle. 

(c) Show that if AB = m x CB, then the area inclosed by 
these arcs is one mth of the area of the circle. 

5. By means of arcs constructed as shown in the third figure 
above, divide the circle into any given number c^ 

of parts having equal areas. \>x, 

6. Two sides AB and BC of a triangle are 7\'^"-. 
extended their own lengths to S and O re- a — b """"'•^' 
spectively. Compare the areas of the trian- q* 

gles ABC and BB'C\ A\ 

7. The three sides of a triangle ABC are / )^\ 
extended to A\ B', C as shown in the figure. / ./ \ \ , 
Compare the areas of the A ABO and A'B'C, l/^ ^--^'^^^ ^ 
if BB ^AByCO^ BC, and AA! = CA. j^'" 
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8. A square is inscribed in a circle. Find the ratio between 
the areas of the square and the circle. 

9. A square is circumscribed about a circle. Find the 
ratio between their areas. 

Do the ratios required in Examples 8 and 9 depend upon the 
radius of the circle ? 

10. If two lines are drawn parallel respectively to the two 
sides of an angle and at equal distances from these sides, they 
will meet, if sufficiently produced, on the bisector of the angle. 

11. A triangular plot of ground ABO is to 
be laid out as a flower bed with a walk of 
uniform width extending around it. Prove 
that the flower bed is similar to the original 
triangle. 

12. Is the construction proposed in Example 
11 always possible in the case of a square ? 
of a rhombus ? Prove. 

13. If any polygon is circumscribed about a circle, show 
that the bisectors of all its angles meet in a point. 

14. Given any polygon circumscribed about a circle. Within 
it draw segments parallel to each of its ^ 
sides and at the same distance from 
each side. Show that these segments 
form a polygon similar to the first. 

lb. If the bisectors of all the angles 
of a polygon meet in a point prove that 
a circle may be inscribed in it (tangent 
to all its sides). ^ ^ li 

16. The following is an ancient Chinese problem. " In the 
center of a circular pool of water 10 feet in diameter there was 
a reed extending one foot above the water. When the reed 
was bent over so that it just reached the top of the water it also 
just reached the edge of the pool. How deep was the water ?^*' 
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PRACTICAL DESIGNS BASED ON REGULAR POLYGONS 
Dbsiqns Based on Squabbs 






Designs Based on Reoulab Hexagons and Octagons 
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PRACTICAL APPLICATIONS 

1. The figure shows an instrument used for finding the 
center of a circular disk. AB = BC and DB bisects Z ABO. 
Show that the line DB passes through the center 
of the circle, and that if two lines are drawn 
across the disk by means of this instrument the ^ 
lines will meet in the center. 

2. Show that by placing a triangular 
ruler (having one right angle) in two posi- 
tions, as shown in the figure, the line AB is 
made perpendicxdar to the line l. 

3. On a dangerous coast there are light- 
houses at points marked A and B. It is 
known that the dangerous rocks are within 
a certain segment of a circle passing 
through A and B and containing a certain 
angle ACB. If the ship S keeps at a dis- 
tance making the angle ASB less than the 
known angle ACB, the ship is safe. Ex- 
plain. The angle ACB is called the danger 
angle. 

4. The so-called di- 
agonal scale is used to 
measure distances very 
accurately. In the fig- 
ure, what are the dis- 
tances AB and CD? 
Explain fully. q 12 

5. In estimating standing timber it is often necessary to 
find the height of a tree up to a certain point on it. Explain 
how this can be done by measuring the shadow cast by the 
tree up to this point and then finding the length of a shadow 
cast by a staff of known length. 




^ 



.08 
.06 
.04 
.02 
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6. An instrument called proportional dividers is used to 
enlarge or reduce maps. The screw at may be set so as to 




make the ratio OA ; OA' equal to the scale on which it is 
desired to copy the map. Show that AB : A*B' = OA : 0A\ 

7. Two water pipes, 8 and 10 inches respectively in diame- 



ter, are to be supplied by a single pipe, 
diameter ? 



What must be its 




8. A water pipe 12 inches in diameter is 
filled to a depth of 9 inches. Find the area 
of the cross section of the water. 

9. Given a circle and a carpenter's square. 
Show how to locate the center of the circle. 

10. Given a straight line and two points A and B on the same 
side of it. Find a point C on the line such that 
the sum of the segments AC and BC shall be the 
least possible. 

Suggestion. In the figure, let BB' be i. ED and 
EB' = EB. Draw AB' meeting the line in C. Then 
C is the required point. For let C be any other point 
on the line. Then AC + C'B>AC + CB, The proof 
depends upon § 191 and Ax. 16, § 71. Give it in full detail. 

11. If, in the figure preceding, AD is perpendicular to the 
line, prove that AADC ^ ACBE, and hence show that 
AD:BE = DC:OE. 

Note. — Since ZECB z= ZDCA and it is known that a ray of light 
passing from AtoB after being reflected also makes these angles equal, 
therefore the ray passes over the shortest possible path. 
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12. Two towns, A and 5, are 10 and 6 miles respectively 
from a river, and A is 12 miles farther up the 
river than B. A pumping station is to be 
built which shall serve both towns. Where 
must it be located so that the total length of 
water main to the two towns shall be the least 
possible ? 

13. Two factories are situated on the same side of a railway 
at different distances from it. A spur is to be built to each 
factory and these are to join the railway at the same point. 
State just what measurements must be made and how to locate 
the point where these spurs should join the main line in order 
to permit the shortest length of road to be 
built. 

14. Two points A and 5, on opposite sides 
of a straight stream of uniform width, are to be 
connected by a road and a bridge crossing the 
stream at right angles. Find by construction 
the location of the bridge so as to make the 
total path from Ato B the shortest possible. 

15. A solid board fence 5 feet in vertical height running 
due north and south is to be built across 

a valley, connecting two points of the 

same elevation. Find the number of 
square feet in the fence if the hori- 
zontal distance is 80 rods. 

16. Are the data given in the preceding problem suflRcient 
to solve it if the fence required is to be an ordinary four-board 
fence, each board 6 inches wide? Explain fully the differ- 
ence between these conditions. 

17. A circular pond is surrounded by a gravel walk, such 
that the area of the walk is equal to the area of the pond. 
What is the ratio of the radius of the pond to the width of the 
walk? 
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la A billiard ball is placed at a point P on a billiard table. 
In what direction must it be shot in order to return to the same 
point after hitting all four sides ? 

The angle at which the ball is reflected from a side is 
equal to the angle at which it meets the side, that is, 
Zl = Z2andZ3 = Z4. 

Suggestion, (a) Show that the opposite sides of the 
quadrilateral along which the ball travels are parallel. 

(6) If the ball is started parallel to a diagonal of the table, show that 
it will return to the starting point. 

19. Find the direction in which 
a billiard ball must be shot from 
a given point on the table so as 
to strike another ball at a given 
point after first striking one side 
of the table. 

Suggestion. Construct BE ± to that side of the table which the ball 
is to strike and make ED = BE. 

20. The same as the preceding problem except that the cue 
ball is to strike two sides of the table before striking the other 
ball. 

Suggestion. B'E' = E'D', D'H= HF. 

21. Solve Example 20, if the cue ball is to strike three sides 
before striking the other ball, — also if it is to strike all four 
sides. 

22. Given two parallel lines BE and AD, 
to construct arcs which shall be tangent to 
each other and one of which shall be tangent 
to BE at B and the other tangent to AD at A. 

Solution. Draw AB and bisect this segment at C; 
construct JL bisectors ot AC and BC. From A and B 
draw Js to AD and BE respectively, thus locating the 
points O and 0'. 

Prove that and 0' are the centers of the required 
arcs. Show that "O, C, and O' lie in a straight line 
and use the theorem of § 262. 
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Scroll Work 



The construction in Example 22 occurs 
in architectural designs and in many 
other applications. In the accompanying 
designs pick out all the arcs that are tan- 
gent to each other and also the points of 
tangency. 

23. A cross-over track is con- 
structed as shown in the figure. 
The rails of the curved track are 
tangent to those of the main line 
at A, Bf F and G, The curves 
are tangent to each other at D 
and E. The arcs OE and BD 
have equal radii, as have the 
arcs AE and DF. Ci is the cen- 
ter of the arcs GE and FD and 
Cjj is the center of the arcs BD 
and AE. 

(a) Prove that C%HCi is a 
right triangle. 

(fi) If the distance between the tracks is h feet and the dis- 
tance between the rails in each track (the gauge) is a feet, 
show that 

(2 a; + 3 a -h 2 5)2 = 2/2 + (2 a; + 2 a -f- hf. 

Since a and h are given, this equation may be solved for x in terms of 
y or for y in terms of x. 

Hence if the distance AK is known, we may use this equation to com- 
pute the radii of the arcs used in constructing the figure. 

On the other hand, if the radii of the arcs are known, we may com- 
pute the distance AK, 

This is a very common problem in railway construction. 
The construction is also used in laying out a curved street 
to connect two parallel streets. 

24. If in the preceding problem a = 4 feet 8f inches, 6 = 9 
feet, and AK= 200 feet (an actual case), find the radii of the 
arcs. 




APPENDIX TO PLANE GEOMETRY 

In addition to the supplementary matter found at various 
points in the preceding pages, three topics of special interest 
are treated in the following pages. 



I. MATTTMA AND MINIMA 

498. Definitions. Of all geometric figures fulfilling certain 
conditions it often happens that some one is greater than any 
other, in which case it is called a maximum. Or it may hap- 
pen that some one is less than any other, in which case it is 
called a minimum. 

E,g, of all chords of a circle the diameter is the maximum^ and of all 
segments drawn to a line from a point outside it the perpendicular is the 
minimum. 

In the following theorems and exercises the terms maximum 
and minimum are used as above defined. However, a geo- 
metric figure is often thought of as continuously varying in size, 
in which case it is said to have a maTJmum at any position 
where it may cease to increa^ and begin to decrease^ whether or 
not this is the greatest of all its possible values. Likewise it 
is said to have a minimum at any position where it may cease 
to decrease and begin to increase. 

E,g. if in the figure a perpendicu- 
lar from a point in the curve to the 
straight line be moved continuously 
parallel to itself, the length of this per- 
pendicular will have maxima at A, C, and E, and minima at B, D, and jP. 
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Certain simple cases of maxima and minima problems al- 
ready considered will be recalled in the following exercises. 

EXERCISES 

1. Show that of all chords through a given point within a 
circle, not the center, the diameter is a maximum and the 
chord perpendicular to the diameter is a minimum. 

2. Of all line-segments drawn to meet the circle from a 
point within that is a maximum which passes through the 
center, and a minimum which, if produced in the opposite direc- 
tion, would pass through the center. 

3. Of all line-segments drawn to meet the circle from a 
point outside that is a maximum which meets it after passing 
through the center, and that is a minimum which, if produced, 
woxdd pass through the center. 

4. Show ttat if a square and a rectangle have equal perim- 
eters, the square has the greater area. 

Suggestion, If « is the side of the square and a and 6 are the altitude 
and base of the rectangle respectively, then 2& + 2a = 48. 

Hence, 32^ 6^ + a^ + 2a& ^ (6^- 2a& + &«) + 4a6 ^ (6- a)^ 

4 4 4 ^"^^ 

5. Use the preceding exercise to find that point in a given 
line-segment which divides it into two such parts that their 
product is a maximum. 

6. Find the point in a given line-segment such that the sum 
of the squares on the two parts into which it divides the seg- 
ment is a minimum. 

Suggestion. If a and h are the two parts and k the length of the seg- 
ment, then a + a=ik and a^ + 2 a6 + 6^ = ^a, 
or, a2 + 62 = ^2_2ad. 

Hence, a^ -f 62 is least when 2 ah is greatest. Now apply Ex. 6. 

7. Of all triangles having two given q 
sides, that in which these sides include a 
right angle has the maximum area. 

Suggestion. Show that the altitude is greatest 
when the angle is a right angle. 
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499. Theorem. Of M triangles having equal perimr 
eters and the same base, the isosceles triangle has the 
maximum area. 




Given A ABC isosceles and having the same perimeter as A ABD, 

To prove that area A ABO > area A ABD. 

Outline of proof. Draw CE ± AB. Construct /S AFB having 
its altitude FE the same as that of A ABD, Prolong AF 
making FG = AF, Draw GB and OD. The object is to 
prove that EF, the altitude of A ABD, is less than EC, the 
altitude of A ^5(7. 

(1) Show that A AFB, FBG, and GBD are all isosceles, for 
which purpose it must be shown that GB ± AB and FD II AB. 

Then AD + DB = AD + DG> AG. 

Or AF + FB<AD + DB. 

But AD-{-DB = AO+ CB. 

Hence, AF + FB<AC-^ CB. 

(2) Show that AF < AC, 
and hence that EF < EC 

(3) Use the last step to show that 

area A ABC > area A ABD. 
Give all the steps and reasons in full. 

600. Corollary. Of all triangles having equal areas and 
standing on the same base, that which is isosceles has the least 
perimeter. 
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501. Theorem. Of all polygons having equal per- 
imeters and the sarne number of sides^ the one with 
maximum area is equUateraL 



E 




Given ABCDEF the maximum of polygons having equal per- 
imeters and the same number of sides. 

To prove that AB=BC= CD = DE^EF= FA. 

Suggestion. Show that every A, such as FDE, is isosceles 
by use of the preceding theorem. 

502. Theorem. Of all polygons having equal areas 
and the same number of sidesy the regular polygon 
has the minimum perimeter. 





Given polygons A and B with the same number of sides and 
equal areas, A being regular and B not. 

To prove that the perimeter of A is less than that of B. 

Outline of Proof. Construct a regular polygon C having the 
same number of sides and same perimeter as B. 

Then, area ofB< area of (7, i.e., area of -4 < area of C. 

Hence the perimeter of A is less than that of C, since A 
and are similar. (Use § 474 and then § 420.) That is, 
perimeter of ^ < perimeter of B. 
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603. Theorem. The polygon with maximum area 
which can be formed by a series of line-segments of 
given lengths, starting and ending on a given line, is 
that one whose vertices all lie on a semicircle con- 
structed on the intercepted part of the given line as a 
diameter. 




Given the line-segments AB, BC, CD, DE, and EF meeting the 
line RS at A and F so as to form the polygon ABCDEF with maxi- 
mum area. 

To prove that B, (7, D, and E lie on the semicircle whose 
diameter is AF. 

Proof : Suppose any vertex as D does not lie on this semi- 
circle. Join D to F and to A. Then Z ADF is not a right 
angle, else it would be inscribable in a semicircle (§ 285). 

If now the extremities A and F be moved in or out on 
the line RS, keeping AD and DF unchanged in length, and 
keeping the figures FDE and ABCD unchanged in shape and 
size, till Z ADF becomes a right angle, then A ADF will be 
increased in area (Example 7, page 285), while the rest of the 
polygon is unchanged in area. 

This woxdd increase the total area of the polygon ABCDEF^ 
which is contrary to the hypothesis that this is the polygon 
with maximum area. Hence the vertex D must lie on the 
semicircle. 

In the same manner it can be proved that each vertex lies 
on the semicircle. 



MAXIMA AND MINIMA 



289 



601 Theorem. Of all polygons with the same 
number of sides equal in pairs and taken in the same 
order, the one with maximum area is that one which 
can he inscribed in a circle. 





Given a polygon ABCDE inscribed in a circle and A'BfCVE 
not inscribable but with sides equal to those of ABCDE. 

To prove that area ABCDE > area A'B'CiyE\ 

Proof ; Draw the diameter DK and draw AK and BK. 
On A'B' construct A A'B'K' = A ABK and draw I/K'. 
The circle whose diameter is D'K' cannot pass through all 
the points A', B'y C, and E', according to the hypothesis. 
If either A' or E' is not on this circle, then 

B,Te2iAKDE>2iTesiA'K'D'E'. (Why?) (1) 
Likewise if either B^ or C is not on the circle, then 

area ^5CZ>> area ^'^'O'/y. (Why?) (2) 

In any case, area AKBCDE > area A'K'B'CD'E'. (3) 

By construction, A AKB = A A!K'B\ (4) 
From (3) and 4, area ABCDE > area A'B'O'D'E'. 

505. Corollary. Of all polygons having equal perimeters 
and the same number of sides, the regular polygon has the maxi- 
mum area. 
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606. Theorem. Of all regular polygons having equal 
perimeters, that which has the greatest numher of sides 
has the rnxm/mwm area. 





Given T a regular triangle and S a square haying the same 
perimeter. 

To prove that area S > area T. 

Proof : Take any point E in AB. Draw CE, and on CE con- 
struct A CEF = A AEC. 

Then polygon BCFE has a perimeter equal to that of T and 
the same area, and has the same number of sides as 8. 

Hence, area S > area BCFE. § 505 

That is, area S > area T. 

In like manner it can be shown that a regular polygon 
of five sides has a greater area than a square of equal perime- 
ter, and so on for any number of sides. 

EXERCISE 

Of the three medians of a scalene 
triangle that one is the shortest 
which is drawn to the longest side. 

Suggestion, li AC<. BC,U) show that 
BF > AE. 

In ^ ADC and BDC, AD = DB and DC \b common. 

But AC<BC, Hence Z 1 < Z 2 (Why ?). 

Now use &, ADO and BDO to show that B0> AO and hence that 
BF>AE. 




MAXIMA AND MINIMA 291 

507. Theorem. Of all regular polygons having a 
given area, that one which has the greatest number of 
sides has the least perimeter. 





Given regular polygons P and Q such that area P = area Q 
while Q has the greater number of sides. 

To prove that perimeter of Q < perimeter of P. 
Proof: Construct a regular polygon R having the same 
number of sides as P and the same perimeter as Q. 

Then area R < area Q. § 606 

But area P = area Q. (By hypothesis) 

Hence, area R < area P. 

Therefore, perimeter oi R < perimeter of P. §§ 420, 474. 

But R was constructed with a perimeter equal to that of Q. 
Hence perimeter of Q < perimeter of P. 

EXERCISES 

1. Of all polygons of a given number of sides inscribed in a 
given circle, that one which is regular has the maximum area 
and the maximum perimeter. 

2. Of all polygons of a given number of sides circumscribed 
about a given circle, that one which is regular has the least 
perimeter and the least area. 

3. Solve examples 10-14, pages 280, 281, as practical appli- 
cations of this subject. 
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n. VARIABLES AND LIMITS 

608. Variables and Functions. It is often useful to think of 
a geometric figure as continuously varying in size and shape. 

E,g, if a rectangle has a fixed base, say 10 inches long, but an altitude 
which varies continuously from 3 inches to 5 inches, then the area varies 
continuously from 3 • 10 = 80 to 5 • 10 = 60 square inches. 

We may even think of the altitude as starting at zero inches and 
increasing continuously, in which case the area starts at zero and increases 
continuously. 

The altitude which we think of as varying at our pleasure is 
called the independent variable, while the area, being dependent 
upon the altitude, is called the dependent variable. 

The dependent variable is sometimes called a function of the 
independent variable, meaning that the two are connected by 
a definite relation such that, for any definite value of the inde- 
pendent variable, the dependent variable also has a definite 
value. 

Thus, in the formula for the area of a rectangle, a = &A, if 6 is fixed 
. and h varies, then a is a function of h and for every value of h there is 
determined a definite value of a. 

509. The Notion of a Limit. If a regular polygon is inscribed 
in a circle of fixed radius, and if the number of sides of the 
polygon be continually increased, for instance by repeatedly 
doubling the number, then the apothem, perimeter, and area 
are all variables depending upon the number of sides. That is, 
each of these is a function of the number of sides. 

Now the greater the number of sides the more nearly does 
the apothem equal the radius in length. Indeed, it is evident 
that the difference between the apothem and the radius will 
•ultimately become less than any fixed number, however small. 
Hence we say that the apothem approaches the radius as a limit 
as the number of sides increases indefinitely. 



VARIABLES AND LIMITS 293f 

Similarly the perimeters of the polygons may be made as 
nearly equal to the circumference as we please by making the 
number of sides sufficiently great. 

Hence we may define the circumference of a circle as the 
limit of the penmeter of a regular inscribed polygon as the 
number of sides increases indefinitely. 

The circumference of a circle may also be defined as the 
limit of the perimeter of a circumscribed polygon as the num- 
ber of sides is increased indefinitely. 

That these two definitions of the circumference are consistent may be 
inferred from §§ 486-491. 

Likewise we may define the area of a circle as the limit 
of the area of the inscribed or the circumscribed polygon 
as the number of sides is increased indefinitely. 

The notion of a limit may be usied to define the length of a 
line-segment which is incommensurable with a given unit 
segment. 

Thus, the diagonal d of a square whose side is imity is d = V2. Hence 
d may be defined as the limit of the variable line-segment whose succes- 
sive lengths are 1, 1.4, 1.41, 1.414, .... See § 298. 

In like manner, the length of any line-segment, whether 
commensurable or incommensurable with the unit segment, 
may be defined in terms of a limit. 

Thus, if a variable segment is increased by successively adding to 
it one half the length previously added, then the segment will approach a 
limit; If the initial length is 1, then the successive additions are i, J, i, 
A? A» ^^^-f ^^d the successive lengths are 1, IJ, If, IJ, 1J|, 1}^, etc. 
Evidently this segment approaches the limit 2. 

Hence 2 may be defined as the limit of the variable segment, whose 
successive lengths are 1, 1}, 1}, 1|, etc., as the number of successive 
additions is increased indefinitely. . 

The functional relation between variables and the idea of a 
limit as illustrated above are two of the most important con- 
cepts in all mathematics. 
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510. Constant A quantity which remains fixed in value 
throughout a discussion is called a constant. 

E,g, the base of the rectangle mentioned in § 608. 

511. Variable. A quantity which continuously changes in 
value, or which takes on a succession of different values, is 
called a variable. 

E.g. the altitude and the area mentioned in § 608. 

512. Limit of a Variable. If a variable may be made to 
approach a certain constant quantity in such a way that the 
difference between the constant and the variable becomes and 
remains less than any assignable value, however small, then 
the constant is called the limit of the variable, 

E.g, the fixed circmnference of the circle is the limit of the variable 
perimeters of the polygons mentioned in § 609. 

SIGHT WORK 

1. Find the limit of a variable line-segment whose initial length 
is 6 inches, and which varies by successive additions each equal to one 
half the preceding, the first addition being 2 inches. 

2. Construct a right triangle whose sides are 1 and 2. By approxi- 
mating a square root, find five successive lengths of a segment which ap- 
proaches the length of the hypotenuse as a limit. 

3. If one tangent to a circle is fixed and another is made to move 
so that their intersection point approaches the circle, what is the limiting 
position of the moving tangent ? What is the limit of the measure of the 
angle formed by the tangents ? 

4. The arc AB of 74° is the greater of the two arcs intercepted be- 
tween two secants meeting at C outside the circle. The points A and B 
remain fixed while C moves up to the circle. What angle is the limit of 
the variable angle formed by the varying secants? The limit of the 
measure of this angle ? 

5. If in the preceding the secants meet within the circle, what is the 
limit of their angle and also of the measure of this angle as the intersec- 
tion point moves up to the center of the circle ? 
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m. THEORY OF LIMITS 

513. The Incommensurable Cases. We have seen, in § 298, 
that there are segments which are incommensurable; that is, 
which have no common unit of measure, — for instance, the 
side and the diagonal of a square. 

For practiced purposes the lengths of such segments are 
approximated to any desired degree of accuracy, and their 
ratios are understood to be the ratios of these approximate 
numerical measures. See §§ 300-304. 

But for theoretical purposes it is important to consider these 
incommensurable cases further; just as in algebra we not 
only app7'oximate such roots as \/2, V3, V5, etc., but we also 
deal with these surds as eocact numbers. 

Instances of this kind occur in such operations as 

( V8 + v^)( V3 - V2)= 3 - 2 = 1. 

While the length of the diagonal of a unit square cannot 
be expressed as an integer or as a rational fraction, that is, 
as the quotient of two integers, we nevertheless think of such 
a segment as having a definite length, or what is the same thing, 
a definite ratio with the unit segment forming the side of the 
square. 

We now fix our attention on the incommensurable ratios 
themselves, and the method of determining them, rather than 
on the process of approach and the practical computation based 
on it. 

514. Representation by Irrational Numbers. In general, the 
ratio between any two incommensurable geometric magnitudes 
of the same kind may be represented by what is called an 
irrational number; that is, a number which is neither an in- 
teger nor a quotient of two integers. 

Examples of irrational numbers are the surds, such as V2, 
V5, etc., and the number tt. See § 491. 
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515. Numbers Defined by Sequences. The following is a method 
for determining any number, whether rational or irrational. 
For simplicity it is applied first to the integer 1. 

Throughout this discussion the words "point on a line" 
and "number" will be used interchangeably. 

On a straight line mark a certain point (zero), and one unit to 

the right of it mark another point 1. , , , , r 

Also lay off points such that their ® i f I i 

distances from are, }, {, |, \\^ .... 

It this sequence of points is carried ever so far, it will never reach 
the point 1. If, however, we select a point to the left of 1, no matter 
how near, we may always go far enough along this sequence to reach 
points between it and 1. That is, 1 is the limit of the terms of this 
sequence. See § 612. 

The point 1 has two definite relations to this sequence : 
(a) Every point of the sequence is to the left of 1. 
(6) For any fixed point to the left of 1 thei'e are points of the 
sequence between it and 1. 

We see that 1 is the only point on the whole line such that 
both (a) and (b) are true of it. For every point to the right 
of 1 (a) is true, but (6) is not. For every point to the left of 
1 (b) is true, but (a) is not. 

It follows therefore that, while the points of the sequence 
merely approach the point 1 as a limit, the sequence, taken as 
a whole, serves to distinguish that point from all other points on 
the line. 

In the above sequence, the terms continually increase. The number 
1 may be determined equally well by a decreasing sequence. For in- 
stance, the sequence 1^, 1^, 1^, 1^, ••• has the following properties 
which distinguish the point 1 from all other points on the line : 

(a) Every point of the sequence is to the right of 1. 

(b) For any fixed point to the right of 1 there are points of the 
sequence between it and 1. 
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516. Infinite Sequences. An endless sequence of either sort 
just described is called an infinite sequence. 

Not every infinite sequence serves to single out a definite 
point in the manner shown above. Thus the sequence 1, 2, 
3, 4, ••• fails to do so, because its terms grow large beyond all 
bound. Such sequences are said to be unbounded, while the 
sequences ^, f , |, ••• and 1^, IJ, 1|, ••• are bounded. 

Again, the sequence 1, 2, 1, 2, 1, 2, ••• fails to single out 
a definite point. This sequence is said to be oscillating, since 
its terms increase, then decrease, then increase, etc., while ^, 
f , ^, — and 1^, 1:J^, 1^, ••• are non-osdUaJting. 

517. limit of a Sequence. The number 1 is said to be the 
least upper bound of the sequence ^, f , ^, •••. That is, 1 is the 
smallest number beyond which the sequence does not go. 1 is 
also said to be the limit of the sequence. See § 512. 

Similarly, 1 is the greatest lower bound or the limit of the 
sequence 1^, 1\, 1^, ••• ; that is, the greatest number such that 
the sequence contains no number less than it. 

In the manner described above any integer may be deter- 
mined by an increasing or a decreasing infinite sequence. 

E.g. the number 2 is the limit of the increasing sequence 1, IJ, If, 
1], 1|{, •••, or of the decreasing sequence 2}, 2^, 2|, 2^, —. 

Two different sequences, both increasing or both decreasing, 
may also define the same number. 

E.g. Each of the increasing sequences |, f, |, H* **' ^^^ h if h If "* 
determines the niunber 1. 

We notice, however, that no matter what definite number we select 
in either of these sequences, there is a number in the other greater than 
it ; that is, neither sequence contains a number greater than every 
number in the other. See § 619. 

It is apparent that any number may be defined as the limit 
of a sequence, and we shall assume the converse, namely, that 
any bounded sequence has a limit. See § 518. 
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518. Axiom XXII. Every hounded increctsing se- 
quence has a least upper hound, and every hounded 
decreasing sequence has a greatest lower hound. 

This axiom may also be stated : 

Every hounded increasing or decreasing sequence 
has a limit 

This axiom simply means that every such sequence singles 
out a definite number, rational or irrational, in the manner 
stated. 

Thus, if we attempt to approximate the square root of 2, we obtain 
a sequence 1, 1.4, 1.41, 1.414, 1.4142, ••., having for its limit a d^nite 
number represented by V2, which corresponds to the length of the 
diagonal of a square whose side is unity. 

Again, if we attempt to approximate the value of x as in §§ 486-491 
we obtain a sequence 3, 3.1, 8.14, 3.141, 3.1415, ..-, having for its 
limit the definite nmnber represented by x, which is the ratio of the 
circumference to the diameter of a circle. 

Historical Note. — The rigorous treatment of limits has been developed 
during the last fifty years. The foundation on which it rests is the theory 
of irrational numbers, which itself was placed on a firm basis in the early 
seventies. 



Three Fundamental Principles of Limits 

519. Theorem I. Two hounded sequences determine 
the same numher if they are eqvxil term hy term. 

Proof : If the sequences are ai, a^, a,, ••• and 6i, ftj? ^3> •••> and 
if tti = 6i, (u = &2> «s = ^3> •••> ^lien they are one and the 
same sequence and hence determine the same number by 
Axiom XXII. 

This theorem is used in the applications of limits to geometry 
which involve the incommensurable ratios. See §§ 526, 527. 
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520. Theorem II. Two increasing hounded se- 
quences have the same limit if neither sequence contains 
a number greater than every number of the other. 

Let ai, 02, a„ ••• and hi, h^, b^y ••* denote two infinite sequences 
with limits A and By such that there is no a greater than 
every 6, and no b greater than every a. 

To prove that A = B. 

Proof : Suppose that A is not equal to B but is less than B. 
Then there must be numbers of the sequence bi, b^, 6„ ••• 
greater than A, since by § 515 there are numbers of ftj, ftj, 63, ••• 
greater than any fixed number whatever which is less than B, 
This contradicts the hypothesis of- the theorem, and hence A 
cannot be less than B. 

In Ijke manner we show that B is not less than A. Hence 
^ = J3. 

521. Theorem III. Two decreasing bounded se- 
quences have the same limit if neither sequence contains 
a number less than every number of the other. 

Proof : The proof is exactly similar to that for Theorem II. 

EXERCISES 

1. Show that the sequences J, f , ^ ••• and |, i, ^ ••• have the 
same limits. 

2. Show that the sequences ^, \y \ ••• and ^, i, 7- ••• have the 
same limits. 

The applications of the theory of limits to geometry consist 
chiefly in showing that two numbers are equal because they 
are the limits of the same sequence, or of sequences having 
the property stated in the theorem of § 520 or of § 521. 
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APPLICATION OP LIMITS TO PLANE GEOMETRY 

622. Problem. On a given segment AB to lay off 
a sequence of points Bi, B^, B„ of which B is the 
limits such that each of the segments AB^y AB^, 
ABj, '"is commensurable with a given segment CD. 

C m2 D 

|_-.4 1 I 1 

ms nil 



^ B 



Solution. Using mi, an exact divisor of C2>, bs a unit of meaEnire, 
lay off on AB a segment ^jBi, such that the remainder BiB \b less than 
mi. Then CD and ABi are commensurable. 

Using a unit m2, likewise a divisor of CD, and less than BiB, lay off 
AB2 such that B2B is less than m2. Then AB2 > ABi, and CD and AB2 
are commensurable. 

Continuing in this manner, using as units of measure segments m3, 
mi, ••• each an exact divisor of CD and each less than BzB, B4B, — 
respectively, we obtain a sequence of segments ABi, AB2, AB^, ..., each 
greater than the preceding and each commensurable with CD, 

If the units mi, m2, ms, ••• are so selected that they approach zero as a 
limit, it follows that B is the limit of the sequence Bi, B2, B3, .-. 

If a different sequence of divisors of CD, as mi', m2', ma', —, is used, 
we obtain a sequence Bi', B2', B3', ..., likewise satisfying the conditions 
of the problem. 

Any two such sequences Bi, B2, Bs, ... and Bi', B2', jBs', ..• deter- 
mined as above, are both increasing and each is such that no point of it 
is to the right of every point of the other. 

Hence, by § 620 any two such sequences have the same limit B, 

623. limit of a Sequence of Segments. If Bi, B2, ^, ••• is a 
sequence of points on the segment AB having the limit B, 
then the segment AB is said to be the limit of the sequisnce of 
segments ABi, AB2, AB^, —. 
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524. Ratio of two Incommensurable Segments. The ratio of 
two incommensurable segments has not been explicitly de- 
fined, but it is now possible to do so as follows in terms of the 
limit of a sequence. 

Consider two incommensurable segments AB and CD, Let 
Oi, 02, Ofl, ••• be the lengths of the segments each commensur- 
able with CDy forming a sequence whose limit is the segment 
AB, and let b be the length of the segment CD, 

Then — \ ^, ^, ••• is an increasing bounded sequence hav- 
b 

ing a limit which we call B, 

If ai', 02', as', ••• are the lengths of any other sequence of 

segments whose limit is AB, the sequence — , ^, ^, ••• is 

b b 

another increasing bounded sequence with limit B', 

By § 520 we now know that B = B\ 

This number B is defined as the ratio of the incommensurable 
segments AB and CD, 

525. Ratio of two Incommensurable Arcs. The considerations 
of §§ 522, 523 apply equally well to two arcs of the same 
circle or of equal circles. 



B»B^ 





Thus, in the figure, the ratio of the two incommensurable arcs AB 

and CD is the limit of the sequence ^^, 4^i ^^, — » and the ratio 

^ CD CD CD' 

of the incommensurable angles AOB and COD is the limit of the 

sequence ^^^2Ib , ^Am, ^A^, .... 

^ ^ COD ' /. COD ' jL cod ' 
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626. Theorem. A line parallel to the hose of a tri- 
angle, and meeting the other two sides, divides them in 
the same ratio. 

Given the A ABC with DE II BC and 
cutting AB and AC. 

Toprovetkat^^^. 

Proof: Consider the case when 
AD and AB are incommensurable. 

Let 2>i, D2y />8> ••• ^ 3* sequence on 
AB whose limit is D. Through 
these points draw parallels to BC^ b" 
meeting AG in E^^ E2, E^, •••. 

Then E is the limit of the sequence ^1, E2, -K,, ••-. 

For suppose it is not, and that there is a point K on AE 
such that there is no point of Ei, E2, E^, ••• between K and 
E, Then draw a line parallel to BC through K, meeting AB 
inH. 

But there are points of the sequence Di, D2, A> between 
H and D, and hence there must be points of the sequence Ei, 
E2, Ei, — between ^and E, which shows that E is the limit of 
the sequence Ei, E2y E^, •••. 

Then the sequence (1) =^, ^^, t^A ... h^g ^ limit R 
^ ^ AB AB AB 

which, by definition, is the ratio of the segments AD and AB, 

§524 

Similarly, the sequence (2) ^, ^S ^, ... has a limit 

AC AC AC 

R' which is the ratio of AE to AC. 

Now ^D^^AE^ AD2_AE2 AD,_AE, _ « og. 

ab'1ac'^b''^g''ab"ac' ' ^ 

Hence, the two sequences, (1) and (2) are identical and 
have the same limit (§ 519). Hence R = i?'. 
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527. Theorem. In the same circle or in equal circles 
the ratio of two central angles is the same as the ratio 
of their intercepted arcs. 



B2B, 





Proof: In case the arcs are commensurable the proof is 
obvious. For, in that case, the common measure of the arcs 
divides each into a number of equal parts, say m and n respec- 
tively, and these arcs subtend the same number of equal 
angles at the center (§ 244). Hence the ratio of the arcs is 
m : n and the ratio of the angles is also m : n. 

If the arcs ^J3 and CD are not commensurable, let ABi, 
AB2, AB^, ••• be a sequence of arcs whose limit is AB, each arc 
being commensurable with the arc CD. 



has a limit E = 



Then the sequence :§,:^,^., 

Similarly the seauence ^^^' ^ ^^^ ^^OS, 
bimilarly the sequence YgoD' Z COD' Z 



a limit R' — 



But 



/.AOB 

zgod' 

ABi^ ZAOBi AB2^ZAOB2 
CD ZCOD' CD /.COD' 



COD' 



AB 
CD' 



has 



as shown above for the commensurable case. 

Hence, these two sequences are identical and have the 
same limit. Therefore it follows that B = i?'. 

Note, — The student should note the successive steps in the proofs of 
§§ 626, 627 : (a) Definitions of the incommensurable ratios by means of 
infinite sequences ; (6) Proof that these sequences are identical ; (c) Con- 
clusion that the limiting ratios are equal. 
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528. Products of Irrational Numbers. If ai, aj, a^, •*• is a se- 
quence with limit a, then ka^, ka^^ ka^, ••• is a sequence whose 
limit is defined as ka where k is any number. 

If ai, Oj, as, ••• and bi, h^j 63, ••• are two sequences with limits 
a and h respectively, then ai^i, aji)^, cLzhy ••• is a sequence whose 
limit is defined as a&. 

Similarly if Oi, Oj, 03, —, 61, ftj* &3> ••• and Ci, Cj, C3, — are 
sequences with limits a, 6, c, then a&c is defined as the limit 
of the sequence aibiCi, ajb^y (hh^Cz, •••. 

For a complete treatment it would be necessary to show that these 
definitions of multiplication of irrational numbers are consistent with 
the rest of arithmetic and also that these new sequences are such as 
to determine definite limits. This is possible and, indeed, has been done, 
but it is beyond the scope of this book. 

529. Area of a Rectangle. If the sides of a rectangle are 
incommensurable with the unit segment, we define its area as 
follows : 

Let tti, aj, Os, ••• be a sequence of rational numbers whose 
limit is the altitude a ; and let 61, ftj, b^, ••• be a sequence 
whose limit is the base b. 

Then the area of the rectangle is the limit of the sequence 
«A, <hf>2} <hhy •••• 




But by definition the limit of a^i, aj)^y aj)^, — is the prod- 
uct ab. Hence we have the 

Theorem. The area af a rectangle is the product 
of its hose and altitude. 
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530. Incommensurable Ratios Related to Two Circles. In a 
circle inscribe a sequence Pj, P^, Pg, ... of regular polygons, 
each having twice the number of sides of the one preceeding it. 

Let the perimeters of these polygons be p^ p2, Pz, — 
and their areas Ai, -dLj, A3, •••. Then 
the length c of the circle is defined to 
be the limit of the sequence pi, p2y ps, 

— and its area A is defined to be the 
limit of Ai, A2, As, .... 

The sequence of polygons thus 
inscribed is called an approximating 
sequence of polygons. 

That these sequences are increasing and 
bounded is obvious from the figure. 

531. Theorem. The lengths of two circles are in the 
same ratio as their radiij and their areas are in the 
same ratio as the squares of their radii. 

Proof : Let the radii of the two circles be r and r'. Denote 
the ratio / : r by A:. Then r' = Jcr. 

Inscribe in one circle an approximating sequence of polygons 
with perimeters pi, p2, pz, ••• and areas Ai, A^, A^, •••. In the 
other circle inscribe a sequence of similar polygons. By 
§§ 476, 477, the perimeters of the latter are hpx^ ^P2> ^i>3> ••• and 
their areas are Ic^Ax, W-A^, Ic^A^, —. 

By § 528, if the limit of p^, p^, Pz, ••• is c and the limit of 
Ax, A2, A^, — is A, then the limits of kpi, kp^, Icpz, •••, and 
J(?Ai, k^Az, k^A^, ... are kc and k^A, respectively. 

That is, the ratio of the lengths of the circles is 

— = A; = — and the ratio of their areas is — — = A;^ = — -• 
c r A r^ 

It regular circumscribed polygons are used, we obtain decreasing se- 
quences with the same limits as above for the perimeters and the areas. 
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EXERCISES 

1. In addition to those which are found in the text give 
other examples of infinite sequences which do not determine 
definite numbers. 

2. Give two increasing sequences which determine the num- 
ber 3. Show that the theorem of § 520 applies and proves 
that these sequences determine the same number. 

3. Give two decreasing sequences each of which determines 
the number 5. Apply § 521 to show that these sequences 
determine the same number. 

4. State fully the relation between a bounded increasing 
sequence and the number determined by it. State also the 
relations between a bounded decreasing sequence and the num- 
ber determined by it. 

5. State fully what is meant by " a limit of a sequence " 
both for increasing and decreasing sequences. 

6. Given two incommensurable segments AB and OD, 
loLj off on the line AB sl decreasing sequence of segments, 
each of which is commensurable with CD, such that the 
limit of the sequence is the segment AB, 

7. If ai, Os, Osj '" ^8 an increasing sequence defining the 
number 4, prove that 3ai, 3a2, Sa^»'» defines the number 
3 X 4 = 12. 

8. If ai, a,, ag, and &i, &2) ^89 *** ^^^ increasing sequences 
defining the numbers 3 and 5, show that the sequence Oi&i, 
02^2 9 ^8^3 J ••• defines the number 16. 

9. In the same manner as in § 524 define the ratio of two 
incommensurable arcs. Show that this ratio is independent 
of the sequence of units of measurement used, so long as the 
limit of this sequence is zero. 

10. Treat the ratio of two incommensurable angles in a 
manner similar to the treatment of arcs in the preceding 
exercises. 
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of a circle 

of a polygon 

of a rectangle 226, 

of a sector of a circle .... 

of a segment of a circle . . . 

of a surface 

Aristotle 

Axial symmetry 

Axioms .... 28,29,59,67, 
Axis of symmetry 

Base, of a parallelogram . . . 

of a trapezoid 

of a triangle 

Bisector, of an angle .... 

of a line-segment 

Broken line 



Center, of a circle 

of a regular polygon .... 

of symmetry 

Central, angle 

symmetry 

Centroid, of a triangle . . . 

Chord of a circle 

Circle 7, 

arc of 7, 

area of 

circumference of ... . 117, 

circumscribed 125, 

definition of 7, 

diameter of 

escribed 

inscribed 

inside of, outside of ... . 

length of, perimeter of . . . 

secant of 

segment of . • 
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Circle, tangent to 118 

Circles, equal 119 

intersecting 119 

tangent 119 

Circumcenter of a triangle 95 

Closed flfirures 7 

Coincidence 16 

Commensurable, segments . 161, 165 

ratios 166 

Compasses 18 

Complementary angrles . . 12 

Composition 168 

and division 169 

Concave polyeron 91 

Conclusion 35 

Conerruence, note on ... . 16 

Consequent ....... 166 

Constants 294 

Construction, of figures . . 20, 44- 

47, 64, 77, 101, 107, 108, 146- 

148, 150, 151. 188, 199, 203, 224, 

252, 253, 261-263 

of regular polygons . . .256,263 

Continued proportion ... 167 

Converse theorems .... 52 

Convex polygron 91 

Corollary 27 

Correspondingr, angles . . 16, 59 

parts of polygons 179 

parts of triangles 16 

segments 172 

Cosine of an angle 210 

Curved line 7 

Decagron 91, 263 

Definition 27 

Definitions, collected .... 31 

Degrrees of angle or arc . . . 134 

Dependence of variables . . 292 

Determination of a triangrle . 41 

Diagronal of a quadrilateral . 78 

Diameter of a circle .... 117 

Direct proof 104 

Direct tsbngrent to two circles . 151 

Discussion of a construction . 45 

Distance, between two points . 6 

from a point to a line .... 76 

Dividers 18 

Division, of line-segments . . 6 

external^ internal 200 



Division {continued) 

harmonic 201 

in extreme and mean ratio . . 202 

proportional 171 

proportion taken by ... . 168 
Division of angrles . . .10, 19, 256 

Dodecagron 92 

Drawingr instruments ... 19 

Elements of space .... 3 

Bqxial fifiTures 16 

Equivalent figrures .... 228 
Bqulanffular figrures ... 15, 91 

mutually 179 

Equilateral figrures . . . 14, 91 

Escribed circle 147 

Euclid .... 2, 67, 146, 167, 237 

Eudoxus 167 

Exterior, angle of a triangle . 49 

angles of parallel lines ... 59 

External, division 20O 

segment of a secant .... 192 

Extreme and mean ratio . . 202 

Extremes 167 

Flfirures, geometric 7 

equal 16 

equivalent 228 

similarity of 179 

symmetry of 99 

Fourth proportional .... 167 

Fimction 292 

Qeneration of anfirles ... 11 
Geometric, construction 18, 44 

figure 7 

proposition 27 

solid 3 

Geometry, plane 7 

Gothic arch 159 

Half-line 6 

Harmonic division .... 201 

HexafiTon 91 

regular inscribed 262 

Historical notes . 2, 67, 167, 237 

Hypotenuse 15 

Hypothesis 36 

Ideal character of Geom- 
etry 5,25,163 
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Incenter of a triangle .... 96 
Incoxnmensurables . 164, 166, 293 

Indirect proof 60 

Inscribed, angle in an arc . . 134 

angle in a circle 118 

angle in a segment 134 

circle in a polygon 146 

polygon in a circle 125 

regular triangle in a circle . . 262 

Intercepted arc 118 

Interior anffle, of a triangle . 49 

between parallel lines ... 59 

Internal division 200 

Inversion 168 

Isosceles, trapezoid .... 78 

triangle 14 

Laud surveying 214 

Leers of a rifirbt trianerle 15 

Length, of a circle .... 266-271 

of a segment 163, 1(>4 

Limit, notion of 292 

of apothem 292 

of area 293,305 

of perimeter 293,305 

of a sequence 297 

of a variable ....... 294 

Line 4 

half-line 6 

-segment 6 

Lines, intersecting 5 

oblique, perpendicular ... 10 

parallel . . . 59 

Lobachevsky 67 

Loci, determination of . . . 89, 90, 
152-156, 223 

Major and minor arcs ... 118 

Map making 215-217 

Meizima and minima . .284,291 
Mean proportional .... 167 

Means 167 

Measurement 163 

approximate . 165, 227, 266, 270, 271 

exact 163 

indirect 26,214 

of angles 134 

of areas 226 

of line-segments 163 

of the circle 266 



Median, of a triangle .... 79 

of a trapezoid 79 

Methods of attacking prob- 
lems 104,154 

Minutes of angle or arc ... 134 

Multiplication, of angles . . 10 

of line-segments 6 

Notation 6,9,117 

Numbers, irrational .... 295 
Numerical measure . . . 163, 166 

Oblique lines, angles ... 10 

Obtuse triangles 15 

Octagon 91 

Opposite parts of figures . 49, 78 
Orthocenter of a triangle . . 97 

Pantograph 216 

Pareillel lines . 59 

Parallel line axiom .... 59 

Parallelogram 78 

Pentagon 91 

Perigon 11 

Perimeter, of a circle . . .266, 293 

of a polygon 91 

Perpendicular 10 

Physical solid 3 

Pi (it), computation of . . .270, 271 

Plane, geometry 7 

surface 3 

table 217 

Plato 2, 167 

Point 4,5 

Polygons 91 

regular 91, 255, 256 

similar 179 

Practical measurement . . 165 

Problems of construction 20, 

44, 111, 158, 169, 224, 252 

Projection 204 

Proof 27, 33 

by exclusion 53, 106 

direct 104 

faidirect 60, 106 

general suggestions .... 108 

Proportion 167 

Proportional division ... 171 
Proposition, geometric ... 27 
Protractor 12, 19 
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Pythagroras . . 2, 67, 167, 237, 241 

Quadrant 134 

Quadrilaterals 78 

Radius, of circle 7 

of regular polygon 255 

Ratio 166 

approximate 166 

commensarable 16& 

incommensarable . . 166, 301-305 

of similitude 179 

terms of 166 

Ray 6 

Rectangrle 78 

Reflex aufirle 10 

Regrular polygron . . 91, 265, 256 

Rhomboid, rhombus ... 78 

Rierlit, angle 10 

triangle 15 

Ruler 18 

Scalene triangrle 14 

Secant 117, 118, 192 

Sector, of a circle 134 

area of 272 

Segrment, of a circle .... 134 

of a line 6 

Semicircle 118,134 

Sequence, infinite 297 

limit of 297, 299, 301 

Similar flerures 179 

Sine of an angrle 210 

Solids 3 

Space, elements of 3 

Square 35, 78 

Subtended angle 203 

arc 118 

Subtraction, of angles ... 10 

of line-segments 6 

Sum, of angles 10 

of line-segments 6 



Superposition 26 

Supplementcuy angrles . . 12 

Surface 3 

Surveyingr 214 

Symbols of abbreviation . . 29 

Symmetry 99 

Synthetic proof 104 

Tangrent, to a circle .... 118 

to two circles 151 

of an angle 210 

Terms of a ratio 166 

Tests for equality of trian- 
gles 16,24,34-40 

Thales 2 

Theorem 27 

proved informally . . . . 30, 119 

Theory of limits 295 

Third proportional .... 167 

Transversal 59 

Transverse tangrent .... 151 

Trapezoid 78 

Triangrle 14 

centroid of 98 

circumcenter of 95 

incenterof 96 

orthocenter of 97 

Units of measure for an- 
gles 11,134 

Unproved propositions . . 28 

Variable 292 

dependent, independent . . . 292 

limit of 292,294 

Vertex angle of a triangle . . 15 

Vertical angles 12 

Vertices, of a polygon .... 91 

of a triangle 14 

Whole secant 198 
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